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PREFACE.

THE present work is an extension of my small book

which, published in 1 884, has long been out of print.

When the question of tbe issue of a second edition

arose about three years ago, it was thought desirable

to extend the plan of the former book so as to make
the new work a fairly complete treatise on the absolute

measurement of electric* &n& magnetic quantities. It

has not been my aim to produce a work dealing with

mere manipulative processes or a collection of practical

rules, but one in which should be welded together, in

some degree at least, the practice of absolute measure-

ments and the mathematical theory of electric and

magnetic phenomena.
Thus it was no part of my plan to deal with the

more recondite and. abstract parts of electrical theory ;

but I trust the work now published may prove of some

help to students who may wish to proceed to those

subjects. I have, notably in Chapter I. of the pre-

sent volume, included here and there for the sake

of illustration particular theoretical cases which have

no direct bearing on experimental processes. Most of
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the purely theoretical work in electrostatics will how-

ever be of direct service in the sketch of magnetic

theory to be given in Volume II. I have attempted

throughout to arrange the work so as to avoid too

sharp a distinction anywhere between what is theo-

retical and what is practical, such as might have been

produced by giving all the theory in one part, and

all the practical rules and processes in another. At

the same time I have found it necessary for the

preservation of logical order, and to prevent continual

digressions on theory in the midst of descriptions of

instruments and processes of measurement, to provide
in each principal division of the subject a separate

chapter containing the more general parts of the

theory, leaving the more directly related theoretical

questions to be treated, as I think they ought to be,

where they arise.

In order to save space, the more mathematical parts

of Volume I. have been printed in a somewhat smaller

type than that adopted for the body of the work, and

for the same reason the "
solidus

"
notation has been

generally used in formulse occurring in the midst of

ordinary matter. Here and there this latter practice

has been inadvertently deviated from.

The scope of Volume I. will be seen in detail from

the Table of Contents below
; briefly, it consists of a

sketch of the theory of electrostatics and flow of

electricity, chapters on units, general physical measure-

ments, electrometers, comparison of resistances, com-

-parison of capacities, and measurement of specific

inductive capacities, and concludes with tables of units,
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resistances, and useful constants. The chapter on the

comparison of resistances contains full details of the

various methods of comparing high and low resistances,

calibration of wires, &c.
;
the chapter on capacities

discusses methods generally, and contains an account,

as full as possible, of the principal determinations of

specific inductive capacity made up to the present

time. Determinations of dielectric strength, and other

investigations regarding dielectrics, have on account of

want of space been reluctantly omitted.

Volume II. will contain an account of magnetic

theory, units, and measurements
; electro-magnetic

theory and absolute measurement of currents, poten-

tials, and electric energy; the definitions and realisa-

tion of the ohm and other practical units
;

the

relations of electro-magnetic and electrostatic units

and the determination of v
; practical applications of

electricity, and specially related points of theory and

measurement. In Volume II., on account of the

great mass of matter included in the subjects here

enumerated, the plan of smaller type will have to be

adopted for descriptive and other details, as well as

for mathematical theory.

For the use of blocks of woodcuts I am under

obligations in the present volume to Sir WILLIAM

THOMSON; Professor AYKTON, and the publishers of

his Practical Electricity, Messrs. CASSELL
;
the late Pro-

fessor BALFOUR STEWART and Mr. GEE; Dr. S. P.

THOMPSON
;
the editor and publishers of the Electrical

Journal ; Messrs. ELLIOTT and Co.
;
and my publishers,

Messrs. MACMILLAN and Co. I have received great
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assistance from my brother, Professor T. GRAY, of the

Rose Polytechnic Institute, Terre Haute, Ind., who

allowed me to use his papers on "
Electrical Testing,"

published in the Electrical Journal and elsewhere, and,

besides reading nearly all the proofs, made many valuable

suggestions. I have to acknowledge suggestions also

from my colleagues, Professor G. B. MATHEWS, M.A.,

Fellow of St. John's College, Cambridge, and Mr. D. M.

LEWIS, M.A., who have very kindly read proofs of

various parts.

I have of course received continual help from the

works of Sir W. THOMSON and CLERK - MAXWELL.

Messrs. MASCART and JOUBERT'S recent valuable

work, and Professor G. WIEDEMANN'S encyclopaedic

treatise with its wealth of references have been of

much assistance. In all cases however in which

it was possible recourse has been had to original

papers, and in this connection I have to thank

Dr. HOPKINSON, who favoured me with copies of

papers on "
Specific Inductive Capacity," and Professor

AYRTON, who lent me copies of papers to which

otherwise I should not easily have obtained access.

A few errata noticed in the preparation of the

Table of Contents are given on page xxiv. I shall feel

obliged if any reader who may find further errors will

kindly communicate them either to my publishers or

to myself.

A. GRAY.
UNIVERSITY COLLEGE OF NORTH WALES,

September, 1888.



TABLE OF CONTENTS.

CHAPTER I.

ELECTROSTATIC THEORY.

SECTION I.

ELECTRIC ATTRACTION AND REPULSION. ELECTRIC
POTENTIAL.

PAGE
Law of electric attraction and repulsion 2

Coulomb's experiments proving law of electric attraction and

repulsion 3

Unit quantity of electricity 4

Centimetre-gramme-second system of units 4

Electric field. Electric force. Intensity of electric field .... 6

Line of force 7

Density of an electric distribution 7

Electric potential. Difference of potentials 8

Laplace's equation 10

Surface-integral of electric induction 11

Characteristic equation of potential 13

Cases of attraction
,

13

Gauss's theorem of average potential over spherical surface in free

space , 15

Equipotential surfaces 16



x TABLE OF CONTENTS.
PAGE

Charge of conductor is only on the surface 17

-Cavendish's experiment 18

Proof of law of electric attraction and repulsion from Cavendish's

experiment 19

Faraday's electrified cube 21

Faraday's ice-pail experiment 22

Machines for multiplying electric charges 23

Kelation of distributions internal and external to a closed con-
ductor 24

Principle of superposition 25

Tube of force 27

Force at surface of a conductor 29

Surface distribution replacing internal system 29

SECTION II.

POTENTIAL ENERGY OF AN ELECTEIO SYSTEM.
GENERAL PROPOSITIONS REGARDING A SYSTEM OF

CONDUCTORS.

Electric energy 30

Calculation of energy of an electrified system 32-34

Electric field the seat of the energy 34

Exhaustion of potential energy on formation of uniform sphere
from nebula 35

Tension at an electrified surface 35

Electric diminution of air-pressure on a soap-bubble 35

Mutual potential energy of two electric systems 37

Keciprocal relation of two states of one system 37

Problem of a system of conductors 39

Coefficients of potential , 40

Reciprocal relations of potentials 40

Green's theorem of reciprocal potentials 41

Capacities of conductors of a system 42

Coefficients of induction 43

Conditions fulfilled by coefficients 43

Exploration of an electric field 45



TABLE OF CONTENTS.

SECTION III.

ELECTROSTA TIG CAPACIT Y.

ELECTRIC DISTRIBUTION IN ELLIPSOIDS.
ELECTROSTATIC CAPACITY IN SIMPLE CASES.

PAGE
Electrostatic capacity 46

Capacity of a spherical conductor 47

Capacity of an ellipsoidal conductor 47

Homceoid. Elliptic Homceoid (footnote) 47

Attraction of an elliptic homoeoid at an internal point 47

Density at any point of an ellipsoidal conductor 48

Equipotential surfaces of an ellipsoidal conductor are confocal

ellipsoids . , 49

Maclaurin's theorem of attraction of ellipsoids 51

Capacity of a thin cylinder. Capacity of a circular disc .... 53

Capacity of a spherical condenser 53

Long cylindric condenser or submarine cable - ... 55

Parallel plate condenser 57

Parallel plate condenser with guard ring 58

Theory of symmetrical electrometer 59

Cylindric sliding condenser . . 61

SECTION IV.

GREEN'S THEOREM. INVERSE PROBLEMS. ELECTRIC
IMAGES.

Proof of Green's theorem 62

Particular cases of Green's theorem 66

Solution of Laplace's equation for given surface conditions is

unique 68

Surface distribution producing given potentials, at every point, and

potentials produced by any given distribution both unique ... 69

Green's problem. Solution 70

Direct problem of electrostatics 71

Potentials and distribution unique for given charge 72

Inverse problems. Surface distribution replacing given system . 73



xii TABLE OF CONTENTS.
PAGE

Definition of an electric image 76

Spherical conductor under influence of electric charge at external

point 77

Electric image in spherical surface 79

Induced distribution on insulated and charged sphere 81

Electric energy of two spherical conductors, one of which is small.
Mutual force between them 82, 83

Electric image of point-charge in infinite plane conducting surface 84

Problem of mutually influencing conductors 85

Problem of two infinite parallel plane conducting surfaces with

point-charge between them 86

Distribution on two planes cutting at right angles, with point-
charge between them 89

Geometrical inversion 90

Sphere of inversion. Geometrical results 91

Electrical inversion 93

Equilibrium distribution inverted. Particular case uniform

spherical distribution 94, 95

Inversion of induced distribution produced on two parallel

planes by point-charge between them. Equilibrium dis-

tribution on two spheres in contact 97

Problems soluble by inversion 101

SECTION V.

ANALOGY BETWEEN THEORY OF HEAT CONDUCTION
AND THEORY OF ELECTROSTATICS.
SPECIFIC INDUCTIVE CAPACITY.

SOLUTIONS FOR SIMPLE CASES OF DIFFERENT
MEDIA IN ELECTRIC FIELD.

Thermal analogy of electrostatic theory .- . . . 102-105

Flux of heat 102

Thermal conductivity defined 103

Flow of heat in a homogeneous isotropic solid 103

Thermal analogies of electrostatic quantities 106

Influence of dielectric medium. Specific inductive capacity . 109, 110

Modified form of Poisson's equation 112

Case of several media in same field. True and apparent electri-

fication 113

Kefraction of lines of force 114



TABLE OF CONTENTS. xiii

PAGE

Examples of fields containing more than one medium :

(1) Two media separated by plane surface, with point-charge
in one 115

(2) Two dielectrics separated by a plane layer of a third, with

point-charge in one 117

(3) Dielectric sphere in uniform field. Solution by "Couches
de Glissement

"
122

Lines of force for different cases of (3) 124-127

Potential energy of dielectric sphere in uniform field 127

Force in variable field (1) on dielectric sphere, (2) on conducting

sphere 128

Capacity of vacuum condenser with dielectric layer of specific
inductive, capacityK 129

Capacity of condenser with dielectric of specific inductive

capacity K 131

Condenser with stratified dielectric 132

Maxwell's theory of stress in the dielectric. Theory of electric

displacement. Electric elasticity 133-135

CHAPTER II.

THEORY OF FLOW OF ELECTRICITY.

SECTION I.

GENERAL CONSIDERATIONS. STEADY FLOW.

Change of equilibrium of electric system. Diminution of

energy 136, 137

Electric current 138

Hydrokinetic analogy of electric current 139

Measure of strength of current . 138

Definition of steady current 138

Thermal analogy of electric conduction 139

Electric resistance of a linear conductor 140

Ohm's law : for homogeneous conductor
;

for heterogeneous
circuit 141-143

Electromotive force 141-144

Electromotive force of simple voltaic cell 144

Distribution of potential in circuit of cell 146

Activity in a voltaic circuit 146



xiv TABLE OF CONTENTS.
PAGE

Voltaic battery : arrangement in series, and in multiple arc . . . 147

Condition for maximum current, and for maximum efficiency 148-189

Theory of a system of linear conductors 150

Principle of continuity applied to electric currents 150

Electric conductivity (or conductance) 151

Conductivity and resistance of multiple 'arc 152

Total electromotive force in any circuit of a network of conductors.

Examples 152-155

Principle of superposition 155

Theorems regarding a network of conductors 156

Reciprocal relations 158-160

Conjugate conductors 159

Effect of addition of a single wire to system 160

Steady flow of electricity in non-linear conductors 161

Ohm's law 162

Characteristic equation 162

Electrostatic analogy 163

Flow between two coaxial conducting cylinders 163

Flow between small electrodes in infinite medium 164

SECTION II.

VARIABLE FLOW.

Problem of a single wire subterrene or submarine cable. Solu-

tion 166-171

Conditions of similarity of two cables of different lengths . . . 171

Infinitely long cable. Solutions 172-173

Curb-signalling 175

Analytical solution for long cable in case of infinitely short

contact 176

Calculation of current for long contact and for short contact . . 177

Signalling by condensers 177

Transmission of electric wave along a submarine cable 178

CHAPTER III.

UNITS AND DIMENSIONS.

Two factors of expression of a physical quantity numeric and
unit . --. . ... .178



TABLE OF CONTENTS. xv

PAGE

Change-ratios ISO-

Arbitrary units 180

Absolute units 181

Gauss's system of units 181

Dimensions of physical quantities 182

Fundamental units 18$

Units of length. Metre. Yard 183,184
Units of mass. Pound. Kilogramme, Gramme . . . 185-187"

Units of time 188

Other suggested standards of length, mass, and time . ... 188-

Derived units. Dimensional formulas 190

Area. Dimensional formula 192

Volume. Dimensional formula 192*

Density. Dimensional formula 192

Specific gravity 193

Derived dynamical units 193

Velocity. Dimensional formula 193, 194

Acceleration. Dimensional formula 195, 196

Momentum. Dimensional formula 196-

Force. Dimensional formula. Absolute units of force . 196, 197

Work. Units. Dimensional formula 19 7, 198

Activity. Units. Dimensional formula 199*

Energy. Kinetic energy : potential energy. Conservation

of energy. Units. Dimensional formula 199, 200

Problems in units . . . . 200'

Derived electrical units : electrostatic system 202"

Quantity of electricity. Dimensional formula 202

Electric surface density. Dimensional formula 202"

Electric potential. Dimensional formula 203

Electrostatic capacity. Dimensional formula 203

Specific inductive capacity. Dimensional formula 204

Current of electricity. Dimensional formula . . . . . . 204

Electric resistance. Dimensional formula 204

Electric conductivity. Dimensional formula 204

Illustration of electric conductivity as velocity in electrostatic

system of units 205



xvi TABLE OF CONTENTS.

CHAPTER IY.

GENERAL PHYSICAL MEASUREMENTS.

SECTION I.

MEASUREMENT OF ANGULAR DEFLECTIONS.
PAGE

Measurement of angles. Method by ordinary index and scale 206-210

Mirror method 210-214

Telescope method 214

Adjustments 216

Deduction of angle of deflection from readings .... 216

Relation of breadth of mirror to diameter of object-

glass. Length of scale visible. Limits of obtainable

accuracy . . . 217, 219

Telescope with concave mirror or with plane mirror and
lens 219

SECTION II.

MEASUREMENT OF OSCILLATIONS.

Utility of observation of oscillations 220

Equation of motion for simple harmonic oscillations. Solution.

Non-oscillatory subsidence 221, 222

Unresisted oscillations 222

Oscillations in case of forces varying as the sine of the displace-
ment. Calculation of period for finite range. Period for

infinitely small range 222, 223

Measurement of oscillations. Determinations of period, ampli-
tude, and logarithmic decrement 223-230

SECTION III.

MEASUREMENT OF COUPLES.

Torsional couples 230

Twist denned 231

Torsional rigidity defined 231

Rigidity defined .231
Determination of torsional rigidity. Theory and practice of

vibrational method , 232-238



TABLE OF CONTENTS. xvii

PAGE
Moment of inertia of cylindric vibrator 238

Maxwell's vibration needle 239

Imperfection of torsional elasticity 240

Effect of change of temperature on torsional elasticity 241

Elastic fatigue 241

Silk-fibre suspensions 241

Bifilar suspension 242

General theory 242

Symmetrical arrangement 244

Adjustment * 245

Effect of flexural rigidity of threads 246

Comparison with uni filar suspension 249

Determination of constant 250

Direct determination of couples 250

CHAPTER V.

ELECTROMETERS.

Definition of electrometer 252

Absolute electrometer 253

Non-absolute electrometer 253

Constant of electrometer 253

Classes of electrometers 253

Coulomb's torsion balance 254

Mode of using 256

Experiment by which Coulomb found law of electric attrac-

tion and repulsion 256

Coulomb's law of torsion 257

Theory of Coulomb's experiment 257

Comparison of charges 258

Effect of electrification of the case. Calculation for a spherical

conducting case 259, 260

Attracted-disc electrometer of Sir W. Snow Harris . . 260

Guard-ring attracted -disc electrometer of Sir W. Thomson . . . 262

Details 263

Method of using 264

Heterostatic and idiostatic modes of using an electrometer ... 265

VOL. I.



xviii TABLE OF CONTENTS.
P*C;F.

Absolute electrometer, complete form 265

Attracting plate 267

Spring balance 268

Oauge for testing heterostatic electrification 269

Replenisher : construction and theory 271-274

Method of using 274

Portable electrometer 275

Arrangement of parts 276

Micrometer and geometrical slide 277

Attracting plate electrode 279

Mode of using 279

Determination of constant 280

Sources of error 281

Long-range electrometer . 281

Divided-ring electrometer 282

Quadrant-electrometer 283

Arrangement of quadrants 285

Induction-plate 287

Needle and suspension 287

Leyden-jar 289

Adjustments 292, 296

Method of charging 293

Leakage of jar and quadrants, and its remedies 294

Heterostatic use 296

Grades of sensitiveness 298

Graduation 299

Idiostatic use 299

Modifications 300

Electrostatic voltmeter, Sir W. Thomson's 301

Scale 303

Graduation . .303

CHAPTER VI.

COMPARISON OF RESISTANCES.

Oersted's discovery : principle of the galvanometer 305

Galvanometers for testing purposes 30



TABLE OF CONTENTS. xix

PAGE

Reflecting galvanometer 308

Dead-beat form 309

Process of setting up ... 309

Adjustment of field for sensibility 310

Resistance coils 211

Arrangement in resistance boxes 312, 315

Material and mode of winding 313

Ohm, or practical unit of resistance 315

Resistance boxes 315

Arrangement of coils in geometrical progression 317

Sir W. Thomson's arrangement for series and multiple arc . 318

Dial form 319

Bridge arrangement 321

Resistance slides 322

Conductance, or conductivity boxes 324

Effect of rise of temperature on resistance of coils 325

Determination of temperature of interior of box by an auxiliary

copper coil 325

Process of testing a resistance box 326

Care of resistance boxes 327

Rheostat 328

"Wheatstone's bridge 329

Arrangement for greatest sensibility in practical case of

invariable battery and galvanometer 331

Proof of conditions of maximum sensibility 332

Practical rule for sensibility when full adjustment not needed 333

Arrangement of keys 334

Mode of operating 334, 337

Effect of self-induction 335

Avoidance of thermo-electric disturbance 337

Kirchhoffs slide-wire bridge 338

Mercury cups for connections 340

Calibration of a wire 342

Matthiessen and Hockin's method 342

Carey Foster's method 343

T. Gray's methods by bridge 347, 349

T. Gray's method by differential galvanometer or ordinary

galvanometer balanced 350

Precautions against thermoelectric disturbance 353



xx TABLE OF CONTENTS.
PAGE

Comparison of coils by slide-wire bridge 353

Method of finding resistance of slide-wire 354

Comparison of two nearly equal resistances 357

Comparison of very low resistances 358

SirW. Thomson's bridge with secondary conductors. Practical

apparatus 359

Matthiessen and Hockiu's method 364

Method of comparison of potentials 366

Tait's method by differential galvanometer 371

T. Gray's potential method with double arc 371

Early methods of comparing resistances 374

Comparison of resistances by differential gal vanometer 374

Sensibility of method 376

Best value of resistance of galvanometer 378

Low resistances 379

Measurements of specific resistance . . . . t 380

Thin wire 380

Corrections in weighing 381

Thick wire or rod . 382

Realization of mercury standard 384

Calibration of a tube 385

Measurement of specific resistance of mercury 389

Forms of the standard ohm 393

Measurement of high resistances 395

Method by galvanometer 396

Specific resistance of glass .' 397

Method by leakage 400-407

Measurement of resistance of electrolytes 407

Nature and effect of polarization 408

Experiments of Bectz 409

Experiments of Paalzow 409

Method of Ewing and Macgregor 410

Method of Wheatstone and Horsford 410

Experiments of Wiedemann 410

Method of comparison of potentials 411

Measurement of battery resistance 412

Mance's method 415

Measurement of the resistance of a galvanometer, Thomson's
method 416



TABLE OF CONTENTS.

CHAPTER VII.

COMPARISON OF CAPACITIES AND MEASUREMENT OF
SPECIFIC INDUCTIVE CAPACITY.

SECTION I.

COMPARISON OF CAPACITIES.
PACK

General process of comparing capacities 418

Standard condensers 418

Faraday's spherical condenser 418

Sir W. Thomson's spherical condenser 420

guard-ring condenser 421

sliding cylindric condenser 423

Electric absorption 425

Sir W. Thomson's platymeter 428

Comparison of capacities 429

Method by platymeter 429

Cavendish's method 432

Faraday's method 433

Sir W. Thomson's first null method . . 435

second null method 437

De Sauty's method 440

Direct deflection method 442

Sir W. Siemens' method of comparing a large with a small
condenser 445

by slow discharge 446

Dr. Werner Siemens' method by successive charge and dis-

charge 448

SECTION II.

MEASUREMENTS OF SPECIFIC INDUCTIVE CAPACITY.

Relation of specific inductive capacity to index of refracticn . . 451

Specific inductive capacity 451 et seq.

Cavendish's experiments on glass, &c 452

Faraday's experiments on shellac, &c 456

Gibson and Barclay's experiments on paraffin 457



xxii TABLE OF CONTENTS.
PAOE

Boltzmann's experiments on ebonite, &c 459

method by suspended ball 4fi2

Eomich and Nowak's experiments 465

Klemencie's results for mica 465

Ayrton and Perry's experiments on ice 466

Gordon's experiments by five-plate balance 466

Hopkinson's earlier experiments on glass 469

form of guard-ring condenser 469

criticism of five-plate balance method .... 473

later experiments 473

experiments on liquids 476

Silow's experiments on liquids
'

478

Quincke's experiments on liquids 480, 491

results 483

, ,
corrected for connections 484

Hopkinson's experiments on oils, &c 485

on liquids of benzene series . . . 487

further experiments on glass and paraffin . . . 489

Negreano's experiments on hydrocarbons 489

(John and Arons' experiments on liquids 490

Quincke's further experiments on liquids 491

Boltzmann's experiments on gases 497

Ayrton and Perry's experiments on gases 496

B. A. Committee's experiments on gases 498

Effect of rise of temperature on specific inductive capacity of

solids , 498

APPENDIX.

Note on the recommendations of the Paris Congress and tho

British Association Committee as to practical electrical units . 501

TABLES.

Table I. Cross-section of round wires, with resistance, conduc-

tivity, and weight of pure copper wires according to the new-

standard wire gauge 503

Table IT. Cross-section of round wires, with resistance, conduc-

tivity, and weight of pure copper wires according to the

Birmingham wire gauge 505



TABLE OF CONTEXTS. xxiii

Table III. Relative conductivities of pure metals at t C. . . . 506

Table IV. Conductivity and resistance of pure copper at tem-

peratures from 1 C. to 40 506

Table V. Specific resistances in legal ohms of wires of different

metals and alloys 507

Table VI. The metric system of weights and measures .... 508

Table VII. Reduction of period for finite amplitude of vibration
to period for infinitely small amplitude 510

Table VIII. Work or energy 510

Table IX. Activity or rate of working 511



ERRATA.

Page 11, in marginal for "Green" read "Green."

Page 20, line 6 from bottom, for
" AC" read " CD."

Page 35, in marginal at bottom, for "in a soap-bubble" read "on a

soap-bubble."

Page 39, line 10 from top insert "at" before "any."

Page 41, line 3 from bottom, for "in Cg
"

read "on C8.

"

Page 60, last line, for
" IV." read " VII."

Page 80, line 12 from bottom, for
"
-q" read "

-q.a/f."

Page 104, in first marginal, for "Measure of Heat" read "Measure

of Flux of Heat."

Page 144, line 12 from top, for "Chapter VIII." read "Volume II."

Page 165, equation (31), far
r
* + r* read

r
]

+ r
*.

QrC
7*j

T On/ 7*i 7*o

Page 203, line 12 from bottom, for
"
(K)

"
read "

(C}"

Page 204, foot-note, for
"
Chapter V." read "

Chapter VI."

Page 225, transfer marginal to first paragraph of next page.

Page 234, in first marginal, for
" Form of Vibration

"
read "Form

of Vibrator."



ABSOLUTE MEASUREMENTS
IN

ELECTEICITY AND MAGNETISM.

CHAPTER I.

ELECTROSTATIC THEORY.

SECTION I.

ELECTRIC ATTRACTION AND REPULSION. ELECTRIC
POTENTIAL.

WE suppose the reader to be familiar with the

elementary phenomena of electricity, and that he has

acquired a clear understanding of what is meant by

quantity of electricity, and of the nature of the evidence

for the truth of the fundamental law of attraction and

repulsion. Some account of the theoretical bearing of

the experimental results of Coulomb, Cavendish and

Faraday, in statical electricity is given below, but

recourse must be had, if possible, to the original

memoirs,1 or failing these to some good treatise, for

the details of the investigations.

1
Faraday's Experimental Researches, Cavendish's Electrical Re-

searches, and Coulomb's Memoirs (in French), have been collected and

reprinted.

B



2 ELECTEOSTATIC THEORY.

Law of The law of electric attraction and repulsion may be

Attraction
stated as follows : The force between two quantities

and
. of electricity (supposed each concentrated at a point)

is directly proportional to the product of the charges,

and inversely proportional to the second power of the

distance between them. If the charges are unlike

the mutual force is an attraction, if of the same kind

a repulsion. In symbols, if q, q' be the charges, r the

distance between the points at which they are concen-

trated, and F the mutual force between them, we have

CD

where Tt is a multiplier which does not vary with the

other quantities, and depends on the units adopted,

and on the medium surrounding the charges. We
shall take the force F as positive when repulsive, and

therefore Jc as a positive quantity. We shall suppose, un-

less it is otherwise stated, that the phenomena take

place in a perfect vacuum.1

Coulomb's This law was experimentally established with ap-

mente" Proximate accuracy by Coulomb by means of his torsion

balance, in which he measured against the elastic

reaction of a twisted silver wire the mutual attraction

or repulsion between small charged conductors placed
at a measured distance apart. He found that when the

charges remained the same and the distance was doubled

the force between the conductors was reduced ap-

proximately to ^ of its former amount
;
and in general,

that the force for the same charges varied inversely as

the square of the distance.

1 That is a space containing ether only.



UNIT QUANTITY OF ELECTRICITY. 3

Having measured in his balance the force between Coulomb's

two small spherical conductors, Coulomb withdrew ^entEr

one of them and brought it into contact with another Quantity

conducting sphere of the same diameter, then replaced tricity.

it, and brought the balls to the same relative position

as before. The force between the two spheres was now
one-half of its former amount. Now by the contact

the two balls must by symmetry have received equal

charges, and Coulomb with propriety assumed that the

charge on the ball was one-half of the initial charge.

He thus obtained the result that the mutual attraction

or repulsion of two conductors of linear dimensions

small in comparison with the distance between them

is directly proportional to the product of their charges
when the distance is maintained the same. This con-

nection between force and amount of charge lies at the
'

foundation of our system of measuring quantities of

electricity.

In the electrostatic system of units, which we shall

find it convenient to use in the present chapter, k

in equation (1) is taken equal to 1, so that when

q, q', r are each 1, F is also 1. Now unit force Kinetic

is defined according to what is called the absolute ^^5'ute

system of measurement of forces founded on Newton's Unit of

Second Law of Motion, as that force which acting for
unit of time on unit of mass will give to that mass

unit velocity. Hence unit quantity of electricity is

that quantity which concentrated at a point at unit

distance from an equal quantity of the same kind

is repelled with unit force. Unit quantity of elec-

tricity, therefore, depends on the three fundamental

B 2
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Unit units of length, mass, and time. According to the

of^EleJ recommendations of the British Association Com-
tricity. mittee on Electrical Standards, and the resolutions of

C.G.S. the Paris Congress of Electricians held in 1882, it has

Unite, been resolved to adopt generally the three units already
in very extended use for the expression of dynamical,

electric and magnetic quantities ; namely, the Centi-

metre as the unit of length, the Gramme as the unit of

mass, and the Second as the unit of time, and these

units are designated by the letters C.G.S. With these

units therefore unit force is that force, which, acting for

one second on a gramme of matter, generates a velocity

of one centimetre per second. This unit of force has

been called a Dyne. Unit quantity of electricity in the

C.G.S. system of units is, accordingly, that quantity
which placed at a distance of 1 centimetre from an

equal quantity is repelled with a force of 1 dyne.
The following example, which is easily realised, is

instructive as an illustration of this definition and of

the idea of quantity of electricity.

Two small equal pith balls are hung by very fine silk

fibres from a fixed point so as to form two similar pith

ball pendulums hung side by side. The balls are

charged simultaneously by contact with the same con-

ductor and the pendulums then diverge. It is required
to find the electric charge in each ball, and to

work out numerically for the case of each ball -^

gramme in mass, length of fibre 80 centimetres,

and distance of the centres of the balls apart 10

centimetres.

Let I be the length of each fibre, 2d the distance
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between the centres of the balls, m the mass, and q Unit

the charge of each ball. $
Neglecting the inductive effect of the balls on one tricity.

another, and the weight and any electrification of the

Fig.l

fibres, we have for the mutual force between the balls

q
2
l4fd

2
,
and by the parallelogram of forces

d d

or

In the example given we have m ^V* ^ = 80,

d = 5
;
and taking g as 981 we get, neglecting d2

/l
2

12-5 x 981

or

80

q = 12-38.
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The charge on each ball is therefore approximately
12'38 C.G.S. units of positive or negative electricity.

Electric The Electric Field of any distribution of electricity

is the whole surrounding space through which the

action of the electrified system extends, and the

electric force at any point is the force of attraction

or repulsion which a unit of positive electricity

would experience if placed at the point without

disturbing the electric distribution of the system.

Intensity The Intensity of an electric field at any point is

^
J^

tric measured by the electric force at that point. We
may imagine the electric field to extend to an infinite

distance from any part of the electrified system, and

for infinitely distant points the electric force is of

course zero.

Let the electric system consist of a quantity q of electricity at

a point whose coordinates are alt b^ q ;
a quantity q2

at a point

#2 ^2> C
2
&c

-> 5
an(l let the coordinates at any point P in the

held be x, y, z. The distance r, of #, y, z, from any point a, 6, c,

is given by the equation r2 = (x a^ -\- (y b)
2

-f- (z c)*.

The electric force at P has then for its three components
~ / .. \ _ /_ _\

H- &c.

(2 )\ /

r2 dz

where 2 denotes summation for all values
1}

#
1?

cv tf
2 ,

6
2 , c^ &c.,

of a, b, c.

The resultant electric force F is given by the equation

I2 = X- + F2
-I- Z2 (3)

X - qi
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A line drawn in the electric field, the tangent to Definition

which at any point is the direction of the resultant ^j^g
*

force at that point, is called a Line of Force.

If dx, dy, dz, be the projections on the axes of #, y, z of an Differ-

element ds of a line of force, and X, Y, Z be the components ential

of the force there parallel to the axes, we must have the relation Equation
of a Line

X Y Z ._ . . . of Force.
-,- = ->- = -7 (3 bis)dx dy dz

which is the differential equation of a line of force. We shall

show below in treating of lines of magnetic force how this

equation may be integrated for the case of a force system
symmetrical round an axis.

The Electric Surface Density at any point of a surface Suiface

is the limit towards which the ratio of the quantity of D^^i(
f
f

electricity on an element of the surface including the Distribu-

point to the area of the element approaches as the

element is taken smaller and smaller.

Let o- be the surface density at a point a, b, c of an electrified

surface and ds the area of an element including the point, then
instead of (2) we have

where

r _ f f (^
~ a ) vds f f a^8 dr

'))--*-
=JJ^

y _ f f (?/ b} <rds _ [ [
vds d>"

JJ r*~
~
JJ ** &

_ f
C (z c) (rrh _ [ [

<?ds dr

~)}
'

~^~ ~))~?r *i

I I denotes integration over the surface.

The Electric Volume Density at any point in space Volume

is the limit towards which the ratio of the quantity
of electricity contained within an element of space
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Volume including the point to the volume of the element

ElTctricity approaches as the element is taken smaller and smaller.

Let p be the volume density at a point <ar, b, c, the quantity o^

electricity within an element of volume da db dc is p da db dc.

Hence we have

(x -adadbdc f drv f C C

si

with similar formulas for Y and Z, where III denotes integration

throughout the space or spaces occupied by the electric distri-

bution. In every case the intensity F of the electric field at any
point is given by the equation

F2 = X 2 + F2 + Z2
.

Electric The Potential at a point in an electric field is the
Potential. work done by or against electric forces in carrying a

unit of positive electricity from the point in question
to an infinite distance, the electric distribution being

supposed to remain unchanged. Hence if a quantity q

of positive electricity be concentrated at a point 0, and

P- be a point at distance r from 0, the potential at P

due to q is -
r

For the force of repulsion on a unit of positive electricity at a

distance x from is 2-
;
and the work done by this force in

X

increasing the distance by a small length dx is ^ dx. Hence if

V be the potential at P we have

Difference The Difference of Potentials between P and another

Potentials, point P' at a distance r' from 0, or the work done in
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carrying a unit of positive electricity from P1

to P, is Difference

therefore -
-,. It is important to remark that this Potentials.

r r

value is independent of the path pursued between P
and P. It depends only on the distances of the points

from 0.

Further, if we have a number of quantities qlf q2, q^, &c.

of electricity at distances rv r
2 ,

r.
3 ,

&c. from P, the

potential at P is - 4- + &c., or, as it is usually written,
r
i

r
2

S -, where 2 denotes summation of a series of terms of
r

the form -. Hence the difference of potentials between

P and P' is in this case 2 - 2 -,. The value of
r r

S - 2 -> depends only on the positions of the quan- ,
*

tities ^i $2 ^c -

If the distribution of electricity be continuous over any
surface, or throughout any space, the summation becomes

integration over the surface, or throughout the space. In the
former case we have for F the equation

r =
JJ^

S........ (7)

in the latter

I
n P d(tdhflc

and if the distribution be of both kinds \ve have

da db dcV --

where I I, Ml respectively denote as before integrat on over
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Difference the surface and throughout the space occupied by the distri-

of bution.

Po^cutials. Since r2 = (x a)
2
-j- (y

-
)

2
-f~ (z <0

2 we see from equations
(2) that

x--r- _;*--. . .

dx dy dz

that is, the force-components parallel to the axes at any point
.r, y, z are equal numerically to the rates of variation of the

potential in the respective directions.

Further if we calculate the force variations in their respective
directions by differentiation in (2), and add, we obtain the
remarkable relation

dX dY dZ

Laplace's This result is called Laplace's Equation. It only holds when
Equation, there is no electricity at the point x, y, z. We shall prove a

more general equation given by Poisson
;
but first we shall

establish the following proposition, from which can be deduced

many interesting results as to attractions or repulsions in

different cases :

Let N denote the outward normal component of the

resultant electrical force at a point P situated on a

small element (of area ds) of a closed surface in an

electric field : the sum of all the products Nds obtained

by dividing the surface into small elements and multi-

plying the area of each by the value of N at the

element, or the value of I I Nds taken over the surface,

is numerically equal to the whole quantity of electricity

contained within the surface multiplied by 4?r.

Surface The product Nds has been called by Maxwell the
Integral of / /

Electric Electric Induction over the element ds, and I I Nds the
Induction. J J

electric induction over the surface. The algebraic sum

of the quantities of electricity within the surface is



ELECTRIC INDUCTION. 11

therefore equal to the electric induction over the Surface

surface divided by 4?r.

Induction:
Let S (fig. 2) be the surface and first consider the normal a Theorem

force at A due to a quantity q of electricity concentrated Of Creen.

at 0. Let a cone of small vertical angle be described with

its apex at by drawing lines all passing through O, and

through the periphery of a small element ds of the surface

at A. Let e be the angle which OA makes with the normal
drawn outwards at A and let r. be the distance OJ. We

have, if 21 be the resultant force at A due to q, E =
-|; and ifN

. 2

be the normal force at ds

Nds It cos ds = i cos e ds.
r2

Now if dot be the area intercepted by the cone on a spherical
surface of unit radius described from as centre, we have

ds cos e = r-dco,

and therefore

Nds =--
qda>.

Now considering the element ds' of the surface intercepted at

B by the cone in emerging we have

N'ds' = R cos ds' = qda>.

Hence for these two elements

Nds + N'ds' = 0.

If as shown in the figure the cone enter and emerge more than

once, this equation must hold for each pair of elements corre-

sponding to an entrance and emergence, and hence for all the

elements intercepted by the cone we have 2 Nds = 0. It is
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Surface evident that by drawing cones in this way we could divide the

Integral whole surface up into pairs of elements, and therefore so far as the
of Electric quantity q of electricity external to the surface is concerned
Induction.

Nds = (12)

Since we can draw cones from every point, this must hold

for any external distribution.

Now considering a quantity q of electricity at a point P within

the surface, we can show as before by drawing cones that for

any element

Nds = +<?<fo, for emergence.
qdco, for entrance.

But as the cones all originate within the surface, and therefore

emerge as shown once oftener than they enter, qda> is the value of

case. Thereforethe part of I / Nds which corresponds to each

jj
Nds = q

fjdco.

But / I d(d is simply the area of the spherical surface of unit

radius, that is 4r; therefore

Nds =
47T?,

and since we can go through the same process for every part of

the internal distribution

Nds =
(13)

Maximum
or

Minimum
of

Potential

in Free

Space Im-

possible.

where M is the whole quantity of electricity within the surface.

From the result for the external electrification we see that if N
be the normal component at any element ds due to the electrifi-

cation both internal and external, we have the proposition stated

abcve.

From this proposition it follows that there cannot be a point
of maximum or a point of minimum potential in space void of

electricity, for if there were the potential would in one case

diminish and in the other increase in every direction from the

point, and the electric induction over a closed surface including
the point would not be zero.

Let the closed surface be a small rectangular parallelepiped
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of sides dx, dy, dz, with its centre at 0, and let X
l
be the Charue-

normal component at the side dydz to the left of the origin, and teristic

JT2 that at the opposite side. The part of the surface integral Equation

given by the sides" is (X2
- XJ dy dz, of the

Adding to this the parts due to the other two pairs of sides Potential.

we find

X, - X, Y,- Yl ^p?i = 4 . t (14)
cLc dy dz

where p is the average volume density of the distributioirwithin

the surface.

It is easy to show from equations (2) above, by changing to

polar coordinates, that the values of X, Y, Z vary continuously
whether or not the points be in any part of the electrification,

provided only the volume density of the distribution does not

become infinite. We may write therefore, putting X, Y
t Z,

for the component forces at 0,

T-r X*- 1 d-**~ 7 T7- T7- I 1 f* **- 1

x.-x-j-.fa.x.-.r+.l-*,

and similar formulas for Fl5 Y2 , Zv Z.2 . Equation (14) becomes Poisson's

therefore Equation.
dX . dY . dZ

or, writing
-

dV/dx, dVjdy, dVldz, instead of X, F, Z,

This equation is due to Poisson and is called sometimes the

characteristic equation of the potential. When p = 0, we obtain

Laplace's equation, which is therefore a particular case of (16).

By a change of sign in aft forces in the equations the theorems

proved above and others which follow, can be made applicable .

to gravitational attraction. 1 For example let it be required to ^
Uractl

find the attraction of a uniform sphere or spherical shell of
gion \

f a
attracting matter on an external particle P of unit mass at a

Sphere or
distance r from the centre. By symmetry, the attraction at Shell on an
every point of the spherical surface concentric with the sphere External
or shell and passing through P is the same as at P and normal Particle.

1 In gravitational attraction the potential is denned as 2 (qlr), and
the force parallel to any direction x taken positive in the direction

of x increasing, is then dVfdx.
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Attraction

(or repul-

sion) of a

Sphere or

Shell onan
External
Particle.

Attraction

of

Spherical
Shell on
Internal

Particle.

Potential

Constant
within
uniform

Spherical
Shell.

Potential

and Force
at any
point

within a

uniform

Sphere.

to the surface. Hence by the theorem proved above, if F be the

force
- F X 4ra = 47jJ/,

or

F = -M/r^ (17)

that is the attraction is the same as if the whole mass of the

sphere or shell were collected at the centre.

M
By equation (6) V =

,
or the potential is also the same as if

the whole mass were collected at the centre.

Again, let the particle P be within a hollow shell bounded by
two concentric spherical surfaces

;
the attraction at every point

of a spherical surface passing through P and concentric with the

shell must be the same and normal to the surface. Calling it F,
and the area of the surface $, we get

0, or F =
(18)

that is the force is zero within such a shell.

Since the force - is zero the potential is constant within
dr

the shell, and is therefore everywhere what it is at the centre.

The potential of a uniform spherical shell of radius #, thickness dz,
and density p, is birpx^dxlx = ^irpxdx. Hence the potential in

the interior of a uniform spherical shell of internal radius a and
external radius r is

4/r/j I xdx 2irp (r
2 a2

) (19)

The part of the potential at a point in a homogeneous sphere
at a distance a from the centre due to the external shell is

STT/J (r
2 2

), and the part due to the sphere of radius a on the
surface of which the point is situated is ^ -rrpa

2
. Hence

F =
27rp O2 --

|
2
) (20)

Imagine a concentric spherical surface described through the

point. The force, F, at the surface is everywhere normal to it,

and if a be the radius we have

- F X

or

= 4?r 3
,

4_7T

3
(21)
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that is, tlie force varies as the distance from the centre. This

could of course be at once obtained by finding -, in equation
da

(20) above.

As another example consider an electrified circular disc of Force at

uniform electric density <r and radius r acting on a unit of positive poiiit on

electricity placed on the axis of the disc at a distance h from its axis of

plane. The potential of a concentric ring of radius x and breadth Electrified

dx is ^.TKrxdxl \//i
2 + xl

. For the whole disc therefore Disc<

= 27TO- (
*P + r2 -

X) ..... (22)

For the repulsion on the particle we have the value

7^) (23)

The following proposition (due to Gauss) is interesting

and important : The average potential over a spherical

surface due to electricity entirely without the sphere is over

equal to the potential at the centre.
due

Suppose the electric distribution to be a quantity q situated at char
a point 0. The potential at a point P on the spherical surface

distant r from is ?. The average potential over the surface is,
r

if R be its radius, -- / /
^ ds. But / I ds is the potential

47T.R2 J J r J J r

at due to a uniform distribution of surface density q over the

spherical surface and is therefore (p. 14)--, if D be the

distance of from the centre of the sphere. The average

potential is therefore -?, that is, the potential at the centre of the

sphere due to q at 0. The same result can be obtained for every
part of the distribution, and the proposition is established.

From this theorem follows obviously the result already

proved that there is no place of maximum or of minimum

potential in space void of electricity.
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Average Further it follows if throughout any space S in which

over there is no electricity the potential be constant, the

Sphere potential must have the same value throughout all

External space that can be reached from S by any path which
Charge. ^QQS not pags through the electrified system. For if

throughout any space $', adjoining S, the potential

be greater or less than in $, it must be possible to

describe a sphere so small that its centre and a portion

of its surface may be in S, and the rest of its surface in

S'. The mean potential over the surface would then be

either greater or less than the potential at the centre,

which is impossible. Hence S' cannot have at any

point a greater or less potential than that of S.

Equi- A surface every point of which is at the same
potential potential is called an Equipotential Surface, or some-

times a Level Surface. Such a surface can evidently

be drawn for every point of the electric field.

Surface Any equipotential surface may be taken as the

Potential
sur^ace ^ zero potential, and the potential at any

point is then simply the difference of potentials between

the point and that surface. The potential of the earth

is generally ta,ken as zero potential.

Since no work is done in carrying a unit of positive

electricity from one point of an equipotential surface

to another, lines of force meet such surfaces at ri^ht
' O

angles ;
in other words, the direction of the resultant

force at any point of such a surface is normal to the

surface.

The potential within a closed equipotential surface

which contains no electricity is constant. For if not

there must be an adjacent equipotential surface within.
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at a higher or lower potential, and the electric induction Surface

over every element of that surface must have the same potential

sign. But the integral over the whole surface is zero,

hence it is zero over every element, that is, the electric

force at every element is zero. There is therefore no

difference of potential between the two surfaces; and

by applying the theorem of Gauss (p. 15 above), or by

considering successive internal surfaces we can prove
that the whole internal space is at the same potential.

It is necessary for electrical equilibrium that the Potential

electric force at every point of the substance of any within

conductor, whether containing within it electrified Hollow
... . Conductor,
bodies or not, be zero, that is, that the potential at

every point be the same. Any surface therefore de-

scribed within the substance of a conductor is an

equipotential surface, and, by the proposition just

proved, the potential must have the same value at

every point within a hollow conductor containing no

electrified bodies, as at the conductor itself.

Since the electric force is everywhere zero there is no Charge of

free electricity at any point in the substance of the
onl^on*

conductor, for no lines of force can enter or leave any Surface,

portion of space there situated. Hence the charge of

a conductor, can be found only on the external surface,

and if a conductor in the interior be brought into con-

tact with the internal surface it will, if electrified, give

up its whole charge to the external conductor, and if

unelectrified receive no charge.

These conclusions, which have been deduced from the Experi-

law of electric attraction and repulsion stated above proofs

(p. 1), are in accordance with the results of experiment.
c
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Experi- A charged conductor introduced within a closed con-

Proofs, ductor and brought into contact with it as in Faraday's

ice-pail experiment (p. 22), and in Biot's well-known

experiment in which two insulated hemispherical con-

ductors are made to enclose and touch a highly charged

metallic sphere, is found to be completely discharged.

The distribution otherwise than on the external surface

is therefore not one of equilibrium.

Caven- The same result was found so long ago as 1773 by
dish's the jjon Henry Cavendish, who used the other form of
Experi- . . .

ment. experiment. A conducting sphere was insulated within

a concentric spherical shell made of two hemispherical

conductors mounted on insulating supports so as to be

Experi- easily removable. The shell after having been highly

l^oof^of
caarged was brought into contact for an instan.t with the

Minor internal sphere. The hemispheres were then removed

and discharged, and the electrical state of the sphere

tested by means of a delicate electroscope. No trace

of a charge could be detected.1

The tests of such a charge now afforded by Sir

William Thomson's Quadrant Electrometer (Chap. II.

below) exceed enormously in delicacy any which could

previously be applied, and careful repetitions of the

experiment made with the help of that instrument

have shown no inaccuracy in Cavendish's result.2

Caven- This result is of the utmost importance, for, assuming
dish's Hy- ft as a fact experimentally proved, we can reason back
pothetical . .

Syllogism, from it to the law of the inverse square for electric

1 Cavendish's Electrical Researches, or Maxwell, Elect, and Mag.
vol. i. p. 77 (sec. ed.).

2
Maxwell, Elect, and Mag. (sec. ed. vol. i. p. 78).
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attraction and repulsion, which Coulomb arrived at by
the immensely more uncertain method of directly

measuring, in the torsion balance, the attraction and

repulsion between electrically charged conductors.

Cavendish's experiment is therefore properly regarded
as the crucial test of the law of the inverse square.

We shall now prove briefly that if, as shown by
Cavendish's experiment, the electric distribution on a

charged spherical conductor is entirely on the external

surface, or, which is the same thing, if there be zero

force everywhere within the conductor, the law of the

inverse square is true. 1 If the sphere be at a very great

distance from all other conductors the distribution on it

must from symmetry be uniform, and we have seen

(p. 14 above) that the law of the inverse square satisfies

the condition of zero force in the interior. It remains

to show that this is the only law which is consistent

with a distribution entirely on the surface.

Let F (r) denote the electric force at a distance r from

a unit of positive electricity concentrated at a point ;

then F (r) fulfils the condition stated. In the case of

the law of the inverse square r
2 F

(?')
is a constant, for

any other law it is not. If r* F (r) is not constant, it

must for any given value of r either increase or diminish

as r is increased. Let r
:
and r

2
be any two values of r

such that F(r) continuously increases as r increases

from T
I
to r

z
. Let ABCD (Fig. 3) be a great circle of

a spherical conductor of diameter r
l
+ r9 and surface

1 The proof here given is due to 'M. Bertrand, Journ. de Pkys. t. II.

p. 41 (1873). For other proofs see Laplace, Mecanique Celeste, i. 2
;

Cavendish, Elect. Res.
; Maxwell, loc. cit.

c 2

Caven-
dish's Hy-
pothetical

Syllogism
stated.

Mathe-
matical

Proof of

Major
Premiss.
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Proof of density <r, P a point such that CP = PD, and AB
Premiss of *ne diameter drawn through P. Draw a double cone
Caven- of small vertical angle day at P and denote by 6
dish, s

Syllogism, the angle which the axis of the cone makes with

the radius at its intersections with the sphere. The

quantities of electricity on the opposite elements of

the sphere are, if r\, r'
2
are their distances from P,

a- r\
2

(^CD/COS 6, cr r'% dco/cos 6 respectively, and the

components of their attractions along the diameter

a da* r* F (rx) cos 0/cos 0, cr day r% F (r2) cos c/>/cos 0,

where $ is the angle between the axis of the cone and

as shown. These attractions are in opposite

directions, and since r'2 > r\ the second is greater than

the first. Now the whole sphere can be divided up
into pairs of elements so that one of each (of distance

r\\ lies above AC, and one (of distance /
2),

beneath :

hence the attraction of P towards A must be greater

than that towards B, that is, the condition that there is no

force within the conductor is not fulfilled. Hence the

hypothesis that r
2

F(r) increases as r increases from r
l

to r2 cannot be true
;
and in the same way it can be
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shown that r
2

f(r) does not diminish as r increases

between any limits whatever. It follows that r2 F(r)
is a constant if the electric distribution is wholly on

the surface.

Cavendish's result was incidentally confirmed and Faraday's

strikingly illustrated by Faraday in his researches on c*v?
the " Absolute Charge of Matter." 1

Having constructed

a cubical framework of wood (ten feet in length af edge),
covered with a network of copper wire and bands

of tinfoil, he insulated it and placed within it a very
delicate gold leaf electroscope. He then powerfully

electrified the cube, and found that the electroscope

showed no effect. He even went into the cube and

lived in it, and tried without effect all the tests of

electrification he could apply, although all the time

long sparks and brush discharges were passing from its

outer surface.

We can now prove simply the important result that Induction

if a closed conductor contain any electrified system closed

having a total charge Q, a total charge of electricity Q is Conductor

induced on the inner surface of the conductor. For

suppose a surface S described within the substance of

the conductor C intermediate between its inner and

outer surfaces, then since there is no force within the

substance of C the electric induction over S must be Internal

zero. Hence the total quantity of electricity within

8 must be zero, that is, the proposition stated above

must be true. We shall see below that the density of

the induced distribution at any point depends on the

distribution of the internal inducing system.

1
Experimental Researches, vol. i. p. 366.
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External If C be insulated without charge it follows that a

Charge, charge equal to -}- Q is found on the external surface.

We shall see below (p. 26) that the distribution of this

charge is independent of that of the internal charges,

and is the same as that of a free charge of the same

amount given to the conductor.

Faraday's These results give the explanation of Faraday's ice-

jfxperi. pail experiment alluded to above. A pewter ice-pail
ment. was supported by silk threads and connected to a

delicate gold leaf electroscope. A charged conducting
ball was then lowered into the ice-pail, and as it

descended the gold leaves gradually separated until the

ball had been placed well down in the pail, when the

divergence remained nearly constant as the ball was

lowered further, brought into contact with the pail, and

withdrawn. The ball was then found to have been

totally discharged.

The same experiment can be repeated with ex-

ceedingly great delicacy by means of the quadrant

electrometer, and if the pail is well insulated and closed

by a conducting cover to which the ball is hung by an

insulating support kept free from electrification, the re-

sult described is easily obtained. The insulating support
if electrified may be discharged by being passed through
a flame, or by being placed in a current of hot air. With

a quadrant electrometer in its ordinarygrade of sensibility

it is necessary to charge the ball very slightly. This

can be done without sensibly electrifying the insulating

support by giving a small spark by means of an electro-

phorus to a second ball held by an insulating handle,

then touching that ball with a third also insulated, dis-
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charging the latter and again bringing it into contact Faraday's

with the second, and so on until the charge of the
Experi-

second ball is so much diminished that the experimental ment -

ball brought into contact takes a charge just sufficient

to give a convenient deflection of the electrometer

needle. The constancy of the electrometer deflection

after the contact shows that the potential of the con-

ductor is not altered, and it follows as proved below

(p. 26) that the distribution on the exterior surface

of the conductor is not changed. The total discharge

of the ball proves that its charge was equal and

opposite to the induced charge on the interior surface

of the conductor.

This experiment is the basis of many useful electrical Method of

instruments, notably induction machines such as Thorn-
plying

son's Replenisher, and the machines of Holtz, Voss,
Electric

and others, which multiply electric charges ;
and it

gives more clearly than any other the idea of quantity

of electricity. For example it gives us a means of

charging a conductor with any number of times a given
electric charge. For let the charge be given on the

ball of the ice-pail in the experiment above. The ice-

pail is insulated within the conductor to be charged, and

the ball placed within the ice-pail but without touching
it. The ice-pail and the exterior conductor are then

brought into contact for an instant, and the ball and ice-

pail withdrawn. Since the ice-pail and conductor,

when in position after the contact, are at one potential,

there is no electrification between the inner surface

of the former and the outer surface of the latter.

Hence there is then a charge on the outer surface
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Method of of the conductor equal to, and of the same sign as,

plying
^nat on the ball. If the ice-pail, which is left with

Electric a charge equal and opposite to that on the ball, be

discharged, and the process above described repeated,

another charge equal to that on the ball will be given
to the conductor, and so on until the required multiple

of the charge has been given.

By slightly modifying this process a second conductor

may be charged with an equal quantity of the opposite

electricity. For it is only necessary to discharge the ice-

pail each time by placing it within and then bringing
into contact with the second conductor. If the opposite

kind of electricity only is required it is sufficient to

connect the ice-pail to earth each time the ball is placed
within it.

Relation of The results of Faraday's ice-pail experiments are in

tions In" complete accordance with theory, and are direct con-

ternal and
sequences of the following general proposition regarding

to a Closed closed conductors. Whatever be the electrification of

Conductor ^ ciose(j conductor, the external electric distribution

and the potential at every external point is the same

for a given total quantity of electricity within the con-

ductor without regard to the manner of its distribution :

and the electric distribution on bodies within the

closed conductor is independent of the electrification

both of the external surface of the closed conductor

itself and of external bodies. In the proof of this pro-

position, and frequently in what follows, we shall use the

principle of superposition of electric distributions, which

ought therefore to be first explicitly stated.

According to the theory given above (p. 9), the
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potential at any point due to a charge of electricity Principle

at another point is directly proportional to the charge, p sitFon

and the potential at any one point produced by any stated,

distribution of electricity is the sum of the potentials

due to the separate parts of which the distribution con-

sists, or of the separate distributions into which it may
be supposed divided.

An electric system in fact may be built up in any way
whatever of separate parts or made up of separate dis-

tributions superimposed ;
each part of the system or each

separate distribution produces its potential at any point

as if the remainder did not exist
;
the final distribution

is the sum of the separate distributions, and the final

potential at any point the sum of their separate

potentials. This conclusion is capable of direct veri-

fication by experiment in certain cases, and further

the results deduced from it are found to agree with

observed phenomena.
It is proved below (p. 69) that electricity can be dis-

tributed in one and only one way on a given system of

conductors so as to produce a given possible system of

potentials. Hence if by the superposition of different

states of the same conductors we can produce the re-

quired potentials we know that we have obtained the

only solution of the problem.

(1) Suppose no external electrified bodies to exist, Relationof

and the closed conductor to be at zero potential, then, ^inslS."

since the potential is zero also at a very great dis- temal and

tance, there can be no potential greater or less than to a Closed

zero in intermediate space, otherwise there would be a Conductor,

maximum or minimum of potential in space unoccupied
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Relation of by electricity. Hence the distribution of electricity on

tions In- the interior surface of the conductor is such as to pro-
ternal and juce through external space a potential exactly equal

to a Closed and opposite to that which the charged body produces.
Conductor

^) Suppose an external electrified system to exist,

but no electricity to be within the conductor, the

potential within the conductor (which may now be

supposed insulated and charged to any degree) will be

constant and of the same value as that of the conductor.

The induced electrification of the conductor, as may
be seen by supposing the potential zero, is such as to

produce a potential within the conductor equal and

opposite to that produced by the external electrified

bodies; and we can superimpose on this the inde-

pendent electrification, if any, which is effective in

producing the actual potential of the conductor.

We have therefore in (1) and (2) three electrifica-

tions which are separately in equilibrium and may be

supposed superimposed, and since, as we shall see

below, there can be only one distribution corre-

sponding to given potentials or charges of the system,

the superimposed distributions are in equilibrium and

Principle form the actual distribution. Hence the proposition

Electrical seated above is true
;
and we have also the very important

Screen, result that if the conductor be connected with the earth

it forms a perfect electrical screen between the internal

and external systems. To protect an electric system

from all external influences it is therefore only neces-

sary to place round it a metallic screen (or what is

quite efficient, a metallic grating or network) connected

with the earth.
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Consider a small element of area ds of an equi- Tube of

potential surface, and imagine lines of force to be

drawn through every point in its periphery so as to

form a tubular surface. Such a surface is called a tube

of force. Let R be the resultant electric force at the

element ds and let Eds be taken as unity, the tube is

then a unit tube. Imagine any finite area of the

equipotential surface to be divided into elements such

that the tube for each is a unit tube, and let n be

their number so that ^Eds = n\ then n is the number

of tubes of force, or, as it is usually put,
" the number

of lines of force" which cross the area. It is to be

remembered that what is called a line of force in the

phrase
" number of lines of force

"
is a unit tube. We

shall not however use the term in this sense, but in the

sense defined above (p. 6), which has no reference to

intensity of force.

Using N in the same sense as before, and considering

the projection of ds on an equipotential surface at the

element, we see that Nds is really the same thing as

the number of tubes of force which cross ds, and as N is

to be taken positive where the lines leave the surface,

and negative where they enter it, we see that the

excess of the number of tubes of force which leave the

surface over the number which enter it, that is the

electric induction over the surface, is equal to 4?r

times the algebraical sum of the electricity within the

surface.

Let ds and ds' be two normal sections of a tube of force, and
let F and F' be the force at the two sections, then the surface

integral of electric induction for the portion of the tube between
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the sections is Fds -
F'ds', and if there be no electricity within

this part of the tube

Fds = F'ds'........ (24)

that is, the product of the electric force and the cross-sectional

area of the tube is everywhere constant if the tube contain no

electricity.
Tube of If however the tube pass through an electrified surface, then
Force we may suppose the tube so thin that the normal at every point

passing of the intercepted element of the surface is in the same direction,
through an and consider the very short portion of the tube bounded by
Electrified two cross-sections parallel to the element, one just within and
Surface.

^.jie Other just without the surface. If ds be the area of the

element intercepted on the surface by the tube, cr the density
there of the distribution, and 6 the angle which the normal to

the element on the positive side makes with the direction there

of the resultant force, we have, taking the surface integral, which
consists only of the end portions,

(F -
F'} cos 6ds

(F -
F'} cos 6 = 4770- ..... (25)

that is, the normal components of electric force at two neigh-

bouring points on a line of force, but on opposite sides of the

surface, differ by 4?r times the electric surface density where the

line cuts the surface.

If we draw normals v, v' outwards from the two ends of the

portion of tube here considered, and ^i, V be the respective

potentials at the two sides of the surface, we have

Fcosti = - dVldv, F'cosB

and, therefore, equation (25) becomes

f+^+4^-0 . . : . . (26)
dv dv

This is the form which the characteristic equation of the

potential takes at a surface at which the electric force is dis-

continueus, and it shows that to the discontinuity there corresponds
a certain determinate density of electric distribution on the

surface. Since the potential is constant within the substance of

a conductor on which electricity is in equilibrium, a tube of

force must be considered as terminating just within the electri-

fied surface. Hence the surface integral for a tube of force

extending between and terminating in the substance of
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two conductors, is equal to zero. The total quantity of electricity
within the tube is therefore also zero, and hence if ds, ds' be the

elements intercepted by the tube on the two surfaces, and
o-, cr' the

corresponding surface densities, we have

<rds + ads' = (27)

If we consider a tube of force terminating at one end just Force at

within the electrified surface of a conductor, and at the other end Surface

just outside the surface, we have for the end within the surface f a Con-

>' = (- dV'Idv'}
=

0, and therefore ductor.

F = - d7/dv = 47ro- (26 bis)

Hence the density at any element of an electrified surface is

-F/4?r, where F is the force at an external point infinitely near
the element.

From the result obtained above (pp. 25, 26) for a Surface

closed conductor, containing an electric system insu- ^ution

lated within it, it follows that, whether or not there be Replacing

an external electric system, the electrification of the
systenT;

inner surface reversed in sign, would produce exactly
the same potential at the conductor and all external

points as is due to the internal system. But by (26 bis)

the density at any point of the inner surface is F/^TT,

where F is the internal force at the point in the out-

ward direction. The density of the distribution which

on a surface coinciding with the inner surface of the

conductor would replace for external points the internal

system is therefore F\kir.

Suppose an infinitely thin insulated conductor made Case of

coincident with an equipotential surface of an electric
coinciding

system whether wholly or partly internal, and the with Equi-

internal system replaced by that distribution over the Surface!

conductor which does not alter the potential at the

surface or at any external point. The force at any
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Case of point just outside the surface has its former value F,

and the electric density there is, by (26 Us), F/^TT. This

withEqui- (pp< 69, 76) is the only distribution which fulfils the
potential .,,,.. , . n
Surface, prescribed conditions, and since the conductor is all at

one potential in the equilibrium distribution, the total

charge is, as we have seen, equal to the charge of the

internal system.

Since this surface distribution is that of equilibrium

it is that which the conductor would take if insulated

without charge in presence of the actual electric system,

and as we have just seen it is identical with the in-

finitely nearly coincident distribution on the interior

surface reversed in sign. Hence no change in potential

or force at any point external or internal is produced by

making an infinitely thin conducting shell insulated

without charge coincident with the equipotential

surface.

SECTION II.

POTENTIAL ENERGY OF AN ELECTRIC SYSTEM.

GENERAL PROPOSITIONS REGARDING- A SYSTEM OF
CONDUCTORS.

Electric THE potential energy of any electric system can
.Energy.

(jepen(j only on the state of the system. Now the

principle of superposition stated above gives a method

of calculating the work spent in charging the system

by a particular process, and therefore also the potential
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energy of the system, provided we can assume its

equality to the work so spent. But by the principle

of the Conservation of Energy the work spent in

bringing a material system from one state to another,

in any manner whatever, is the equivalent of the

excess of the energy of the system in the latter state

over its energy in the first. Hence we may assume

that the work spent in electrifying the system by any
series of charges whatever is the equivalent of the

electric energy stored up in the system.

Let the system proceed from zero electrification to

the final state by infinitesimal steps, each such that the

Fig.4

Bb

relative electrifications of all the parts of the system
are the same as in the final state. By the principle of

superposition the increments of the charges positive or

negative of the various parts will be proportional to the

changes of potential which take place, that is, both the

electrification and the potential of every part of the sys-

tem change uniformly with the time if one does so.

Hence if we represent the final charge of any element by
a straight line OB, and the final potential by the ordinate

AC, the potential of the element corresponding to any
intermediate charge OB will be given by the ordinate

BD drawn from B and meeting 00 in D. Now the

31

Electric

Energy.

Calcu-

lation of

Electric

Energy
of any
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Calcu- work spent in the process of charging described, in giving

Electric
a cnarge 9.

to anv element at which the potential is V
l

Energy, before the charge is given and F"
2 immediately after, is

greater than V-& and less than V
2q ;

that is, if Eb

represent q, the work done in bringing q to the element

lies in numerical value between those of the rectangular

areas ID and Bd. But these two rectangles differ by
the rectangle Dd, which is very small in comparison
with either, when Eb is a small fraction of OB. Hence

the whole work spent in charging the element is, if its

final potential be V and charge ft numerically equal to

the area of the triangle OAC or } VQ. If E be the

energy of the whole system we have

E=ytVQ...... (28)

Expres- where 2 denotes summation of the products VQ, taken

p"l for allthe elements.

Energy In the case of conductors whose potentials are V
lt
F

2 ,

of Electric , -, n r\ o i_

System
and charges Qv Q2 , &c., we have

E = KV& + F
2G2 Ac.)

= |2 VQ . . (29)

where V denotes the potential of any conductor and Q
its charge.

For any system of surface distributions whether in whole or

in part on conductors or not, at any element ds of which the

electric surface density is o; we have for the energy

=
I f f

Fa-ds ....... (30)

where the integration is extended over all the surfaces. Similarly
if there be a volume distribution with potential varying from

point to point we have for the energy of an element dx dy dz at

which the potential is V and density p the value \Vp dx dy dz.

Hence for the total energy in the most general case we have

pdxdydz. . . (31)



EXPRESSIONS FOR ELECTRIC ENERGY. 33

the surface integral being extended over all the electrified bodies Electrified

and the volume integrals over all the spaces occupied by electricity. System

If instead of o- we write its value -
,
and for p its value Expression

477 *
for Energy.

V2
^, we get

It is easy to obtain another expression for the electric energy.
Imagine two equipotential surfaces of the actual system at a

very short distance apart, and let the electric force at any
element ds of the inner surface be F, and the distance between
the surfaces measured along a line of force dv. Now imagine
electricity to be gradually distributed over the inner surface so

as to produce finally the resultant force F at each point just out-

side the surface, and the charge on each element to be brought
along a line of force to that element from the outer surface, and
so that the distribution on the surface has always the same
relative density. If/ be the electric force at ds due to the dis-

tribution on the surface, at any stage in its building up in this

manner, the work done in bringing a small quantity of electricity

dq along dv to ds against /, is dq .fdv. By this transfer the
electric force has been changed from /to/-!- df, and the surface

density therefore increased by df/4ir. But dq = ds . dflkir, hence

the work done is dv.ds.fdf. If the inner surface is originally

uncharged f varies from to F, and the work done over the
surface is

&*//*/.
or

ds (33) Second

Expression

and obviously, by adding the values of this integral for successive

equipotential surfaces we shall obtain the whole electrical energy
of the system. We have therefore

HII
Fz dx dydz . . . . (33 bis)

the integration being extended throughout all space. This

expression gives the value of the total electrical energy for any
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Second distribution whatever. In the case of a system of electrified

Expression conductors the integration need not of course be extended to the
for Energy, space occupied by the substance of any conductor or to the space

within any conductor if it contain no electricity, as in every such

space the value of fis zero. Using (20) we get by (32) and (33)

(34)

the energy equations usually deduced by Green's general theorem.
The first expression in (34) suggests the energy as having its

The seat in the medium occupying the field
; and, by the proof given

Electric on p. 33, unit tubes of force intersected by successive equipotential
Field as

surfaces, drawn at unit differences of potential, are divided into
Seat of the gpaces each of which gives to the sum half a unit of energy.
Energy. Maxwell has called these spaces unit cells.

As an interesting example of these equations we may find the

energy spent in bringing together into a uniform sphere, from a
state of uniform diffusion throughout infinite space, matter, the

parts of which repel one another according to the law stated on

p. 2
; or, which is the same thing, the energy gained by allowing

matter attracting according to the same law to come together
thus from the nebular state.

Change of Let the radius of the sphere be r and its density p. The first

Potential term of the expression on the right-hand side of (34) is here zero,

Formation and the energy is i /
/ / Fpdxdydz, the integral being taken

p yy . p J J J

S tar
1

throughout the sphere. If we consider a spherical surface of

from radius x we see that this expression may be put in the form

Nebula,
^irp f Vx^dx where V is the potential at any point on the surface.

J o

But by equation (20) V =
27rp(/-

2 - ^2
) ;

hence

where M( = -^r3

J
is the mass of the sphere.

The same result may be obtained from the equation

*-
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The integral here is taken through all space. We divide it into Change of

two parts, (1) that due to space external to the sphere, and (2) Potential

that due to the space contained within the spherical surface, Energy in

and evaluate these separately. Formation

In the first case, at any point at distance x from the centre of of Uniform

the sphere, F2 = M2
/z\ and therefore the first part of the Sphere

integral is J\
* Nebula "

In the second case, by equation (21), F2 = 16/9 . 7r
2
p
2#2 at any

point of an internal concentric spherical surface of radius x. For
the second part of the integral therefore we have

Adding these two parts, we get

the same result as before.

If we denote by P the force exerted on an element Calcu-

ds of the electrified surface of a conductor by the whole T^on
electrified system, we have for the work done in trans- at an

ferring the charge on the element a distance dv along Surface,

lines of force to the corresponding element of an

adjacent equipotential surface, the value Pdv.ds. But

by equation (33) this is dv . F 2
ds. Hence

P = i F2 = 27TC7
2

(35)
07T

This is the outward force exerted by the element ds Electric

of the conductor on the medium, and measures there- tion^Air
fore the reaction of the medium on the element. For Pressure

example every element of an electrified soap-bubble Bubble,

exerts an outward pressure on the surrounding air

equal to 27ro-'
2

per unit of area, which may be regarded
D 2
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Electric as a diminution of the air pressure on the outer surface
;

tion of Sir or ' if ti16 bubble is spherical and of radius r, the surface

Pressure tension of the film is by capillary theory apparently
in a Soap ,...,,, ,. 1 i _i
Bubble, diminished by the amount \ITG r.

The outward pressure P on the medium is what has

been called the "electric tension" at a point on an

electrified surface, and is the true measure of the

tendency to discharge. Its proportionality to cr
2

ex-

plains the so-called power of points.

Additional The value of P may be obtained otherwise thus. We may
Proof of regard the surface distribution as a limiting case of a volume

Expression distribution of density p, and take the axis of z along the normal
for Ten- ^ ^he surface from the inside to the outside of the stratum.
sion at an Then since we may consider the portion of the surface sur-
Electrified

roun(jmg the normal as a part of a uniform plane distribution,
'

the electric force does not vary along the plane, and Laplace's

equation reduces to --
-^
=

p. But if p is finite however
4rr diZ

great, we may write

ar . i drd*r ,

and integrate from the inside to the outside of the stratum.

Hence since F{ =
)

is zero on the inside of the stratum we
V dz)

have

P = ^ F2 = 2*,.
O7T

Additional where F is the resultant electric force just outside the surface.

Proof of This equation might now be applied to form equation (33), and
Second hence to give at once the expression (33 bis) for the electric

Expression energy.
for Energy.

Considering two electric distributions A, B, in the

same electric field, let the potential produced by B at

any point P in A be V', and that produced by A at any
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point P be V, and let dq be an element of electricity at Mutual

P, dq an element at P'. We have then the relation

^A V'dq = ^B Vdq' .... (36)

where 2^ denotes summation for every element of A,

and S.B summation for every element of B. For the

expression on the left is plainly the work which would

be done if the distribution on B remaining unchanged,
the system A were removed to an infinite distance, and

that on the right the work which would be done if, the

distribution in A remaining unchanged, the system B
were removed to an infinite distance

;
and it is plain

that the same amount of work must be done in both

cases.

Each of the expressions is, in fact, the mutual potential

energy of the two systems.

The relation may be thus proved analytically. Since

V = ^B -, and V = 2, we have

There is nothing to prevent two equilibrium states of Reciprocal

a system of conductors, C
lt
Cv &c., from being taken ^ ^JJT

as A and B. Then if Qlt Q2> &c., Q\, Q'2 , &c., be the States of

charges, we have, since V and V are constants for any System.

one conductor,

V& + F'
262 + &c. = V$\ + F2C'2 + &c. (37)

This reciprocal relation can be proved for the case of

one and the same system of conductors in the following

simple manner. We may suppose the change from the
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Reciprocal state A to the state B to take place simultaneously for

of two all the conductors, in such a way that the ratio of the
States of

change produced in the charge of a conductor to the

System, total change from one state to the other, has the same

value in each case. Since each increase or decrease of

the charge of any one conductor produces a change in

the potential of each conductor proportional to that

increase or decrease, and these changes can be super-

imposed, it is plain that equal proportionate changes in

the charges of all the conductors will produce equal

proportionate changes in their potentials. Hence if

OA (fig. 5) represent the initial charge of any one

FIG. 5.

conductor, and AG its corresponding potential, OB its

final charge, and BD its final potential, Ob any inter-

mediate charge and bd the corresponding potential, the

point d will lie on the straight line CD. The work

done in altering the charge of the conductor is equal

to the area of the trapezoid, or %(AO + BD) (OB - OA),
that is

(
V + V) (Q

f

Q). The work done in bringing

all the conductors from the state A to the state B
}
is
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V) (Q
1 -

Q). But the energy of the system Reciprocal

in the initial state is ^VQ and in the final state tf?
i-S V'Q'. We have therefore States of

2 V'Q - 2 F = 2( T + F') (Q'
-

Q}

that is 2 VQ' = 2 V'Q,

or 2(F + V) (Q' -Q) = 2(F' - F) (Q + Q'}.

Let the potentials and charges of a system of n con- Problem

ductors C
lt
C

z , &c., #ra in the same electric field be F1} Sygtem
F"

2 , &e., Vn ; Ci, 62* 03> &c., respectively. Since the of Con-
, , 7 ductors.

potential any point is I I , where <r is the density at

an element ds of the system and r is the distance from

ds to the point in question, and the integration is ex-

tended over the system, the portion of the potential

contributed by each conductor varies directly as the

charge of the conductor. The potential of any con-

ductor is therefore a linear function of the charges of

the conductors that is, we have a series of equations
of the form

,oN
&c. &c.

' (38)

&C.,

where pllt p22, &c., pzl , plz , &c., are coefficients which Coef-

depend only on the relative positions of the conductors,

They are called coefficients of potential. The first suffix

of each coefficient refers to the conductor to which the

charge belongs, the second to that whose potential
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Coef- is given by the equation in which the coefficient
ficients of

Potential. OCCUrs.

The physical meaning of the coefficients pn , p22, pzz>

&<?., in which the suffixes are alike, is easily seen. Let

any conductor C* be charged with unit quantity of

electricity, and all the other conductors be without

charge. We get in that case

Reciprocal that is pkk is the potential produced in Ck by unit
e afaons

^gjgg on (Tfc itself, when all other conductors are

Potentials, without charge.

Again, to determine the physical meaning of the

other coefficients, let Ck have unit charge and all the

others zero charge. For the potential of Cj we have

Vi = Pv

that is, picj is the potential produced at Cj by unit

charge on 0%, when all the other conductors are

without charge.

Now (1) let Cj have unit charge, and each of the

other conductors zero charge, and (2) let Ck have unit

charge and each of the others zero charge. The potential

of Ck in case (1) is pjk ;
and the potential of Cj in (2)

is pkj
. Applying the theorem of (36) above we get at

once the reciprocal relation

(1) All that is, the potential in Cj produced by unit charge on

ductors @k is the same as the potential produced at Cj by unit

Insulated, cnarcre on Ck,
if all the other conductors be insulated

only one
, ,., \

Charged, and without charge.
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Again the potential at Q produced by unit charge on (2) Two or

Ok is the same as the potential produced at Ck by unit Actors
1"

charge on Cj, if some (or all) of the other conductors be Insulated,

maintained at potential zero, and the rest (if any) with one of

Ci-, be insulated without charge. We may evidently Q^^
consider the former conductors as one conductor C8 .

If then Cj have unit charge while (7fc is insulated, and

Q8 be the charge of CS) we have

Vic = Pjk + PskQs

V8
=

Pjs + pssQs=
therefore

r^to-S*-* ..... (40)
PS*

Now, let Ci have unit charge while Cj is insulated

and without charge, and let Q't be the charge of Cg) then

Vs =-- Pks + PSB Q\
and therefore

But by the relation already proved pkj
= pjk ; psj

= Pj8 ,

and psk = pks ;
hence by (38) and (39)

rj= Vk (42)

the theorem stated above.

The second term in the expressions for Vj and Vk is Green's

the potential produced at the corresponding conductor ^
by the induced electrification in C

g,
and it is the same Reciprocal

. ~ Potentials,
in both cases. This is a theorem first given by (jrreen.

There are \n(n 1) equations of the form p^ =pq, one
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Green's for each pair of the n(n 1) coefficients which have differ-

of ent suffixes jt
k : hence there are really only \n(n 1)

Reciprocal coefficients, one for each different pair of conductors
Potentials.

winch can be formed from the given system.

By solving equations (37) above for Qv Q2 , &c., Qn we

get a system of n equations of the form

&c. &c.

ft*
= 2i Fi + ^n2F2 + &c. + ft,-

Capacity where qllt ^22 , &c., ^12 , $21 , &c., are coefficients, which, like

ducfor

n "

^^h086 f potential, depend only on the relative positions

of the conductors. The meaning of any coefficient qkk)

of which the two suffixes are alike, can be obtained

by supposing the potentials of all the conductors, except

Cjc, zero, and Ck to be at unit potential. The equation
for the conductor Ck is then

Qk =
Qkk,

that is, qitie
is the quantity of electricity required to

charge C to unit potential, all the other conductors

being kept at potential zero. The coefficients of this

form, qu , q22 , 33 , &c., qnn are called the capacities of

the respective conductors Cv C
2 , &c., Cn in the given

system.

Coef- To find the meaning of the coefficients of the form

2ik>
in whicl1 tlie suffixes are not alike

'
let K as before

be kept at unit potential and all the others at potential

zero. The equation for Q is then plainly

Qj
=

Q.ik
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that is, qjk is the quantity of electricity on Cj when, Coef-

along with all the other conductors except 0%, it is at

zero potential and Ck is at unit potential. The coefficients

2i2> 2i3> ^23'
^c - f this f rni are called coefficients of

induction.

A reciprocal relation

exists for these coefficients also. The proof is precisely

the same as that given above for the potential co-

efficients, except that "potential" is to be read for

"
charge" and "charge" for "potential."

Every coefficient of the form pkk is positive, and Conditions

every coefficient of the form pjk is intermediate in by Cogf.

value between zero and pkjc or p^. For, let Cj be ficients.

charged with a unit of positive electricity and all the

other conductors be insulated and uncharged, the electric

induction over Cj, or over a closed surface surrounding

it, is 4-7T, and the potential of the conductor is positive.

The electric induction over any other conductor Ck is

zero. As many unit tubes of force terminate in Ck as

originate in it, and therefore the potential must at

some places increase outwards, at others diminish out-

wards from Ck that is, there must be a conductor in the

field which has a higher potential than Ck has, while

the potential of Ck must be greater than zero. The

conductor of highest potential must be Cj, which is the

only conductor in the field whose coefficient is not of the

form pjk ;
hence pjk is not greater than pkk

'

}
and

similarly it can be shown that it is not greater than

PJJ. If any conductor Ci be inclosed within Ck> it will
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have the same potential as Ck) and in that case therefore

Pfl
= In-

capacities The capacities qn , ^22 ,
&c. of the conductors are all

doctors all positive. For suppose as before Ok at unit potential and

Positive, all the other conductors at zero potential ;
then qkk is

the charge of Ck . The potential diminishes in every

direction outwards from Ck , and therefore the surface

integral of electric induction is positive, that is ^trq^ is

positive. The electrification of Ck is everywhere positive.

Induction The coefficients of induction qjk are all negative. For

ficients all
suPPose ft charged as before. Since Cj is at zero

Negative, potential and all other conductors except Ck are also at

zero potential, the potential cannot diminish in any
direction outwards from Cj and must increase towards

Cjg. Hence the electric induction over
Cj,

that is ^Trq^,

is negative. If Cj be inclosed within another conductor,

qjk is of course zero.

The sum of the coefficients of induction of the system
for any one conductor cannot be greater than the capacity

of that conductor. The electric state of the system

remaining the same, let a closed surface be described

inclosing the whole. The potential cannot increase in

any direction outwards across this surface. Otherwise,

since the potential is zero at an infinite distance,

a place of maximum potential would exist in free space

outside the conductor. It may, however, diminish out-

wards : therefore the electric induction over the closed

surface cannot be negative. Hence qik + q-2k + &c.

cannot be greater than qklc . When the other conductors

completely inclose Ck ,
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The first reciprocal relation established above, equa- Electric

tion (39), gives a convenient means of exploring the
explored

electric field due to a charged conductor of any form.1
.

by cany-

One electrode of a delicate electrometer (Chap. IV.) is charged

connected with the conductor, supposed insulated and
Conductor

uncharged, and the other electrode is connected to the at Zero

earth. Then a small charged sphere carried by an

insulating handle is placed with its centre at any point

of the field, and the electrodes of the electrometer con-

nected for an instant. The conductor is thus reduced

to potential zero. The sphere is next moved from

point to point in the field, and the positions noted for

which the electrometer shows no deflection. These

positions lie on an equipotential surface of the con-

ductor. For by (39) the potential at the conductor

due to the electrification of the sphere is equal to the

potential which would be produced at the sphere by a

charge on the conductor equal to that on the sphere,

and this part of the potential is the same for all

positions of the sphere for which there is zero deflection.

By the principle of superposition this must be an equi-

potential surface for all charges of the conductor.

The convenience of the method consists in the zero

potential of the conductor, which therefore does not lose

or gain electricity, while the exploring sphere, which

can be insulated so as to lose its charge only with

extreme slowness, is changed in position.

1
Maxwell, Elementary Treatise on Electricity and Magnetism, p. 43.
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SECTION III.

ELECTROS!A TIC CAPA 01T Y.

ELECTRIC DISTRIBUTION ON ELLIPSOIDS.

ELECTROSTATIC CAPACITY IN SIMPLE CASES.

Electro. THE capacity of an insulated conductor is, as we have

Capacity,
seen above (p. 42), the quantity of electricity required

to charge the conductor to unit potential, when all the

other conductors in the field are maintained at potential

zero. Hence if the potential of such a conductor be

F, the corresponding charge Q, and the electrostatic

capacity G, we have

p;f

'
.....

."

'

-
.

c- =
|.

. /. . . (45)

Capacity The capacity of a conductor depends on its position

S herical
re^atively to other conductors, as well as on its. form

Con- and dimensions, and its determination in any given

case involves finding the distribution of electricity

upon it in the given circumstances when all other

conductors in the field are maintained at potential zero.

The electrostatic capacity is easily found in 'the following

cases, which will be useful in what follows.

1. A Spherical Conductor at an infinite distance

from all other conductors.

Let r be the radius of the conductor, q its charge.

The potential at the surface is ~ and therefore

(46)
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or the electrostatic capacity is numerically equal to the Capacity

radius of the sphere. Spherical

If r is 1, C is also 1
;
hence the unit of electrostatic Con-

capacity is the capacity of a sphere of unit radius at an

infinite distance from all other conductors.

2. An Ellipsoidal Conductor at an infinite distance Capacity

from all other conductors.
Eiiip-

The density of the distribution at each point is soidal

proportional to the thickness there of a thin elliptic ductor.

homoeoid,
1 the inner surface of which coincides with the

given surface. For there can be no force within the Density of

ellipsoidal conductor, and it is easy to show that this HbSum
condition is fulfilled by the distribution stated, which Distribu-

therefore is the only possible distribution. Such a thin

shell may be considered as formed by subjecting a thin

uniform spherical shell to homogeneous strain, that is,

straining it so that pairs of points initially equidistant

and in parallel lines remain equidistant and in parallel

lines. Let S and Sr

be the inner and outer surfaces of Attraction

such a shell supposed composed of attracting matter, and ^i^
a
S

let lines forming a small cone be drawn from any point Homceoid

in the interior. Let pp'q'q, rr's's be the portions of the

homoeoid intercepted by the cone. The masses of point.

these portions are the corresponding unstrained masses

in the spherical shell, and the ratio of the distances

Op, Or, has not been altered by the strain. Hence

(p. 14) the attractions of the frustums pp'q'q, rr's's

1 Thomson and Tait (Natural Philosophy, vol. i. part 2, 494 g,

footnote) call a shell bounded by two similar, similarly situated and

concentric surfaces, a homoeoid. When the surfaces are ellipsoids the

shell is an elliptic homceoid.
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Attraction on a particle at are equal and opposite. Dividing

Elliptic
m a similar manner the whole surface into pairs of

H
at

1

an
>id

PP s^te elements by cones drawn from we can show

internal that the resultant force at any internal point is zero.

point.

Equiva- The potential is therefore constant throughout the

La\^ of interior. It is evident therefore that an ellipsoidal con-

Density. cJuctor charged so that its electric density at any point is

proportional to the thickness of a thin elliptic homoeoid,

having the conductor for its inner surface, exerts no

force at any internal point, and hence that this must

be the actual distribution on a conducting ellipsoid in

equilibrium. Since the density varies as the thickness

of the material homceoid, it follows that its values at

different points are proportional to the lengths of the

perpendiculars let fall from the centre on the tangent

planes at the respective points.

For let x + dx, y + dy, z + dz, be the point in which the

outer surface is cut by a normal drawn to the inner at the point

x, y, z. These points respectively satisfy the equations
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,
(*

Equiva-
lent

Law of

Density.

)

If/9 be the perpendicular from the centre on the tangent plane
at .r, y, .?,

and r the portion of the normal intercepted between
the surfaces, we have

i.& (47)

But by the equations of the surfaces we have

(x + dxY _ ^ (y + cW _ f ,
(* + <

2
(1 + v)

a2
""
^ (1 + i/)

2
""

Since </^, f/y, fife, v are small this is

(1 +

or by (47)
T = \pv (48)

that is, the thickness of the homoeoid varies from point to point
directly as the length of the perpendicular from the centre on
the tangent plane.

The electric force at a point infinitely near the Equi-

surface of the ellipsoidal conductor has the value 47r<r.
-g^^1

Now thie rate of variation of the potential with distance Confocal

outwards from the surface, or the force, is inversely

proportional to the distance between the surface of

the conductor and an equipotential surface infinitely

near it. Hence the distance is inversely proportional
to <r, that is to the thickness of the material homceoid

;

or, which is the same, to the length of the perpendicular
from the centre to the tangent plane at the point
considered.

Let x, y, z be a point on the surface of the conductor and r the
distance from x, y, z along the normal to a point x + dx, x + fy t
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Equi- z -f- dz on a neighbouring equipotential surface. We have as

potential before
Surfaces fxdx ydu zdz
Confocal r = p I ~^~- -{-

J
-f -f-

--

Ellipsoids.
V a*

But by the considerations junt stated r = \ \lp, where X is a

small multiplier constant over the surface. Hence

a2

Therefore

or

2

X
~

2
<5
2

~
'

~
c2

Hence to small quantities of the second order

(x + <to)* (;/ + dy? (z + ^) 2 _ 1
,,,,

2 + X ^2 + X
'

c* + X

The equipotential surface infinitely near the conductor

is therefore a confocal ellipsoid, and we see in the same

way that the successive equipotential surfaces are

ellipsoids confocal with the given ellipsoid.

Proof for By distributing the whole quantity of attracting (or

HomoBoids repelling) matter over any equipotential surface, so

of Mac- that the potential may be constant within the surface,

Theorem, and have the same value at every external point as in

the actual case, we form a thin elliptic homceoid having

its inner surface coincident with the surface. Hence the

attractions of any two thin confocal elliptic homceoids of

the same mass on a point external to both are the same.

It follows that any two elliptic homoeoids of finite
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thickness, the inner and outer surfaces of which are Proof for

confocal and which have the same mass, exert the same Homreoids

force at all points external to both. For it is possible
f Mac-

to divide each homoeoid into the same number of thin Theorem,

homoeoids which are one by one (proceeding from within

outwards) confocal with and of equal mass to those of

the other, and exert therefore the same attraction at all

external points.

Further, if the hollow space within one shell be Proof of

infinitely small, that within the other is also infinitely lâ n~'s

small, and we see that two confocal ellipsoids of equal Theorem,

mass exert the same attraction at all points external to

both. This is Maclaurin's Theorem of Attraction of

Ellipsoids.* The mode of deriving it from the theorem

of equivalence of confocal homoeoids of equal mass is

due to Chasles.

We can now find the potential of the ellipsoidal conductor for Potential

any given charge. To find the force at any point P, let Of an

a (= V~^H^X), |3(= \V + A), y(= Vc2 + A) be, (49) above, Ellipsoidal

the axes of an equipotential surface passing through P, and let Conductor

ds be a small element of the surface including P. The density, r

at

at ds, of the equivalent electric distribution over the surface,

may be taken as numerically equal to the thickness there of an

elliptic homoeoid with axes, a, /3, y ;
a (1 + 6V) i, /3 (1 -f 6V) ,

y (1 + 6V) i If S be the length of a perpendicular from the

centre to the tangent plane at P, we have, by (48j above, for

the thickness soV and for the force 2 TrSoV. Let p and n be
the corresponding quantities for an element ds of the given
conductor and we have two expressions for the total charge

& f / 7
6V r /

/ / pas =
/

% JJ 2 J .'

or, since / / ^/s = ^nabc, I I &(h

See Thomson and Tait's JVirf. Phil., vol. i. part ii. 494, 522.

E 2



52 ELECTROSTATIC THEORY.

Hence the force is 2?r 2JL &ftn Now, for the distance be-

afiy
tween the equipotential surface, and one infinitely near it we
have the value ^X/2ffi ;

hence the work done in carrying a unit

of positive electricity along a line of force from one to the other

is trdn rr- d\. The potential F is therefore given by the
. ay

equation,

V = irbnabc / ,. . (50)
'

(
2 + X)

2

(
2 + X)* (c* + X)*

,pacityof Dividing the value of the charge, 27ra&c8w, by this value of

lipsoidal F, we get for the capacity of the ellipsoidal conductor,

Ca
El ^

Conductor.

J

(a* -f X)* (
2 + X)* (c

2 + X)*

Ellipsoid The integral can be found in finite terms if the ellipsoid be one
of Revo- of revolution. Putting for this case a =

b, and transforming
lution. the integral by writing \/y

2 for a2
-f- X, we easily get

Prolate according as c> or <a. Evaluating these expressions we find

Ellipsoid, for a prolate ellipsoid

C = ---^fS = Zte
(52)

los ^^_+_< loglf
a

Oblate and for an oblate ellipsoid

Ellipsoid. ,

t v w (^

sin- 1

a

where e is the eccentricity in each case.
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Evaluation of the vanishing fractions which these values of C
become when c = a, gives in each case for a spherical surface
C = a, the result otherwise obtained above (p. 47).

If now c be so great in comparison with a that a2
/c

2 may be Capacity
neglected, (52) becomes of a thin

Cylinder.
C =

, >2c

log-
a

(54)

the capacity of a right circular cylinder whose length 2c is great
in comparison with its diameter 2#.

If c be so small in comparison with a that c2/
2 may be Capacity

neglected (53) becomes of a thin

Circular

the capacity of a thin circular disc of radius a.

3. A Conducting Sphere surrounded by a concentric Capacity

spherical conducting shell.
SpherLl

Let r be the radius of the sphere, 1\ the internal Condenser.

radius and r
z
the external radius of the spherical shell,

q the charge of the internal sphere, q' the independent

charge of the shell. The potential of the inner sphere
due to its own charge is q/r, the potential at every point

within the outer sphere due to q' is q'/rz . But the

charge on the internal sphere produces an induced

charge of amount q, on the inner surface of the shell,

and a charge + q on the outer surface. The potential

of the sphere is therefore

= _ + (* r

When the shell is at zero potential, (q + q'}/r2 (the

potential at its outer surface and therefore at every
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Capacity point of it) is equal to zero. Hence we get for the

Spherical capacity
Condenser. Q =

T r,
^ ^

T^-T

The nearer therefore T and r^ are made to equality, that

is the smaller the distance between the inner and outer

conductors, the greater is the capacity of the sphere.

Putting T-L
r =

T, and S for the surface of the

internal conductor, we get instead of (56)

C=
A + r (57)4 7TT

The external conductor therefore causes an addition of

S/4f7TT to the capacity of the sphere. If r be very small

this part of the capacity is very large in comparison
with the other part r, the capacity of the sphere when

alone, and we may put in this case

If several conducting shells each without charge be

placed between the outer and inner conductors, and the

outer conductor be kept at zero potential; then if

T
i
T '

T3>"- Tw-i be the thicknesses, and rv r
2 ,

r
3,...rw _i,

Effect of the internal radii of these shells, and r, rn the radii of

mediate ^e inner and outer conductors, the expression for the

Conduct- potential of the sphere becomes
ing Shells.

r

&c_. c

\r rn r^ + r
x)

rn _ } (rn . l -f
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If the thickness of each shell is small in comparison Effect of

with either radius of the shell this becomes
mediate
Conduct-

ing Shells.
' & z

/y* I

1 a
' n \'

For the capacity
* of the inner conductor we have

Hence if rn r be small in comparison with r and

ru we get
or

=

The effect of the intermediate shells is therefore

simply to virtually diminish by their united thickness

the distance between the inner and outer conductors.

4. A Conducting Cylinder of circular section enclosed Long

within a coaxial conducting shell. (Sndenser

We shall suppose the length 2c of the cylinder to be or

. , , _. Submarine
great in comparison with the respective diameters 2a, Cable.

26 of the cylinder and the internal surface of the shell,

and consider only parts of the inner and outer cylinders

at distances from the ends great in comparison with

either diameter. Such parts of the inner cylinder may
be regarded as within an infinitely long cylindric shell,

that is the distribution on both cylinders may be taken

as uniform and the effects of the ends neglected.

*
Since the intermediate shells are not at zero potential, the word

"
capacity

"
is here used in a somewhat different sense from that assigned

to it in the definition (p. 46). It here means simply charge per unit

of potential of the inner cylinder.
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Long By equation (54) the capacity of the inner cylinder

Condenser Per imit of length would, if there were no external

Submarine shell, be l/(2 log 1
;
and therefore if a be the surface

Cable. a i

density upon it, its potential would be 4*7rcra log (2c/a),

But if the exterior shell be at potential zero there must

be on its inner surface a distribution equal to that on

the interior cylinder but opposite in sign. The potential

within the shell produced by this distribution is

- 4<7rcra log (2c/&), its value at the inner surface of the

shell. Hence the total potential at the interior cylinder

is given by the equation

V
'

47rcra log ->
a

and if C be the capacity of the cylinder per unit of

length

The same result may also be found as follows, by considering
both cylinders as infinite in length, and integrating Laplace's

equation for the space between them. Taking the origin on,

and the axis of x along the axis of the cylinder, we have

d 2
P/dz

2 =
0, and Laplace's equation in the form

Of dz*

Putting y = r cos 0, z = r sin 0, we transform tin's to

_L . =
'&*

+
r dr

By two successive integrations this gives

d =A l
-\ r=

dr r
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Putting - = - 47TO- for r = a, and V = for r = b, in these

,. , Condenser
results, we get A = 47rcra, B 47ro-u log b. Hence the potential or

of the inner cylinder is Submarine

b
Cable.

V = 4?ro-a log -
a

and the capacity per unit of length

r
''

=
2

,
b

l0g-
a

5. Two parallel conducting plates.

This case is important in its application to the con- Parallel

struction of electrometers and of standard condensers.

Let AB, CD represent two parallel plates at a distance d

apart, small in comparison with any dimension in the

plane of either plate. Let the potential of AB be V, of

CD zero. Consider the charge on a portion ofAB of area

S, every point of which is at a distance great compared
with d from any edge of either plate. The field of

force at $ between the plates must be uniform, and of

intensity Vjd. We have therefore, by Coulomb's law, if

the electric density on the disc be a, a = Vfaird, and

for the whole charge Q on S, Q= VSj^Trd. The capacity

C of the disc is therefore given by the equation
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Case of

two
Parallel

Plates.

ELECTROSTATIC THEORY.

For the energy E of the charge on S we have

Let the total force on $ towards the opposite plate

be F, then the density of the distribution on the plate

CD must, except near the edges, be a, and the

attraction towards CD of a unit of electricity at any

point on the disc has the value STTCT.* Therefore

F = 27TO- x aS =

Hence

v =
S

. . . . (62)

(63)

Guard- This equation is of use in the theory of the attracted

ring fasc electrometer (Chapter IV.). In such electrometers
'

and in standard air condensers, made with parallel and

movable plates, a portion at the centre of one of the

plates is everywhere separated from the surrounding

part, which is in the same plane, by a narrow gap.f

The surrounding part of the plate has been called

*
Equation (23), p. 15, gives the force on a unit of positive elec-

tricity at a point P on the axis of a circular disc of uniform density a.

When h is small compared with r the expression becomes 27r<r. Since

circular discs of different radii fulfilling this condition all give 27r<r,

the normal forces due to the parts of the disc at distances from P
greater than the distance, r, of the nearest part of the edge, may
be neglected, and the normal force at P is Zira; whatever the form of

the disc may be.

t For a full description f the arrangement in different cases see

Chap. IV.
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. by Sir W. Thomson (to whom the arrangement is due) Guanl-

the guard-ring, and- the inner portion the attracted
Condenser.

'

disc. Supposing the attracted disc and guard-ring
' connected, they may be regarded as forming an ar-

rangement deviating electrically only very slightly*

from a continuous plane plate. By connecting the disc

* to the guard-ring, charging the guard -ring and disc as

described above to potential V, and then breaking
the connection without producing discharge, a charge

Q = VSj^Trd is left on the disc. If then the force F
be measured, we have

The following arrangement of conductors is important

for its applications, especially to symmetrical electro-

meters. It consists of three conductors maintained at

different potentials, and fulfilling the following con-

ditions : One of the conductors (A) (in the quadrant

electrometer, Chapter IV.. the needle) is symmetrically

Fig.8

placed with reference to the other two (B and C), and Theory of

is so formed that one of its two ends or bounding edges metrical

is well under cover of B, and the other end or edge under Electro-

meter,
cover of (7, so that the electric distribution near each

* For the amount of the deviation see Maxwell, Elect, and Mag.,
vol. i. pp. 284, 307 (sec. ed.).
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Theory of end or edge is uninfluenced except by the nearer con-

metiTcal ductor. One such simple symmetrical arrangement is

E
meter"

s^own *n *^e figure - ^et tne potentials of A, B, be

respectively V, Fp F
2 ;

and let A be slightly displaced

from B towards C. This displacement may be angular
or linear, according to the arrangement adopted ;

in

the quadrant electrometer it is measured by the angle

through which the needle is turned. Let 9 denote

the displacement and k the electrostatic capacity of A
per unit, of 6 at places not near the ends or bounding

edge of A, and well under cover of B and C. Then the

quantity of electricity lost by A in consequence of its

displacement relatively to B is kd ( V FJ, and the

quantity lost by B is k6
(
F

x F). Similarly the quan-
tities gained by A and G in consequence of the motion

of A towards G are respectively kd (F F
2)

and

kd (F2 F). Multiplying the first and second of

these quantities by F and F
x respectively, the third

and fourth similarly by F and F
2 , subtracting the sum

of the first two products from the sum of the second

two, and dividing by 2, we get for the work done by
electrical forces in the displacement the value

But this must be equal to the average couple multi-

plied into the displacement if the latter is angular, or

the average force into the displacement if the latter is

linear. We have therefore, denoting the force or

couple by F,

. (65)
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In an arrangement of this kind when the displacement Theory of

is small the couple or force acting on A is nearly the metrTc~a

same over the whole displacement, and thus is nearly
Electro-

equal to the equilibrating couple or force due to the

torsion wire, or bifilar, or other arrangement producing

equilibrium. But for small displacements this will

generally be proportional to the displacement, and

therefore also to the deflection I) on the scale of the

instrument, and thus

D = me = e(r1-ra) (v- -^ 2

)
. (66)

where m and c are constants.

When F is great in comparison with V
l
and F

2
this

reduces to 6 = c' ( Vl
F

2)
the equation employed when,

as in the ordinary use of the quadrant electrometer, the

needle is kept charged to a constant high potential.

Let the conductors be cylinders, A of radius a, B and Cylmdric

C of radius b, and let A be connected to B so that Condenser.

V = Fi, while C is maintained at potential zero. Also

let A be mounted so as to be movable through measured

distances in the direction of the axis. Since F = F
1?

and F2
= 0, a displacement ofA through a distance x

to the right or left will (60) respectively increase or

diminish the capacity of A by an amount x 2 log
/

a

The arrangement thus made constitutes a condenser,

the capacity of which can, when a and b are known, be

altered through a considerable range of accurately

determinate values. The construction and use of the

instrument, which is due to Sir William Thomson, is

described in Chapter IV. below.
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SECTION IV.

GREEN'S THEOREM. INVERSE PROBLEMS.

ELECTRIC IMAGES.

Proof of WE shall now prove Green's celebrated theorem to which we
Green's shall have to refer from time to time in what follows. Let Z7, F,

Theorem, be two finite, continuous and single-valued functions of
cc, y, z, the

coordinates of a point within a closed surface $ (Fig. 9), and a a

constant or any given function of x,y,z\ and let also
, &c.,

dx ax

FIG. 9.

&c., be finite and continuous functions of x, y, z. Denoting by
E the integral

C[C ,fdUdT ,
dUdF

,
dU dF\ , , ,

I a
2

(

- -f
- --

\-
-

)
dx dy dz

J J J \dx dx dy dy dz dz )

taken throughout the closed surface 8, and integrating by parts,

we get
-n C C TT 2 fdT 77

i
dV j -. . dT j 7 \E = /

/
Ua2

(

- dy dz + dz dx -f dx dy I

J J \dx
'

ity dz /

C C r T- I I I i

J J J \dx\ dx )
'

dy\ dy

TT
if

, *a2

) + - a2 -
' )+!(' sr)l?**

5H
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jiinl a similar expression for E, in which U and V are inter- proof of

changed Green's

Here the triple integral is taken throughout the space within Theorem.

the surface
;
and the terms of the double integral are taken as

negative where a point moving in the positive direction along
r, y, or c, as the case may be, enters the surface, and as positive
where the point emerges. Considering the motion of the point

parallel to the axis of x, let a normal be drawn inwards to the

.surface at each of the points of entrance and of emergence. If

Zj,
/2

be the cosines of the angle which the normal makes as at

./, B, with the positive direction of the axis of x at an entrance

and an emergence respectively, and if /%, ds
2
be elements there

of the surface, taken with their positive sides turned inwards,
wo have dt/dz

=
l^ds-^ at an entrance, and dydz = - I2ds2)

at an

Emergence. Hence for each pair of elements the corresponding

part of the integral is

"dx

and since we can exhaust the whole surface by pairs of elements

we have for the first term of the integral

T ds
dx

taken over the surface. Putting m, n for the cosines of the

angles between the normal and ?/, z, at any point, and pro-

ceeding in the same manner we get for the whole surface

integral

-II
- +m ~ + n -
dx di dz

Denoting the expression between the brackets, which is the

dV
rate of variation of V inwards along the normal, by ,

and
dv

using in the same sense for U, we have finally
dv

dy \ dy

d f 9 rfr\\
T a T Hdz\ dz } )
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Proof of
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Theorem.
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{*(**)

dy dy
a* <\ dx dydz (68)

dz dz

which is Green's Theorem.
Discon- If the space rate of variation of one of the functions in any

dU direction, say ,
is discontinuous within the limits of inte-

j &c. dx
dx

^ ^ / djj\
gration, the term I a2

)
in the second expression for E

dx\ dx J
becomes infinite, and the triple integral involving this term
cannot be evaluated. Let P (Fig. 10) be a point within the

space considered, at which
, &c., are discontinuous, and let

dx
a small closed surface fi including P be described, then (since
evidently, the theorem applies to any portion of space pro-
vided the surface integral is taken over all the bounding
surface or surfaces), we can find the value of E by taking
the triple integral of the second expression through 'the rest

of the space, and adding to the surface integral the value

of / / Fa2 - ds taken over 8. By making S small enough
J J dv

we can obtain as nearly as we please the true and finite value
of E.
Now suppose that the space variation in any direction is dis-

continuous at a surface If this surface be open we may imagine
a closed surface described enclosing it, and then made to contract

until it forms an infinitely thin shell, S (represented by the dotted

line, Fig. 11), with the surface of discontinuity everywhere between
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its faces. We find E, then, for the rest of the space within the Discon-

external containing surface S by adding to the surface integral tiimity of
r r flu dU

over $ the value of - Va2 ds taken over the internal
-j

&c.

surface $, the normal being drawn as before at each point from

the surface into the space through which the integral is taken.

FIG. 11.

Ifthe surface of discontinuity be closed, we have only to suppose
a surface 8 (Fig. 12) described around it everywhere infinitely near

it
;
and adding to the surface integral over $ - I

j
Va2 ds

Fig.12

taken over $, and taking the triple integral through the space
between 8 and S

,
we see that the theorem holds for this space.

The theorem holds also for the space within the surface of

discontinuity, when the external boundary is taken everywhere
infinitely near that surface on the inner side. The theorem thus
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Discon-

tinuity of

f &c.
das

Surfane

Integral of

Electric

Induction
derived
from

Green's

Theorem.

holds separately for these two spaces, and therefore for both

together, when the surface integral over both sides of the surface
of discontinuity is taken into account.

In the same way we may deal with any number of surfaces
of discontinuity arranged in any manner, and we see that it is

only necessary to integrate throughout the spaces in which the

space variations of U are continuous, and add the values of

Fa2 ds for both sides
dv

of each surface of discon-

tinuity.

Further, it is important to notice that if any portions of space
are separated from the rest of space and from one another by
closed or infinite surfaces, we may treat them as independent
portions of space, and apply the theorem to them separately,

being careful to include the surface integral over each bounding
surface.

We shall now give some applications of Green's Theorem.

First let U =
1, so that we have =0, &c.. also let a = 1, and

dx
V be the potential of any distribution of electricity of volume

density p at any point within the closed surface $ . Applying
the theorem to the space within S

,
we get E =

0, and therefore

the remarkable relation

fe. . . . (69)

Since - - is the space rate of variation inwards along the
dv

normal it is equal to the normal force N outwards; and, since

(p. 10) \?-V = where there is no electricity, and [as can be

proved independently of (13)]
= -

4?rp where the electric

density is p,

Nds = 47T
I

I Ldxdydz.

which agrees with the theorem of eq. (13).

Again, if the portion of the distribution within the surface

have nowhere finite density p, but consist of a surface distribution,
of density o- at any point, we can apply the theorem by taking ac-

count of the corresponding discontinuities in the values of dV/dx,
&c. Let first the surface, $, on which the electricity is distributed

be a single open surface, as in Fig. 11
;
V

l} V% denote the poten-
tials at two infinitely near points on opposite sides of it, and vls v2
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normals at those points drawn from the surface into the space
between it and . We have putting ds for an element of #

=
(70)

where the two parts of the integral in the second term are over
the opposite portions of a surface enclosing, and infinitely nearly
coincident with (^8 being taken to denote an element of either),
and therefore may be regarded as taken over. But proceeding
as at p. 36, taking p finite, we get for Poisson's equation

d-C^dv
1 = -

4np. Hence integrating over the thickness, r, of

the stratum, and putting p^ = o- when r is diminished indefinitely
and plf

the average density, is correspondingly increased, we get

Surface
I n 1

rural of

Electric

Induction
derived
from

Green's

Theorem.

Hence (70) becomes

NdsQ ads,

N is the normal force at dsQ in the outward direction from
This also agrees with the theorem of eq. (13).

The same result applies to a closed surface (which is a parti-
cular case of an open surface, with opening infinitely small), in

\vhich case with the condition of zero density in the interior,

dVjdv = 0, on the inner side
;
and so for any group of surfaces,

closed or unclosed, on which there is electricity with finite surface

density that is, at which the electric force changes abruptly.

Putting U = F, and a = 1, we get

r /
+ fr^Tl dxdy dz

dy ) \dz ] j

it'**-M' '. (71)

Let F denote the potential at any point of any finite distribution
of electricity, and let the triple integral on the left be taken through
all space. The surface integral on the right includes the surface

integrals, which, as we have shown, belong to each surface dis-

tribution. Wherever there is a volume distribution we have

V2F=
-47r/>, elsewhere v 2 F=0. Again -

I f V -^ ds taken

over the external closed surface SQ becomes zero when is at

F 2

Energy
Equation
proved

analytic-

ally.
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Energy an infinite distance from the electrical distribution, for / / ~T- ds
Equation v

proved'
*s constant for all distances at which $ encloses the whole

analytic- distribution, and V = 0.

ally.
The part of the surface integral depending on the electrified

surfaces is - / / ( "j~ + "T/^*
taken over all the surfaces,

and this as we have seen is 4rr I / <rds taken over the same

surfaces. Hence we find, putting F2 for the quantity in brackets
on the left, and dividing by STT,

f
surface

conditions

is unique.

the energy equation found synthetically above.
Solution of It has been shown analytically (Thomson and Tait'a Nat Phil.

Laplace's vol. i. part i. App. A.
(d),)

that a function V exists which has
Equation a given value for each point of any surface or surfaces in the
or given eiectric field, and satisfies the equation v2F= at every other

point. This is the case of an electrified system bounded by
surfaces at which the potential is given in a dielectric containing
no electricity external to these surfaces, and since the conditions of

the problem are physically possible it must have at least one
solution. A solution of this equation with the given surface
condition therefore exists, and we can prove easily that there is

only one such solution.

From this it follows that if the potential be given over any
surfaces in the electric field it is determinate throughout the rest

of the field, in the presence there of any given electric distribu-

tion. For the potential at each point due to the given distribution
is everywhere determinate (provided the electric surface or volume

density is finite at every point) ;
hence if Vl denote the potential

at any point of the surface due to the given distribution, and V
be the actual potential at the same point, then V V^ can be
found for each point of the surface, and this will be the system
of surface values of the function which satisfies V 2F=0, of which
there exists a solution.

We shall now prove that

1. If the potential be given at each point of a surface or system
of surfaces described in an electric field, then for any point of
the field for which there exists a finite value of the potential
there is only one such value. The surfaces may be open or

closed, and there may be any given electric distribution in the

space, whether within or without the given surfaces,
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For let a finite value of the potential at any point P be V, then Solution of

V must satisfy the characteristic equation Laplace's

Equation

fjiy ffiv $iy for given
-f- -j- -f" 4?rp

=
0, surface

dtr dy dz conditions

is unique.
where p is the (finite or zero) value of the volume density of

the electric distribution at P
;
or if an electrified surface exists

in the field, the values of the rates of variation of V from the

surface along normals v, v' drawn at any point must satisfy the

equation
dV dV

,- + + 47TCT = 0.
dv dv

Let, if possible, Fx be another value of the potential at P, equal
to V, the given value at each point of the given surfaces and

satisfying these equations everywhere else. We see at once
lat a potential V V

lt
satisfies all the conditions for the case in

,-hich the potential is zero at the given surfaces, and both cr and
are zero everywhere else. But in this case, since the potential
also zero at an infinite distance, it must be zero everywhere

jlse, otherwise there would be one or more points of maximum
>r minimum potential in space void of electricity. Hence V= F15

lat is, there is only one value of V which satisfies the equations
it every point, and coincides with the given value for every
>oint on the surface.

"2. There is one and only one distribution of electricity over a
riven surface or system of surfaces in the electric field which for a

;iven distribution elsewhere than on the surface corresponds to

in arbitrarily given potential at each point of the surface
;
and

only one value of the potential can be produced at each point of
the surface when a given distribution of electricity is made over
the surface.

If V, V, the potentials on opposite sides of the surface, be

arbitrarily given at every point we have seen that the potential
is single valued at every point in the field. Hence the density

1 / 1 T 7"
sJ~f7

7 \
-

( -f-
-

) which, p. 28 above, must exist on the surface
43f\dv dv )

is also single valued.

Again, if this distribution be made, the given potentials at the

surface will be produced. For, if not, let V
lt F/, instead of F, F,

be the potentials, on the two sides of the surface, produced at

any point.

Surface

Distribu-

tion pro-

ducing
given

Potential

at every

point, and
Potential

produced
by any
given

Distribu-

tion, both

unique.
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We have then the two equations

~dv
~*~

~d7

Surface

Distribu-

tion pro-

ducing
given

Potential

at every
point, and Subtracting we get
Potential

produced
by any
given

Distribu-

tion, both

dv 7 ,

dv

dv dv'

= 0.

unique.

Green's

Problem.

Solution.

Hence V F,, V - F/ are values of the potential at points

infinitely near one another on opposite sides of the surface in the

case in which a- is zero, and, since Poisson's equation is by
hypothesis satisfied in the case both of F, F', and Vl} F/, we see

that F -
Fj, V - F/ correspond also to the case in which p is

zero. But when <r and p are everywhere zero the potential is

everywhere zero, and we have F = Vv V' = F/ ;
that is, the

distribution does produce the given potential.
From (2) we see that electricity can be distributed in one, and

only one, way on any surface or surfaces in the electric field so

as to produce, with any other given distribution in the field, any
required potential at any point infinitely near the surfaces, and
that the potential at any other point is perfectly determinate.

The density of the distribution at each point must be

L (^fZa , IZlY and therefore there is only one quantity
4?r \dvi

' dv
z
)

of electricity which can be thus distributed.

It was proved by Green that if cr be the surface density required
at any element E (Fig. 13) of a surface in order to produce by its

FIG. 13.

own action a potential infinitely near that point, equal to that pro-

duced by a unit of electricity at a point P not on the surface,
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the potential V atP due to a surface distribution which produces Solution.

any arbitrary potential /(/) at E is given by the equation

V= <rf(E)da ...... (72)

ral being tak

ent and <r t

\ve have

the integral being taken over the surface. For if E' be any
other element and <r' the density there, corresponding to <r at j?,

f ["'d*'
J JKE7

If a
l
be the density at E of the distribution required to produce

potential/^
1

)
at E we have for the potential at P produced by

this distribution

>y the last equation. But this integral may be written

tnd by the definition of

Lence

V=
fof(E)ds.

The value of o- is found below (p. 79) for the case of a spherical

surface.

The direct problem which presents itself in electro- Direct

. . ,
r

. . . c Problem
statics is the determination, for a given system ol con- Of Electro-

ductors with given charges, of the potential at every
statics.

point of the field, and the density of the distribution

at every point of the conductors.

It is easy to show that if the charges are given, there

is only one possible distribution on the conductors, and

it follows from what has been proved above, that the
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Potentials

and Dis-

tribution

unique for

given

Charges.
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Con-
ductors

neutral

when

Charges

Potentials

and Dis-

tribution

proved
unique

for given
Charges.

potential at every point of the field is also uniqu
in value. To prove that the distribution is uniqu
consider a system of conductors the charges of which

are separately zero. The potential over each conductor

must for equilibrium be constant, and must be zero.

For if not zero, the potentials must either have all

the same positive or negative value, or have different

values. In the latter case the potential cannot, since

there is no maximum or minimum of potential in the

field, increase outwards from one part, and diminish

outwards from another part of the surface of the con-

ductor, whose potential is numerically greatest. Hence
the electric induction across every element of the

surface has the same sign, that is, every element is

electrified in the same manner. But this is impossible,

since the whole charge is zero. In the case of all the

conductors at one potential we may apply the same

test, with the same result, to any conductor. We see,

therefore, that the surface-density on each must be

everywhere zero.

Let now Vv F2, &c., and V\, F'
2 , &c., be two possible

systems of potentials corresponding to the given charges,

then F'p F'
2 , &c., will be a possible system of

potentials for equal and opposite charges, and V
l

V'v
F

2
F'

2 &c., possible potentials when their charges
are zero. But in this last case we have seen that the

conductors are not electrified, and therefore F
x
= F'p

F
2
= F'

2 ,
&c.

The potentials at the conductors are thus unique in

value, and we have seen (p. 69) that the potential at any

point in the field is also unique in value. The outward

:
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force R at any point of each conductor is thus fixed in

value, and since R^TT is the electric surface density at

the point, the charges can be distributed in only one

manner.

The direct problem stated above has only been solved Inverse
J Problems.

in certain cases, but the inverse problem of finding a

system of conductors and charges which will produce a

given possible system of potentials, can be solved with

comparative ease, and the results applied to the solution

of cases of the direct problem.
1 We shall now give

some examples of this mode of proceeding.

If any surfaces whatever, open or closed, be described Surface

in the electric field, it has been proved (p. 69 above) tion

that it is possible to find one, and only one, distribution
re

j?^
s

)f electricity over these surfaces which shall produce system,

it each point of them, and at each point of space

entirely separated from the electric distribution by
lose of the surfaces which are closed or infinite, the

same potential as is produced in the actual case.

For. example, let Sv S2) S3 (Figs. 14 and 15) be three

irfaces drawn in the electric field of the distribu-

tions, it is possible (p. 69) to find one, and only one,

listribution over S
l}
S2 , $3,

which shall produce over

jach of the surfaces, and throughout ff
l
and Hy the

tme potential as is produced by M. The potential

it any point of Kdepends on the given surfaces, $,, $2 ,
S
3,

id since the potential at every point of the surfaces is

given, is, as we have seen, perfectly determinate.

Further, the part of this distribution over any closed

1 See Maxwell's Elementary Treatise on Electricity, p. 72 et seq.
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Surface or infinite surfaces separating a region within which lies

tion anj Pai<t of the actual distribution from the rest of space
replacing

given
system.

Fig.14

Fig 15

is such as to exactly produce at each point of space

external to that region the same potential as is pro-
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duced by that part ;
for it is clear that the potential at Surface

any point of the surfaces will be that which would be ^ u "

produced by the actual distribution and (p. 68 above) replacing

the potential produced by the electrified suifaces at system.

Fig.17

every point of the space which they separate from the

electric distribution coincides with that due to the

actual distribution. For example, if Hv H2 ,
H

s (Figs.

16 and 17) be regions within which are distributions
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m-p w2 ,
w

3 separated by the surfaces Sv S2 ,
S3

from H,
the rest of space, the distribution over S

l produces the

same potential throughout H^ H%, andH as is produced

by mv and similarly for m
2 ,
w

3. Hence the potential at

each point of S
lt
Sz,

SB ,
and throughout H, is that due

to m
lt
m

2 ,
m

3 jointly.
1

Distribu- Suppose a surface $ taken in the electric field to be

Conduct- an equipotential surface for the given distribution, we

ing Surface see from what immediately precedes that electricity can
re

given
Dg be distributed on that surface so as to produce potential

Internal }n the space A, on one side of the surface, equal to that

produced by the electricity (in some cases part only

of the whole distribution, in others the whole) in

the space B, on the other side of the surface. We may
suppose the distribution on the surface made, and

the original distribution in B removed. The potential

throughout B must be constant, and the electric force

there zero, and the resultant force at any point

infinitely near the surface on the side A is normal to

the surface. Hence if R be this normal force, taken

positively when from the surface towards A, the electric

surface density at the point is E/^TT. This result had

already been found (p. 29 above), but we have now
seen that it is the unique solution of the problem.

We shall find many examples of its utility in what

follows.

Definition The distribution in the space B which produces in

Electric
*ke sPace -A on the other side of the surface the same

Image, potential as is produced by the distribution supposed
1 See Thomson and Tait, Nat. Phil. vol. i. part ii. p. 56, et seq.,

from which Figs. 14 17 are taken, with slight modifications.
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made as above on the surface is called an Electric

Image.

Let now the system of conductors be three in number, Sphere

a sphere S of radius a, and two external conductors, infh^nce

Sv S2 , Fig. 18, of dimensions so small in comparison with of Electric

a that a charge of electricity on either may be considered External

as concentrated at a point. Let the distance of S
1
from Point-

C, the centre of S, be /, the distance of S
2
from P

r
iz ,

and let $, be insulated and charged with a

quantity q of electricity, $2 insulated but uncharged,

Fig.18

and S uninsulated, and therefore at zero potential. By
the theory given above (p. 38)

where ps <2 is the mutual coefficient of potential of S
2
and

S, pl2 (= l/r12) that of S
1
and $

2 ,
and q3 the induced

charge on S. But since the potential of S is zero, and

every element of the charge of S is at a distance a from

the centre

j
+ f =,Oor ?s

= -?2 . . . . (73)
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Sphere Taking S
2 infinitely small and infinitely near the

Influence surface of the sphere so that F2
= 0, we have for this

of Electric case
Charge at -.

External />-JN

Point. Ps2
~r^/f l

Let E, Fig. 19, be the position of the centre of <7
2 ,
F a

point in PC taken so that P'C : CE :: CE : CP, that

is, so that the triangles PEC, EP'C, are similar, and

CF = a2
// Hence EF = r

lza/f, and therefore

P*2
=
Jjp-

' ' ' ' C75)

Electric Equation (73) shows that the amount of the induced

Spherical
cnaroe on *ne PPnere $> called forth by a charge q con-

Surfaces, centrated at P, is a/f.q, and that the potential which

this charge produces at each point of the surface of $,

and therefore also at every external point, is the same

as that which it would produce if concentrated at the

internal point F, while the potential which it produces

at every internal point is equal and opposite to that

due to q at P.
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Passing from potentials to forces, the force at every Electric

external point due to the induced distribution is the
gSJSfcJj

s;ime as that which would be produced by a/f. q atP
t

Surface.

and at every internal point is equal and opposite to that

produced by the charge of amount q at P.

We can now find the distribution on S. The resultant

force on a unit of positive electricity at E is that due to

an attraction -. -r along EP and a repulsion

along PE. Resolving these forces along PC and EC
we have for the component in the direction PC, the

CP CP a
expression q-s q

-p,
3, and for the component in

the direction EC,-g + q SincePE=PE

and CP = a2
// the former expression vanishes, and the

radial component, which from the vanishing of the other

1 /2 __ a2

componentwe see is the resultant force, is q p-ps
~-

By Coulomb's theorem, if <r be the density at E, we get

from this expression and Fig. 19

PA . PA' I

The density at any point of the surface is therefore

inversely as the third power of the distance of the point

from that at which the inducing charge is situated.

The point P' is called, from the optical analogy of

virtual images formed by reflection, the Electric Image
of the point P in the spherical surface The external

potential and electric force produced by the induced
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Electric electrification on the surface called forth by q at P are

Spherical
those due to a virtual charge of amount a/f. q at P',

Surface, that is, are the same as would be proJuced by this charge
at P' if the conductor $ did not exist.

We see easily that P and P are conjugate to one

another that is, while P is the image of P for the

sphere S influenced by a charge at P, P is the image of

P for the same sphere influenced by a charge at P.
For suppose a charge q to be placed at P within the

conductor S supposed at potential zero, the external

potential is everywhere zero that is, the induced

electrification produces an external potential and electric

force everywhere equal and opposite to that produced

by q. In this case, since q is within $, qS)
the induced

charge on S, is q. Proceeding as before with this

value of qSt
we find that the internal potential and

electric force due to the induced electrification is that

due to a virtual charge q at P, and that for the

density at any point E in S we get as before

a2 -/2 1 FA . FA' 1
"
*

~
*
~ "

q * (

The induced electrification produced by any given

external or internal electric system can be found by

determining the distribution due to each point of the

system and superimposing the distributions. Hence an

electric system on the other side of the spherical

surface is determined which would produce on the

same side as the given system the same potential at

every point as is produced by the induced distribution.

This system is made up of elements which are the
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electric images of the elements of the inducing system, Electric

of which it is therefore said to be the electric image. Sphfrlcal

Thus let the system be a series of charges qv q2, &c., Surface.

at external points P^ P2, &c., whose distances from the

centre of the sphere are fv /2 , &c., the charge on the

sphere is then a 5 4-j and the density at any point is

the summation being taken for every point of the

inducing system.

If the system be internal the charge on the sphere is

-
Sj, and the density is

where f
f = PG.

If the sphere be at zero potential under the influence

of both an external and an internal system, the charge
on the sphere will be the sum of the charges and the.

density the sum of the densities in these two cases

taken separately.

If the sphere be insulated and at potential F, the Induced

distribution is obtained by superimposing on the in- bution on

duced distribution just found a uniform distribution of Insulated

Sphere.
density F/4?ra. Hence we have for the density in

this case

<r =

}
. (79)

<7



82 ELECTROSTATIC THEORY.

Induced according as the inducing distribution is external or

button on internal. Equivalent expressions for the density in
Insulated terms of the charge Q on the sphere are easily obtained

by substituting from the equation

= .

* f

It is instructive and easy to calculate from these

expressions for a single inducing point-charge the

density of the distribution on the sphere at the points

nearest to and farthest from P, to find when these are

opposite in sign, and in this case to determine the

position of the circular line of zero density on the

sphere for given values of Q, q, a, f.

Electric We may consider a single point-charge as on a sphere

"TWO f centre P, and radius I so small that the distribution

Spherical on the small sphere may, so far as its effect on the

ductors distribution of the large sphere is concerned, be taken

^I
6

. / either as uniform or as concentrated at the point P.
which r

.

is small : When the radii of the spheres are comparable with one

another and with the distance between their centres,

the distributions mutually influence one another, and

the effect of either can only be expressed by an infinite

series of electric images. When & is very small com-

pared with a, all these images may be neglected except

the first image of the smaller sphere. We have then

the respective values q, q (j 2//) + Va!f> f r
\y J a IJ'

the charge and potential of the smaller sphere, and

Q (= Va q . a/f\ F, for those of the larger sphere.
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Hence (p. 32) the electric energy, E, of the system of

two conductors is given by the equation

(80)
Qq , , /I _

* ' '

/ rw.tf f(f- a
*)

The work done by electric forces in separating the Mutual

spheres by a small distance df will alter E by an between

amount dEjdf.df, that is - dE/df is the mutual them

repulsive force between the spheres in the line of

centres. But

dE Qq 2/
2 - a2

a T
*

J** _ />
2
//

3 J _ Vr,
jf s* 5f

M- /.3/ /.j.
.A f*

r
ij_

The force will therefore be an attraction, zero, or a when

repulsion according as either of the equivalent ex- an^hJn
pressions on the right-hand side is negative, zero, or Repulsive,

positive. Hence it is an attraction if V or Q is zero,

that is, if the sphere is uninsulated, or if it has no

charge on the whole. Also if / is but little greater
than a, that is, if the smaller sphere be very near the

surface of the larger, f* a2
is very small, and the

force is an attraction. If Q have the same sign as q,

and be greater than q.a*f(2f*
-

*)/(/*
- a2

),
or if V

be positive and greater than q ,fl(f a2

),
the force is

a repulsion. These results explain the apparent anomaly
of the attraction of a small charged sphere by a similarly

charged conductor, when the distance between them is

small, and the repulsion between them when they are

at greater distances.

G 2



84 ELECTROSTATIC THEORY.

Images If d be the shortest distance of any one of the points

"plane*!* ^ from ^e surface of the sphere, we have f = d + a,

in Sphere an(j f
2

a? = d (d + 2a). Hence if a is very great in

radius, comparison with d, that is, if the surface be an infinite

plane (Fig. 20), or if the point P be near the surface,

we have when V =

(82)

Electric Considering again the sphere of finite radius a, we

^lane"
1

have for the shortest distance of the image of any
coincident

point-charge P from the sphere, the value a a?/(d + a),

Optical or d/(l + dja). Hence if a is very great in comparison
Image. with d, this value becomes approximately d, that is the

image is on the normal to the surface and at the same

FIG. 20.

distance behind the surface that P is in front of it. Also

since in this case a/f
= a/(a + d)

= l nearly, the image-

charge is q to the same degree of approximation.

The distribution on an infinite plane might obviously
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have been obtained at once without considering the Direct

plane as a case of a sphere. For clearly the plane is a

surface of zero potential for + q at P and q at P', the Infinite

optical image of P in the plane. The electrification of

the plane is therefore equivalent, for all points to the

left of the plane, to the charge q at P'. But the

normal force outwards, that is, from the plane towards

the space in which P is situated, is Zqd/PJE
3

,
and the

electric density at E is therefore qd/^7rPE
3
. The

results obtained above are thus verified.

It is easy to show that the integral of this expression

for the density taken over the plane is q, the value

which it ought to have, since the space to the left of

the plane may be supposed inclosed by the plane and a

conductor at an infinite distance. Let 8s be an element

of the surface at E. The projection of 8s on a plane at

right angles to PE is 8s . d/PE, and a cone with base 8s,

and vertex P will therefore intercept on a sphere of

unit radius and centre P, an area 8s.d/PE*. The integral

of this taken over the plane is therefore 2?r, one-half

the area of the unit sphere, and we get

_qd_ fSsI
Ss

When two or more conductors are electrified in the Mutually

same field, the distribution on any one is influenced by ^tin
that on the others, and hence the determination of the Con-

actual distribution becomes a problem of great difficulty,

the solution of which has not been obtained except in

certain cases. These have for the most part been

solved only by the method of Electric Images combined
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encing
Con-

ductors.

Mutually with the principle of Electric Inversion, by which the

solution of any electric problem can be transformed

into the solution of any number of other problems.

These methods are due to Sir William Thomson, to

whose papers we must refer for full information regard-

ing them.1 We give here, however, the solution of the

problem of the distribution on two parallel conducting

plane sheets of unlimited extent acted on by a point-

charge placed between them, and a short explanation

of the method of inversion with one or two examples of

its use.

F

FIG. 21.

Two Let A, B (Fig. 21) be the traces of two parallel

planes conducting planes of infinite extent maintained at zero

withPoint-
potential, on a perpendicular plane through P,. a point

between between them, at which a charge, q, is situated. Let
them. a

^ ft be t^ respective distances of P from C, D, the

1 Electrostatics and Magnetism, pp. 52-97, and 146-191.

Maxwell, El. and Mag. vol. i. sec. ed. pp. 226-260 et seq.

See also
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points at which a perpendicular through P meets the

planes, and E a point on the plane A at a distance

7 from G.

If the plane B were removed the density at E on Induced

A due to a charge q at P would, (82) above, be bution

-
q . a/2?r(a

2
-f 7*)l But the electrification of B, which

b
re

[^
C(

fa

would be produced by the charge q at P if A were

removed, has at all points to the left of B the same

effect as that of a quantity q at a point 1^ distant /3

from 'D to the right on PD produced, and the corre-

sponding electric density at E is therefore

q <*+2/3
2-7T

{(a + 2/3)
2 + 7*jt'

These two electrifications of A produce respectively the

effects on the electrification of B of charges q, + q,

to the left of A on PC produced, the former at a point

Jj distant a, the latter at a point J2
distant a + 2/3

from C. The electrifications of B thus produced have on

A the effects of charges + q, q&k points /2 ,
/3,

distant

3a + 2/3, 3a + 4/3, to the right of A on CD. The

corresponding densities at E are therefore

2
{(3a + 2/3)* + 7*}*

2
{(3a

In the same way another pair of densities at E could be

found corresponding to point-charges 4- q, q, at the

respective distances 5a + 4/3, 5a -f 6/3 to the right of

A, and so on.

The electrification of A is that which would if B
were removed be produced by + q at P and an infinite
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Induced trail of images Iv 72 ,
7
3 , &c., of charges q, + q, q,

butiori &c
->

at points to the right of P on CD produced. The
replaced potential at every point on A or to the left of it is

plainly the potential due to + q at P
y and the image-

charges to the right of P, and this is equal and opposite

to the potential at the same point produced by the

electrification of A. Similar results hold for B.

The potential at any point between the planes pro-
duced by the electrification of either is that due to the

trail of images behind that plane, and the total actual

potential at any such point is the sum of the potentials

due to + q at P and the two trails of images.

To verify that the potential of each of the planes is

zero, let F be the potential at any point, E, of the

plane A. Then we have

1 1

where n has every integral value from to oo . Since

J^M = PE, the first term is zero
;
further each series is

convergent, and the terms (which are arranged in the

same order in both) are identically equal. Hence V is

zero, and the above process of building up the electrifi-

cation of each plane gives the required result.

Charges The charges and distances of the images Iv 72 , &c.,

Distances are given b7 the table

of Images.
Imageg ^ ^
Charges -

q, + q,

Distances

J
^ _

J)(a +^ +^
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where n has every positive integral value from 1 Charges
and

30 ' Distances

The charges and distances of the images Jv J, &c.,
of

are given by the same table when a and @ are inter-

changed.

By equation (82), p. 84, we have for the density at E Electric

Density

jt =r r P + 1) + 2*0

(2^ + IV -r 2(rc + !)/?"
* '

where n is any positive integer.

The density at any point F on B (Fig. 21) is given

by this equation when a and {3 are interchanged, and 7
is taken as the distance from D to F.

As an example of a case in which the number of Distri-

images is finite, let the conductor consist of two planes
u 01

at right angles to one another, terminated by their line Planes

i n 11 i cutting at
of intersection, and influenced by a point-charge of right

amount + q placed at a point P between them. Let

0, OA, OB, Fig. 22, be the traces of the line of inter- sented by

section and the planes on a plane drawn through P
perpendicular to the conductor. Let a denote the particular

distance of P from OA, /3 the distance of P from OB. "Electric

The surfaces would evidently be at zero potential ifJ r
^ scope.

insulated without charge and a charge q were situated

at P
l
the image of P in OA, and at P2 the image of P

in OB, and a charge + q at P
3 ,
the common position of

the image of P in OB and the image of P
2
in OA.

If N be the normal force at any point E of the plane
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5

TIG. 22.

OA, taken positive towards the space BOA in which P
is situated, we have

/ 1 i \

. . . (84)

I) iT
Since *ne space J56L4. may be regarded as the space

at any external to a closed conductor, N is the actual force

point. ou^si(je the conductor at E, and we have for the

electric density there

_qa
27T

<7 = . . . (85)

Similarly for the density at any point F of OB
we have

<"?-
,

I]
metrical

Inversion, relation

the distances CP, CP', CQ, CQ' fulfil the

CP.CF = CQ.CQ' = a* (86)
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The point F is called the inverse of the point P with Geo-

respect to C, which is called the centre of inversion ; and

similarly Q' is the inverse of Q with reference to C. If

p'

FIG. 23.

we have any system of points P, Q, &c., given, we can

find in this manner a corresponding system of points

P', Q', &c. If P, Q, &c., determine a surface or a solid

figure, P', Q', &c., determine a corresponding surface or

solid figure. The system P, Q' , &c., is called the inverse

of the system P, Q, &c., with reference to (7; and it

follows that the system P, Q, &c., is the inverse of P', Q
f

,

&c., with reference to the same point,

From what has gone before it is evident that any Inverse of

point P' is the image of the point P in the sphere of
8

n

radius a and centre (7. This sphere is called the sphere Sphere of

of inversion and its radius the radius of inversion.

In Fig. 23 the triangles CP'Q', CQP are similar. Inversion

From this it follows that if P, Q be two very near

points the angle CQP is equal to the angle P'Q'Q ;
that Results.

is, the lines QP, Q'P' meet CQ at supplementary angles.

Hence the angle which the inverse of any line or surface

makes with any radius vector from the centre of in-

version is the supplement of the angle which the

original line or surface makes with the same radius

vector. It follows that the inverses of any two lines or
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Inversion surfaces intersect at the same angle as do the origina.
Geo- i n

metrical lmes or surfaces.

Results. jn particular it is easy to prove that the inverse of a

circle is another circle, and therefore of a sphere another

sphere. For let P, Q (Fig. 23) be the extremities of a

diameter of the circle, and R (not shown in the figure)

be any other point on the circle, then PRQ is a right

angle. The inverse points are Pr

, Q', R', and the angle

P'R'Q' is equal to a right angle + the angle PCQ,

according as CR does or does not intersect PQ. Hence,
as R is moved round the circle, R' moves round another

circle which is the inverse of the former.

Further the inverse of a straight line is a circle

passing through the centre of inversion. For let P
(Fig. 23) be a point on the straight line, such that CP
is at right angles to PQ, and let Q be any other point

on the line. Then if P, Q' be the corresponding inverse

points, P is fixed and CQ'P is a right angle for every

position of Q'. Hence the locus of Q' is a circle of

which the diameter is CP.

Inversion The inverse of an infinite plane is obviously a spherical

metrical
sur âce passing through the centre of inversion.

Results. According as the centre of inversion is without or

within the original surface, the space within the inverse

is the inverse of the space within or without the original

surface, and the space without the inverse is the inverse

of the space without or within the original surface.

If CQ = r, CQ' = r, and P, Q be points very near to

one another, PQJPQ' = r/r'. Hence if r be the distance

of any element SI of a line, Bs of a surface, Bv of a

volume, and r' the distance of the corresponding inverse
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elements SI', ds
f

, Sv', from the centre of inversion,

we have

= r/r' ; &/&' = r2//
2

; 8v/W = r3
//

3
. (87)

Again if we suppose at the point P (Fig. 23) a charge Potential

</,
of which the potential at Q is V(= q/PQ), then putting
F or the potential at

'

of a charge aq/r (the corre- Point.

spending image-charge with its sign changed) situated

at the point P', we have V =
aq/r . P'Q'. Hence by

the equations CP . CP = CQ . CQ' = a?,

VjV =
r'/a

=
a/r..... (88)

The quantity of electricity on an element Ss of a

surface is cr . 8s, and on an element of volume p . Sv.

The corresponding image-charges with signs reversed Inverse

are crSs.a/r, p$v . a/r ;
and by (87) the corresponding

areas and volumes are Bs
f = Bs . r'

2

/r
2

,
Sv = 8v . r'

s

/r*.

Hence if cr', p, q' be the image-densities and image-

charge corresponding to <r, p, q respectively, we have

o-'/a
= a3

//
3 = r3/a

3
; p'/p

= a5
//

5 =
r^/a* ;

q'/q
= r'/a

= a/r ..... (89)

The process of inverting any electric system consists Electrical

in inverting the geometrical arrangement of the system
and substituting for every element of charge the

corresponding element of image-charge with its sign

changed.
If the potential of any distribution on a conductor in

equilibrium be V at a point P, the potential of the inverse

distribution at P the image of P is by (88) Vajr', where
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Equi-
librium
Distri-

bution

inverted

gives
Induced
Distri-

bution due
to Point-

Charge at

Centre of

Inversion.

/ is the distance of P from the centre of inversion C.

Hence the potential at P' of the inverse distribution is

the same as that of a quantity Va placed at C. The

inverse distribution, and a quantity Va at C will

keep P' at zero potential. If then we invert an equi-

potential surface of the given distribution, we shall

obtain a surface of zero potential of the distribution

composed of the inverse and Va at C. If we take as

the equipotential surface the surface of a conductor on

which the given distribution is in equilibrium, the

inverse distribution is on a surface which, when Va is

at C, is at zero potential. The inverse distribution is

therefore the induced distribution on the inverse con-

ductor under the influence of Va at C.

It follows that if we invert any distribution wnich

gives at each point of itself distant r' from C a potential

Va/r', that is, the induced distribution of a system Va
at C, we get a system in equilibrium.

FIG. 24.

Examples. As examples we shall invert (1) a uniformly charged

sphere, (2) the induced distribution of two infinite
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parallel planes under the influence of a single point-

charge between them.

(1) Let the potential of the sphere be V\ its radius (l)

/3 ;
the radius of inversion CA, a

;
the distance of C

Spherical

from any point P' (Fig. 24) of the image /, from the Distri-

centre 0' of the inverse sphere /; and the radius of inverted.

the inverse sphere a. We have

a?a

according as C is external or internal to the given

sphere. But

(T = -777 (7 =
'o /v 3

r* r'
3

47T/3

Substituting the value of /3 just found we get

f - a* Va

according as C is external or internal.

According as G is external or internal to the given

sphere, and is therefore external or internal to the

inverse, the spaces external and internal to the former

are respectively the spaces external and internal or

internal and external to the latter. Hence, according

as C is external or internal, the potential of the inverse

distribution at every internal point or at every external

point is the same as that of a charge Va at C.

Also since the potential of the given sphere is the

same for all external points as if its charge, V/3, were

concentrated at the centre 0, the potential of the

inverse distribution is, by (89), the same at every point,
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Charge.
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external to the inverse sphere when C is external,

and internal when C is internal, as that of a charge

q
/

' = Vfi.a/CO concentrated at the image / of the centre

of the given sphere. But CO = o?fl(f
- a2

),
and

/?
= + a'

2

a/(/
2 a2

), according as C is external or

internal. Hence
** ~rr-

. Va

that is, the charge is the image in the inverse sphere of

the charge Va at C.

For CI we have CI. CO = a2

,
or

n T _ i J
~~ a /\

/

that is, / is the image of C in the inverse sphere.
The results (a), (&), (c) are those obtained above,

pp. 78, 79, 80.

FIG. 25.

(2) Let the centre of inversion be P (Fig. 25), the

radius of inversion unity, and let the planes and the
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successive images be inverted, omitting the charge at Inversion

P. The inverses of the planes are then spheres ^Distri.^

touching at P, and the distribution on either sphere bution
on Two

is the inverse of the distribution on the corresponding Parallel

plane. For the charges and distances of the inverse
Innnite

charges corresponding to the trail of images /15 /2, &c.

(Fig. 21) we have

Images I-2n-\> I%n,

p, _ qa_ + qa

2(n
-

l)(a + ) + 2/3' 2<a + /3)'

Distances )_a2_ a2

from P
) 2(n

-
I)(a + 0) + 20'

where n has every positive integral value from 1 to oo .

The table for the images Jv J2 ,
is formed from this

by interchanging a and 0.

The diameters of the spheres A, B are respectively
a'

2
a, a2

/3, and therefore the inverse charges corre-

sponding to 7
1}
/
2 , &c., are within the sphere B, and

the other series within the sphere A.

Since the potential at any point on the planes or Equi.

behind them is zero, the potential at any such point j}^^
11

due to the induced distribution on the planes is equal bution on

to that of a charge q situated at P, that is q/r, where Spheres in

r is the distance of the point from P. The potential at Contact.

any point on or within the spheres is therefore q/a, a

constant quantity. Again, since the potential produced

by the electrification of either plane at any point on the

plane or in front of it is the potential due to the trail

of images behind the plane, the potential at any point
VOL. i. H
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Two on or external to either sphere produced by the distri-

^Contact
m

bution on the sphere is the potential at that point of

the trail of images within the sphere. It follows that

the charge on each sphere is equal to the sum of the

image-charges whose positions fall within it
;
and that

the distribution thus found is the equilibrium distribu-

tion when the spheres are freely electrified in contact.

Charge on
Denoting the charge on the sphere B by QB,

and the

Sphere, radii of the spheres A, B by r
lt r.

2 respectively, summing
the image-charges, and substituting in the result F for

q/a, a/2?\ for a, a2
/2r2

for /3, we get
J!= oo x-

^ j
-x

QB = FVy2
^ ri + n(ri + T^ (

% +i)(r1 + r
2 ) J

where n has every positive integral value from 1 to oo .

A similar expression with rv r% interchanged holds

for QA .

The capacities of the spheres are of course obtained

by dividing QB and QA by F.

Electric Multiplying the expression (p. 89) for the density at

aTan/
anv P ^ of the plane A by a3

/r'
3
,
where r' is the

Point, distance from P of the corresponding point E on the

sphere A, making the above substitutions, and, besides,

putting a*(l/r'
2

l/4rx
2
)
for 7

2
,
we get for the density atE

2Fr
1
V

2

2 "r f (2ra + l>2 +

(91)
I)r2 + 2(n + IX}

2 +
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This expression is convergent, and, when the value of Electric

r is not infinitely small, the density at any point can

be approximately calculated from the potential, the

radii of the spheres and the distance of the point

from P.

For r = the expression (91) fails, but since the

resultant force acts outwards at any point on either

sphere at right angles to the surface, it follows that it

must be zero at any point infinitely near the point of

contact
;
and hence the density there must be zero. The

density is a maximum on each sphere at the point

diametrically opposite to the point of contact.

The density at any point on B is obtained as before

by interchanging r
t
and r2.

The charge on each sphere is the difference of the

sums of two harmonic series, and cannot be obtained

in finite terms. Each series is divergent, but the

two taken together as in (90) constitute a con-

vergent series, and hence the charge can be approxi-

mately calculated for given values of V, rv r
2
. The

expressions agree with those given in a different form

by Poisson, who first attacked this problem, and solved

it by a direct but recondite method.* It is interesting
to note that equations (90) and (91) give the alge-

braical theorem that the integral of the expression

* Memoires de I'Institut, lr partie, p. 1. See also Plana, Memoires

de VAcadtmie des Sciences de Turin, Serie II. t. vii. p. 71, for a fuller

development of Poisson's method and results. A sketch of the method
is given in Mascart's Traite d'filectricite Statique, t. i. p, 272. It is

easy to convert the expression for QB in (90) into a definite integral

agreeing with the result given by Poisson for this case.

H 2
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Charge in on the right of (91) taken over A is the expression

two .Equal
on the right of (90) with rv r

2 interchanged.
Spheres. When a = /?, r^

= r
2 , and we have

QA = QB = Fi^ (1
- * + J

- i + &c.)
= Fr

x
. loge 2 = 693147 . F^ . (92)

or the charge on each sphere is to the charge of the

sphere when alone in the field and at potential F, as

loge 2 is to 1.

Case of If PJ be small in comparison with r
2 ,

One
Sphere
very 2 n

Small: QB =
n=0

since V - = 1. The charge is therefore, nearly,** n(n + 1)

the free charge which the sphere would have if alone

and at potential F. The mean density is F
2/47rr2 .

Ratio of On the same supposition we have
Mean

Densities. F^ =
1 Vr? IT

2

and the mean density is J F7r2/47rr2. Thus the mean

density of the small sphere is to that of the large

sphere as 7r
2
/6 (= 1-645) is to 1.

Hence when a small conducting ball is brought into

contact with a large electrified spherical conductor so

as to receive a charge which can then be removed on

the ball and measured, the electric density at the point

before contact is to the mean density on the ball as 1 is to

J -645. The same result will hold whether the conductor



PROBLEMS SOLUBLE BY INVERSION. 101

be spherical or not, provided its curvature be continuous

round the point of contact over a distance great in

comparison with the radius of the ball, and of amount

small as compared with that of the ball.

Many other interesting examples of the power of the Problems

method of images are to be found in the solution of the

problem of two concentric uninsulated spherical con-

ductors under the influence of a point-charge between

them, and the derivation by inversion of the induced

distribution on two mutually influencing spheres ;
the

solution of the latter problem by a direct application of

images and Murphy's principle of successive influences
;

the determination either directly or by inversion from

the result of p. 90 [eqs. (85) and (85 bis)] of the

distribution on two spheres which cut one another at

right angles ;
the distribution on a spherical bowl,*

and other important cases. For these the reader is

referred to the works mentioned above, p. 09.

* For the spherical bowl see Thomson's Electrostatics and Mag-
netism, p. 178, which contains the famous original solution of the problem.
The subject has recently been considered by Mr. E. G. Gallop (Quarterly

Journal of Mathematics, No. 83, February 1886, p. 229) in an essay
which merits special attention as containing the most exhaustive treat-

ment which the problem has yet received.
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Analogy
between

Theory of

Heat
Conduc-
tion and

Theory of

Electro-

statics.

Flux of

Heat
defined.

SECTION V.

ANALOGY BETWEEN THEORY OF HEAT CONDUCTION
AND THEORY OF ELECTROSTATICS.

SPECIFIC INDUCTIVE CAPACITY.

SOLUTIONS FOR SIMPLE CASES OF DIFFERENT MEDIA
IN ELECTRIC FIELD.

A remarkable analogy between the theory of the

conduction of heat in solid bodies and the theory of

Statical Electricity was pointed out by Sir William

Thomson,* and made by him a means of establishing

many of the most important theorems of electrostatics.

According to the theory of heat conduction given by

Fourier, the flow of heat per unit of area per unit of

time (which we here call flux of heat), across a plane

slab of homogeneous material the opposite faces of

which are maintained at two different uniform temper-

atures, depends only on the difference of temperatures

between the faces, the distance of the faces apart, and

the nature of the material
;
and takes place in the

direction from the surface of higher temperature to

that of lower temperature. Thus, if the thickness of

the slab be x centimetres and v, v
f

the uniform tem-

peratures of its faces, the quantity of heat, Q, conducted

in a second of time from the face of temperature v to

that of temperature v', across one square centimetre,

is given by the equation

(95)

*
Reprint of Papers on Electrostatics and Magnetism, p. 1.
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where k is a constant (always positive) depending on Flux of

the material. From the fact that there is the same ^J^
flux of heat inwards across one face that there is

outwards across the other, and therefore also across

all intermediate parallel sections, it follows that the

variation of temperature from one face to the other

is uniform.

The constant k is called the Thermal Conductivity Thermal

of the substance. In bodies which have a different
tivity

C"

molecular structure in different directions (that is defined,

which are not isotropic
* in structure), such as un-

annealed glass, or a piece of otherwise isotropic glass

distorted by flexure or by pressure unequally applied

to its surface, all crystals except those of the cubic

system, fibrous materials, &c., the value of k is also

different in different directions. We shall consider

first the flow of heat in a solid body for which the

value of k is the same in all directions and at all

points.

Let the temperature vary continuously over each of two Flow of

parallel sections in the body, and from one section to the other, Heat in a

though not necessarily with a uniform gradient. If the sections Homo-
be taken very close together, the deviation of the temperature geneous

gradient from uniformity along any line drawn normally from Isotropic

one to the other may be neglected, and if a sufficiently small Solid,

area be taken in each section at the extremity of that straight

line, the deviation from uniformity of temperature over that

area may also be neglected. Taking equal areas in the two

* A body in which any given quality is at all points the same in all

directions is said to be isotropic as to that quality. The term isotropic
was introduced by Cauchy ; the term ceolotropic, from al6\os, varie-

gated, has been used by Thomson and Tait as the negative of isotropic.
A body may evidently be homogeneous, that is equal cubical portions
in different parts of the body which have their sides in the same
directions may be precisely similar and yet the body may be

seolotropic.



104 ELECTROSTATIC THEORY.

Mo.asure sections, each thus small in any dimension, and at the same
of Heat time large in comparison with the distance of the sections
at any apart, we may neglect the -effect of the remainder of the

point in
sections, and consider only the flux from one small area to the

Isotropic other, and apply the result obtained above. Denoting each area
Solid. by ^ and the {r Distance apart by dx, and putting dQ for the

quantity of heat conducted from one to the other, we have

(96)

In the limit, therefore, we have for the flux in any direction, x,
at a point in a solid at which the temperature is v, the value

k
,
and the flow per unit of time across an element of area

dx
ds at right angles to the direction of x and passing through the

... '

7 dv 7

point is K ds.
dx

Motion of Now consider a small parallelepiped of the material with faces

Heat in parallel to three rectangular axes of x, y, z, and bounded by
Isotropic edges of lengths dx, dy, dz. Let the temperature at the centre of
Solid. the parallelepiped be v, then the temperatures at the centres of

the y, z faces are

n dv 7 , , dv 7
o i

dx, and v + \ -~ dx.
dx dx

The total flow from left to right across the left-hand y, z face is

therefore

d ,
-i
dv j >

7 -,

k (v ^ dx) ay dz,

Differen-
anc^ across ^ne opposite face in the same direction is

tial d ,
- dv 7

Equation
~ k -r (v + * T **) fy**-

found.

The excess of the outflow above the inflow in the direction of x
is therefore

-****.
Proceeding in the same way for the other two pairs of opposite

sides, we get for the total excess of the outflow above the inflow

the value
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If this have a positive value there is a generation of heat within Differen-
tia prism ;

if a negative value more flows in than flows out. tial

In the latter case if c be the thermal capacity of the solid per Equation
unit of volume, the thermal capacity of the parallelepiped is found.

c fix tly <Jz. Dividing by this the last found expression with the

sign changed we get the time-rate of rise of temperature of the

element, or

dt cd df dJ
If a rise of temperature in the substance of the prism is not to

result the excess must be carried off or transformed within the

element itself. If the outflow is equal to the inflow there is

neither generation nor absorption of heat, and no change occurs

in ihe temperature of the prism. Including the case of generation
of heat, and putting 4717* dx dy dz for the heat generated within

the prism per unit of time, so that 4^ is the mean value over

the prism of the time rate of generation of 'heat per unit of

volume, we have when there is no change of temperature in

the element

cr-v . d 2
K> d2v\ ,

A A ra<7 \

-j-j + -j-s + -7-2 -f 4 7*
=

(
97

)

dx* d z dz2
/

In the same way if dvjdv^ dv
2/dv2 be the rate of variation of

temperature along normals drawn into two media from a point
in a surface separating them, and if 7^, 7r2 be the conductivities

of the respective media, the quantity of heat conducted away
from the surface along the normal per unit of time per unit of

area are -
k-^dv^dv^ k

2dv2/d^ and this must be equal to the

time rate of generation of heat at the surface per unit of area.

Denoting the latter by 47jyi, we have the surface equation

^^i + ^^ + 4 o..... (975)
dv^ d

2

Thus if we consider the case of a distribution of Analogy of

constant heat sources and a corresponding system of
'gJJJS/*

temperatures in the conducting medium surrounding Motion of

them which also remain constant with the time, that

is, the case in which sources have existed and given out

heat so long at a constant rate that the medium has at-

tained a permanent state as to temperature, we obtain an
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equationwhich corresponds exactly to Poisson's equation,

and holds for all volume-sources, positive or negative,

that is where heat is supplied to the body or carried off,

and corresponds to Laplace's equation at all other places,

for there p = 0. A surface differential equation (971)

corresponding exactly to (26) above has also been found,

by an exactly similar process, for a surface distribution of

to Electro- thermal sources, and we have seen that in this case the

Theor
C

ra^e ^ generation of heat per unit of area corresponds

to electric surface density multiplied by 4?r. Hence

taking temperature as the analogue of electric potential,

and rate of generation of heat per unit of volume, or

Analogues per unit of area, as the analogue of electric volume

^heOTieT density or electric surface density, multiplied by 4?r,

the fundamental differential equations are the same in

the theory of heat conduction in a body in a permanent

state, and in that of a system of electric charges
surrounded by an insulating medium. Further, since

to a given system of sources corresponds one, and only

one, system of temperatures at all points of the con-

ducting medium, and these temperatures must be zero

at all points infinitely distant from the source, the

electrical and thermal theories are identical, and every
solution of a problem in one is capable of being

Results interpreted as the solution of a problem in the other
;

mutually nat is to a given distribution of heat sources and the
interpret-

able. resulting temperatures in a conducting medium sur-

rounding them, corresponds an exactly similar distri-

bution of electric charges and their resulting potentials

at different points in an insulating medium, and

conversely. Many electrical theorems are thus capable



PRINCIPLE OF SUPERPOSITION. 107

of being established as analogues of known, and indeed

obvious, thermal results.

For example, consider a single constant point-source of heat in Examples :

a medium of conductivity k in all directions, and let the total Single

heat generated at the source in unit of time be Q. Plainly this Point-

quantity of heat must flow out of every closed surface described source in

round the source. By what has been shown (p. 104) above, we
^otr

have, for the total flux across a spherical surface of radius r

having the source at its centre, the value

- 4rrr2k - = Q,
dr

and therefore

dv _ Q, 1

dr 4nvfc r2

Hence integrating we find identical

O 1
with

v = JL . 1 4- C, Single
k-nk r Point-

charge in

when r = oc
,
v = 0, and therefore (7=0. Hence Isotropic

Dielectric.

v = Q-
. i, (98)

that is the temperature is inversely as the distance from the

centre. Putting k = 1, we see that v is also the potential at a

point at a distance r from an electric charge ^/4?r concentrated

at a point.

The principle of superposition holds for temperatures Super-

as well as for potentials, and we have for the temper- position of
*

J_6inp6r9.~

ature at any point, and for the flux of heat at any turesand

point and in any direction, the sum of the temperatures

and the sum of the fluxes in the particular direction

due to the several sources separately. Now consider

the flow of heat across any closed surface inclosing

part of a constant system of sources of heat in a

medium which has attained the permanent state. All



108 ELECTROSTATIC THEORY.

Thermal the heat which flows in across the surface from sources

of Electric without, the surface must flow out again elsewhere, and
Induction. ^he w]10le neat generated within the surface must flow

out across it. Hence if kdvjdv be the flux of heat along
the normal outwards across the surface at any element

ds, the total flow outwards across the whole surface pro-

duced by the whole system of sources is / / k -=- ds

taken over the surface, and this must be equal to the

whole quantity of heat generated within the surface.

We have therefore a theorem for heat conduction

corresponding to (13) of p. 12 above.

Isothermal Surfaces of equal temperature, or Isothermal Surfaces,
3es '

correspond to equipotential surfaces in the electrical

analogue, and the flow of heat across any such surface

is at every point along the normal. Now it is evident

that the temperature at any point without any iso-

thermal surface inclosing all the sources is independent
of the position of the sources within it, provided the

temperature of the surface remains unchanged; and

we may therefore suppose the sources distributed over

the surface so as to fulfil this condition. If this be

done the temperature at every point within the iso-

thermal surface must be the same as at the surface
;

for, as there are no sources within the surface, the flow

outwards from within is on the whole zero, and there-

fore the total flow from the external isothermal surface

within is zero, and so on for successive isothermal

surfaces within. Hence there is no flow of heat any-
where within, that is, the temperature is constant.

If then v be the temperature at the surface, and
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the amount of heat generated in unit of time per unit Distnim-

area at any element ds of the surface, the temperature g
1 ^

at any point at distance r from ds is, by the result found over

(p. 107) above, (ju.ds/kr. Hence the total temperature ^m 1

1 r ru, Intensity
at any point is =- / /

- ds taken over the surface, and this equal to

must be equal to v for any point either on or within

the isothermal surface.

Now since the temperature of the surface and the

external temperature remain unchanged the flux of

heat at every external point remains unchanged. Hence

the flux from the surface outwards is kdv/dv at each

point as before, and since the flux is normal to the

surface this must be equal to the value of
/z,

at the

point in question. We have therefore the result that

a distribution of sources of heat over the isothermal

surface such as to give intensity equal to kdv/dv at each Equiva-

point will produce the same external system of temper- ^^J
atures. From this we get, putting k = 1, the important Sources,

electrical theorem proved in pp. 29 and 73 above.

So far we have considered the medium surrounding influence

the conductors to be vacuum, and we have denned unit f

. . . . .
Dielectric

quantity of electricity on this supposition as that Medium.

quantity of electricity which placed at unit distance

from an equal quantity would be repelled with unit

force. But in all cases, even in a so-called vacuum, say

the most complete that can be made by the best air-

pump on the Sprengel or Geissler principle, there must,

according to the theory proposed by Faraday and now

almost universally accepted, be a medium or dielectric

which transmits the electric influence. To this view
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Influence Faraday was led by the results of his own experiments,

Dielectric
wnicn proved that the phenomena of electrostatic

Medium, induction depend on the nature of the dielectric

medium interposed between the conductors; and he

gave a theory of the action of the medium which has

since been fully worked out mathematically by Thomson,

Maxwell, and others. It would be out of place here to

give details of the theoretical investigations of these

writers
;
we shall merely state briefly such results as

for the most part will be of use to us in the accounts

of measurements which follow.

Specific The consideration of the propagation of electric

Capacity
action through a medium, as due to a polarization

of a of its particles along the lines of force so that each
Dielectric. . . .

becomes oppositely electrified at its extremities, shows

that the transmission of electric force depends on a

certain characteristic property of the medium, in

precisely the same way as the rate of flow of heat

in a substance depends on the thermal conductivity

of the material. We have, in the sketch of the ana-

logy between heat conduction and electrostatic theory

above, put k = I, in interpreting electrically the results.

The behaviour of different media can however be

accurately expressed by supposing each medium to

have at every point a quality which is the analogue
of thermal conductivity in the parallel theory, and

is called the Specific Inductive capacity of the medium.

We shall see when we come to deal with magnetism
that precisely similar considerations apply to magnetic
media. Also we shall see, chap. ii.

;
that the Theory of

Flow of Electricity is completely analogous to that
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of Heat Conduction, or that of the motion of an

incompressible fluid under certain conditions.

As most of the experimental investigations hitherto

made have been on media which have the same electrical

qualities in all directions, we shall give here only some

general considerations regarding such cases, and shall

deal specially with such questions regarding crystals

and other bodies of seolotropic structure as may arise.

The thermal analogy shows clearly how the results given above Mpdifica-

for a medium of unit specific inductive capacity (or vacuum as we
tjjoj

1
*

denote such a medium for brevity), are to be modified in the
Jfi

case of any other medium. We have seen that the total flow of iJS*?V
heat across any closed surface in a medium of thermal conductivity

k is f (kds . dv/dv. Denoting the specific inductive capacity by ^ In

^'

K, we have for the total quantity of electricity within any closed

surface in the electric field the value -
/ /
K -- ds; and

4?r J J dv

- Kds . dV\dv is now the Electric Induction across the element ds,
- dF/dv as before the component electric force at right angles to

the surface. The induction is thus a directed quantity which has

at every point in an isotropic medium the same direction as the

electric force.

We have thus in all the investigations above to substitute for

the component forces -
dV\dx, &c., the expressions

- KdTjdx,
&c. (which are called the components of Electric Induction), to

make the results applicable to the case of an isotropic medium
of inductive capacity K. For example in Green's Theorem, p. 63

above, we obtain the equation of energy by putting U = V,

and a2 = K, and dividing by 8?r.

We also see that the force between two quantities g, q' of Force

electricity concentrated at points at distance r apart in such a between

medium is qq'/Kr*.
two Point-

It may be noticed here that just as in the thermal analogy the

direction of the flux of heat in an seolotropic body is not in

general at right angles to the isothermal surfaces, so in an

seolotropic medium the direction of the resultant electric in-

duction at any point is not in general the same as the direction

of the resultant electric force at the same point. Here also the
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Modified two theories are parallel, but it is beyond our limits to enter
Form of into them.
Poisson's We also get at once the modified characteristic differential

Equation, equation for a medium of specific inductive capacity K, varying
from point to point, but the same in all directions at any one

point,

v _L v . jr i A n ,QQA(K \ -{-
- (K } -\- 7 (K ~

) + 4?rp = 0, (99)dx \ dx ) dy\ dy ) dz\ dz J

and at any electrified surface in the medium,

K (t + \ + 4^ = ..... (100)

Surface If the electrified surface be a surface of separation between

Equations, two media of specific inductive capacities K\t
K2, the surface

equation is by (976) above

*i^ + Z* ~* + 47TO- = 0. ... (101)dvt dv<i

Case of In the case of a field occupied in different regions by media of
several different specific inductive capacities, the characteristic equation

Media in js to be applied with the corresponding value of the JTs in each
same

regionj and the surface equation (101) at each separating surface.

fm M It is to be observed that the electric densities p and o- are the

d "A true e^ectr*c densities which exist in the form of an electric
an

arent>
?" charge conveyed to the medium or placed on the surface, and do

Eleetrifica-
not include the electrification of the .medium in consequence of

tions. induction.

We may put the theorem of (101) into words as follows.

IfNvN2
be the normal forces at infinitely near points

on opposite sides of the surface of separation between

two isotropic media, each force being reckoned in the

direction from the surface, JTp J
2 ,
the specific inductive

capacities of the respective media, and if there is no

electric charge on the surface except that due to

induction, then

+ K2
N

Z
= 0. . . . (101 Us)
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This equation may be written in the form Case of

tf, + Ai - 4mr' = 0, . . . (102) jSaul
where same

<* =
1 K - ~K" 1 7T-/T Field -

Z
1 ' V ^1 =

I
1 ' V N*

4}7T K 4-7T JT '
and "

Ap-
(103)

"True"
' "

This value of a-' is the electric surface density which Electrifica-

would exist on the separating surface of the media if
tlons-

each had unit specific inductive capacity and Nv N2

their actual values, and has been called by Maxwell * the

apparent electric density on the surface. If a distri-

bution of this density be made over the surface of the

space occupied by K^ and the specific inductive capa-

cities Kv K2
be made each unity, the same electric force

will be produced at all points internal or external. For

the distribution if made gives the actual values of N at

the surface, and equation (99) will plainly be satisfied
;

and we have seen that under these conditions there can

be only one value of the potential at any point.

If this apparent electrification be removed during the

action of the inducing force by bringing every part of

the surface to zero potential, say, by passing a flame

over it, and the inducing force be then removed, there

will appear a true electrification equal and opposite to

o-'. This fact has been used by Sir William Thomson

to explain the phenomena of pyro-electricity shown by
certain crystals.^

We may also write for Poisson's equation, (99) above,

fiijT' fiiy ftiy
-{- -j-

-
-f- 4irp

= 0. . . . (104)

*
El. and Mag., vol. i., 2nd ed., p. 95.

t Ibid. p. 58.

VOL. I. I
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where

dx
f

dz dz

IfK is constant the last equation gives

P

K (106)

The value of p given by (106) is that required in a field of

specific inductive capacity unity to produce the same potential as

-D c , is produced in the actual field by the density p.

of Lines

1 ^e surfacc f separation is not at right angles to the lines

of Force.
^ f rce

j
tnen resolving the forces at two infinitely near points

on opposite sides of the surface along and at right angles to the

normal, we have by (101), if the surface is not electrified,

dF dF,
1 f~ 2

~ 0,

and since
I,

at every point of the surface,

where dF/da> denotes rate of variation of potential in a direction

parallel to the surface of separation, and in the plane of the line

of force and the normal. Hence if O^, $2 be the angles which
the line of force makes with the normal in the first and in the

second medium respectively, we have

A l
, 2 2

tan 6l
=

i/-
-1

,
tan 2

=
/

-
2

,

da)
I

dv
l

da>

and therefore
rr

tan 0j
= -1 tan 6

2 . (107)

Com- The line of force thus undergoes a species of refraction in

parison of which the tangents of the angles of incidence and refraction

Electro- are related as are the sines of the corresponding angles in the

static and refraction of light. It is to be observed that according to the law

Optical
Refrac-

tion.

of refraction of lines of force they can show nothing corresponding
to the optical phenomenon of total reflection. This refraction is

illustrated in Fig. 26.
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If the surface of separation between two media be at right

angles to the lines of force in one medium, it is by equation (107) at

right angles to the lines of force in the other, that is, the surface

is an equipotential surface.

The apparent electrification and the force at any Examples,

point are easily found in the following simple cases,

which it is instructive to consider.

FIG. 26.

(1) Two isotropic media A, B (Fig. 26), of specific (i) TWO

inductive capacities Kv K^ have a plane surface of
se t̂

*
d

separation, and a point-charge of amount q is situated by Plane

at a point P in the medium A at a distance d from the

plane of separation. The normal force due to the charge

I 2
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Two q is at any point E in the plane, q . djPE
z
in the direc-

separated
tion from A to B. Hence if </ be the apparent surface

rf,i!fil*o

e
Density at E we have the equations

(108)

*; J

\T yd
-A

2
=

pjjjl

But by (103)

17^" _ ~tf 1
_/\_ o

~
-tl-i -,-.-

I _ ^-^
J

~j ^--- . JL? -i "j ^- . x> o.

4-7T JT
2

4>7T KI

Hence we have

N -
*K

*
.
qd- N -

2jr
*

.
qd

^Vl
" "

K, + AT
2
P^ 3'

^
2
~
^ + 2̂

PF
The force at any point in the medium A is there-

fore by the principle of electric images (p. 84) that

which, if A and E were replaced by a single medium
of unit specific inductive capacity, would be produced

by the charge q at P, and a charge of amount

q (#i
-

2̂)/(^i + -^2) at the image F of P in the plane ;

and the force at any point in B is that which would

be produced in the same circumstances by a charge

The directions of the lines of force (or, as they ought
rather to be called, lines of induction) for the case of

K
z
= 5, K^ = 3, are shown in Fig. 26, which represents

a section of the electric field made by a plane passing

through P and cutting the plane of separation nor-

mally. The closed curves which surround P are

sections of equipotential surfaces, and the lines cutting
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them at right angles are the lines of induction. The Two

equipotential surface nearest P in the diagram is a
separated

sphere, and the surfaces interior to it are omitted, by Plane

The distances between successive equipotential surfaces

on the left show how the electric induction K^F varies

from point to point in the medium, and the lines of

induction are so drawn that if the diagram were rotated

about the line PP the field on the left of the plane

of separation would be divided by the equipotential

surfaces, and those generated by the lines of induction,

into cellular spaces each containing the same amount

of the electrical energy, considered, as in p. 34 above,

as having its seat in the medium.

On the right of the separating line the curves are

the continuations of those on the left into the second

medium. The equipotential surfaces are here spherical

surfaces with P as centre, and the lines of induction

straight lines radiating from P.

The apparent density for any given electric system
is of course obtained by superimposing the densities

thus found for the several elements of the system.

(2) It is easy to apply the principle of images to find (2) Two

the force and potential at any point, and the density of
separated

8

the apparent electrification, in certain simple cases of by a Plane

three or more media occupying different regions of the third,

electric field. For instance, let the infinite planes AB
(Fig. 27) be surfaces of separation of three dielectrics

which completely occupy the field, and let the electric

system be a point-charge at P in the medium between influence

the planes. Let the specific inductive capacity of the Q^
01

e

n^

medium to the left of A be denoted by Kv of the one.
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Two medium to the right of B by K9 ,
and that of the

TV 1 *-
* ^

separated

8

medium between the planes by K, and write ^ for

Xa
ei

P
of ^ ~^^ + *3> >**

fOT (j5f
~K^I(K + *"*> TheT

third, parent electrifications of the planes A, B, can be built

under
Influence
of Point.

Charge in

one

FIG. 27.

up by considering the apparent electrification on A due

directly to the charge q at P, then the apparent electri-

fication of B due to q at P and the electrification of

A already found, then the electrification of A due to

the electrification of B already found, and so on. We

get in this manner the result that the potential, and

therefore the force at any point whatever, produced by
the apparent electrification, is that due to a series of

charges of the amounts and in the positions specified in

the following table :
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CHARGES EQUIVALENT TO. APPARENT ELECTRIFICATION. Apparent
Electri-

fication of

Planes

(1) whcn
Charge is

P or Iv

a,

T rti A
I. Plane A.

Positions (Fig. 27).

e7" or /,or / or 7
4 , &c.

Charges.

Distances from plane -4.

a + 2/3, 3a + 2/3, 3a + 4/3, &c.

+
Total charge on plane A =

The &c.s here indicate that the series are to be

continued to infinity according to the law indicated.

II Plane B.

The same table with / written for J, J for /, ^ for

fa, and
(Ji2 for filt a for 0, and /3 for a throughout.

In these tables alternative positions are given for the

charges. Of these the first in each case in the first

table and the second in each case in the second table,

or vice versa, are to be used in calculating the potential

(Vi or F9) at any point according as the point is on the

left of A or the right of B, and the second in each case

in both tables in calculating the potential (F) at any

point between A and B. If Q be any point, we have for

the potential in each of the three cases the values
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Apparent
Electri-

fication of

Planes

ELECTROSTATIC THEORY.

1 4- At, \

QP
+ !- + ^-2 + &e.

(110)

The expression for F2 is obtained from Fj by writing

yu-j
for //2 , At2 f r Pi* and -^ f r ^ throughout.

(2) When Let P, the position of the charge, be in the medium

i^onlVf
8

to tiie left of A
>
and let in tnis case ^ ^i> -^2 denote

the Side

Dielectrics.

FIG. 28.

the specific inductive capacities of the media in the order

from left to right. We have the following table in

which rt= (K-KJKK+ *i), ft,= (JEi
-
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Apparent

CHARGES EQUIVALENT TO APPARENT ELECTRIFICATION. E1ectrifi-
cation of

Plane A.

Positions (Fig. 28).7-7-r T T T T
!
or P, /i or 72 ,

i/a or /
3 ,

</
3
or 7

4
.

Charges.

a.

Distances from plane

a, 4/3
-

3a,

Total charge on plane A =
1 +

-
5a, &c.

Planes
when

Charge is

Dielec-

tricSe

Plane B.

Positions (Fig. 28).

P or JL ,
I.2 or J2 ,

73 or J"
3 ,

7
4
or J"

4, &c.

Charges.

&-(l+K}wfa(l+p^
Distances from plane B.

/?, 3 - 2a, 5)S
- 4o, 7^ -

6a, &c.

Total charge on plane ^ 1 +

If F, F!, F2
be as before the potentials at a point Q

in the media of specific inductive capacities K, Klt K^
respectively, we have
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Electri-

ficationof

Planes
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/I ^=
V (Tjp

+ TJTW^ V

trie

6C

Field,

The apparent density at any point on either plane is

easily found from the charges and their distances in the

manner shown in pp. 84, 89 above.

(3) The following case is of great importance in the

Sphere in
theory of magnetism and of practical interest in the

Uniform *
, , , , . . * * i .

experimental determination of specific inductive capa-

cities. A spherical portion of an isotropic dielectric

medium in which the electric force has everywhere the

same magnitude and direction, that is, in which there is

a uniform field of force, is replaced by an equal spherical

portion of another isotropic dielectric. It is required to

find the apparent electrification, and thence the force at

any point without or within the sphere.

Let JTV K2
be the specific inductive capacities of the

surrounding medium and the sphere respectively, F the

uniform electric force in the first medium produced

independently of the apparent electrification,Nv N.2 the

external and internal normal component forces at any

point due to the apparent electrification, a' the surface



DIELECTRIC SPHERE IN UNIFORM FIELD. 123

density of the apparent electrification at that point of

the separating surface, and 6 the angle which a radius

drawn to the point makes with the positive direction Condition

of F. Taking Nv N.2 in the direction from the surface
bfloraill

on both sides we get by (101 bis) and (102) Forces at

Surface.

.Fcostf + A\ + '

(-Fcos0 + NZ) = ;

*M
or

This is the surface characteristic equation. The dis- Apparent

tribution supposed formed in the following manner myeiTlf
' ' Couches
de Glisse-

ment."

FIG. 29.

satisfies this equation at the surface, and Laplace's

equation at every internal and external point, and

gives therefore the apparent surface density for the

case. Two equal spherical volume distributions of

electricity of uniform density p, one positive, the other

negative, and of the same radius as the sphere, are

placed in coincidence
; then, according as K9 is greater

or less thanK
l3
the positive or the negative distribution
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is displaced, Fig. 29, in the direction of F through a

finite distance a less than the sum of the radii. A
positive volume distribution of meniscus shape is thus

formed on one side, a negative distribution precisely

similar on the other, and in the space occupied by the

coincident parts of the distributions there is zero electric

density. Now let the distance a be diminished indefi-

nitely and the density of the volume distribution p
increased so that pa remains equal to its former value.

Law of Drawing then any radius making an angle 9 with the
81 y '

direction of F, we have for the thickness of the stratum

in the direction of the radius the value a . cos 6. Hence,

writing cr'
Q
for ap, the surface density at the extremity

of the radius is 0-' cos 9. Its value is o'
Q

or
O-Q

according as 9 = 0, or 180.

Force at The force at any internal point P due to the distri-

Intemal
bution is plainly the resultant of the two forces due to

Point due the two spherical portions of the volume distributions

bution.

1

which have C, C' as centres and P a common point on

their surfaces. These forces are in magnitude re-

spectively 4/3 . Trp . CP, 4/3 . iTp . C'P, and act in the

directions shown in the figure, and therefore their

resultant acts in the direction CO'. Putting R for

this resultant taken positive in the direction of F,

we have

Bm-wpOCr --**>. . . (113)

Internal It is therefore constant in magnitude. The total

Uniform, force, F+ E, within the sphere, is therefore also constant

in magnitude and direction.
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By (113),

4 , *
''

4- ,
2V2

=s - 7TCT
Q
COS 6 - 7TO- ,

o o

which gives by substitution in (112)

cr' = rj -}r .F cos =
<TQ

cos ^.

Therefore

J2 = - -^!-~

and

125

Internal

Field

Uniform.

(115)

(116) Resultant
Internal

Force.

Hence according as K is gi'eater or less than K^ the

force within the sphere is less or greater than the force

F without.

The directions, of the lines of force outside and
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Resultant inside the sphere are shown in Fig. 30 * for the case

of ^2 = 2>8^i' and radius f SPhere
= ria

;
in Fio" 31

for K2
=

'4tSK^ and radius of sphere = l'34a.

<__---_-.>

FIG. 31.

Case of If the sphere is of conducting material, K2
oo

, and

to be ' In this case also we
ere

Uniform
Field.

have

, 3=
^r (117)^ J

The directions of the lines of force for the case of the

conducting sphere are shown in Fig. 32.* The radius

of the sphere is a/V% = 794#.

* The equation of the curves external to the circle in Figs. 30,

31, 32, is

The centre of the circle is the origin, and the curve XX, which in each
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The potential energy of the dielectric sphere in the Potential

uniform field is found simply by calculating the work

done by electric forces in the relative displacement of Sphere in

the imaginary volume distributions. If r be the radius Field.

case is a straight line, is the axis of x. In Figs. 30 and 32, y'
2 is

everywhere less than W
;
in Fig. 31, y

2 is everywhere greater than bz.

Each set of curves is drawn for a constant value of a which is indicated

below the diagram, and values of b equal to 0, *2a, *4a, *6a, .... l'6a.

In Figs. 30 and 32, the curve for b njz/tyz. a = l'375a is drawn.

This curve has a pair of double points through which the circle in

Fig. 32 passes : in Fig. 30 these points fall within the circle and are

not shown. In Fig. 32 the circle has radius =
a/%/2

= '794 and

cuts orthogonally all the curves except that on which are the double

points : in Figs. 30 and 31 the radii of the circles are I 'la and l*34a

respectively. [See Sir W. Thomson's Reprint of Papers on Electro-

statics and Magnetism, p. 492, from which these Figures are taken.]
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Potential of the sphere, the total quantity of electricity in the

Dielectric Positive volume distribution is 4/3 . Trpr
3

. The work

Sphere in done by electric forces in displacing this through a dis-

tance a is 4/3 . TTpr
3

. Fa. Hence, if E be the energy of

the sphere in the field.

4 4

This expression has been obtained for a uniform

field, but it will also hold for a variable field if r be so

small that the value of F is sensibly constant in magni-

tude and direction at every point of the sphere.

Force in On this supposition, the rate of diminution of E in

Field:

6
anv direction v in a variable field is given by the

(i) on
. equation

Dielectric A
-j

-r,--
and this must be the total electric force on the sphere.

Writing x, y, z respectively for v in this formula we

get X, Y, Z the component forces in the direction of

these variables. The direction of the resultant force on

the sphere is that for which d (F
>z

)jdv is a maximum,
and in which F 2

increases. The direction therefore in

which the sphere tends to move is towards a place of

maximum value of F2

;
that is, in which the value ofF is

numerically greatest without distinction of sign.

(2) on For a conducting sphere (119) becomes
Conduct-

ing dE ,d(F
z

}
.

Sphere.
. ^

-J^J,
.... (120)
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and the sphere tends to move in the same direction as Force in

the dielectric sphere.
v e

Since, as we have seen, there is no place of maximum (2) on Con-

or minimum potential in space not occupied by any Sphere?

part of the electrification, a point-charge, or small sphere

supposed uniformly electrified, would nowhere be in

stable equilibrium except in contact with some part of

the electrification
;
and the proposition may be extended

to any electrified body. Hence in the cases here con-

sidered the spheres move along the line of greatest

variation of force towards a place where the force is

numerically greatest. Generally, this is the direction

in which all bodies of small dimensions, placed in the

electric field without charge, tend to move.

By (119) and (120) (K.2
- K^j(^K^ + JT

2)
is the ratio

of the force on a dielectric sphere of specific inductive

capacity K2
to the force on a conducting sphere of the

same radius placed at exactly the same place in the

field of specific inductive capacity Kv
This relation has been used by Boltzmann for the

determination of specific inductive capacities (see

Chap. VII.).

We shall now apply the results stated above to one or

two important cases :

(1) An electric field consists of two regions, one Vacuum

bounded by equipotential surfaces, and filled with a Col

^"1

1

1

ser

dielectric of specific inductive capacity K the same in all Dielectric

directions, and the other, the remainder of the space sp
y
j^

f

within the zero equipotential surface, occupied by a Cap. K.

dielectric of unit specific inductive capacity. It is

instructive to refer this example directly to the thermal

VOL. I. K
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analogy. The analogue of the electrified system is a

geometrically corresponding system of heat-sources arid

isothermal surfaces in a medium of conductivity every/
where unity, except in a region bounded by isothermal

Thermal surfaces, where the conductivity is k. Suppose the

whole medium at first of unit conductivity, and

that then a medium of conductivity 7c is substituted

for the former medium in the space referred to, while

everything else remains unaltered. The effect of in-

troducing the medium of (say) higher conductivity is to

diminish the difference of temperature between the

inner and outer surfaces of the new medium in the

ratio of 1 to k, since everywhere in that medium the

flux along a line of flow becomes kdv/dr, which, as

the generation of heat is unchanged, must be equal to

the former value of dv/dr. Hence also the flux at every

point which is not in the new medium is unchanged,
and we have therefore at every such point the same gra-

dient of temperature as before, arid therefore also the

same difference of temperature as before, between any

point of the system of sources and the inner surface of

the new medium, and between any point in the outer sur-

face of the new medium and the surface of zero tempera-
ture. If then the temperature of the inner surface was

formerly v, and that of the outer surface v', the tempera-
ture of any point of the source has been lowered by the

introduction of the medium of conductivity k by an

amount (v v')(k !)/&.

Layer in In precisely the same way in the electrical problem,
Lowering if ^Q electric charges are kept the same, the electric
Potential . . . . -

-, , T
of System, force at every point inside or outside the new medium
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is unaltered, and, at every point within the substance

of the medium itself is changed from its former value

F to F/K, and the potential of any part of the electrified

system is lowered by the amount (F V'}(K 1)/JT,

where F and V are the respective potentials of the

inner and outer separating surfaces of the media.

If the new medium fill the whole space between the Capacity

electrified system and the surface of zero potential denser

= 0, the potential F of any part of the system has
Dfeleetrw

been diminished in the ratio of 1 to K, and the ofSp.lmi.

charge of the whole system necessary to produce a

given potential at any part of it has therefore been

increased in the ratio of K to 1
;
that is, the electro-

static capacity of the system has been increased in this

ratio.

The same results would be obtained by imagining
EWaatrio

the medium of inductive capacity K replaced by a equivalent

medium of unit inductive capacity, and the internal
^istribu-

and external surfaces of the region electrified so tion of

that the surface density at any point of the inner
tricity.

surface is

,

K-ldV
4f7r dv

and at any point of the outer surface

K-l dV
4>7r dv

where dV/dv is the rate of variation outwards along a

line of force passing through the point taken in the

first case just inside, in the second case just outside, the

K 2
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Dielectric region in question. These being equilibrium distri-

equivalent
butions would not alter the actual distribution, and

to Surface the force inside and outside the region at any point

tion of would be the same as before, while within the region

trfcit"
^ would be diminished at any point in the ratio of

1 to K.

We see in the same way that if the specific inductive

capacities, instead of being 1 and K, were respectively

KI and K< the difference of potential between the two

sides of the layer JT
2
would be less than its value for

the same space occupied by the medium K^ in the

ratio of K^ to K
2 ,

and the density of the imaginary
distribution described in the last paragraph would

be

}

4vr dv

for the inner surface, and for the outer surface

4?r dv

Condenser (2) The same method applies to the case of a
A

oT^vers. neld composed of dielectrics of inductive capacities
of different g g j &c eacri bounded by equipotential surfaces,
Dielectrics

and arranged in this order outwards from the electrified

system, which we suppose in the medium Kr Let V
be the potential of any part of the electrified system,

F! the potential of the outer surface of K^ and the

inner surface of J
2 ,

F"
2

the potential of the outer

surface .of K
2
and the inner surface of JT

3 ,
and so on.

Then if K^ alone were replaced by vacuum, V V^
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would become K^ V V^} the other differences of Condenser

potential remaining- the same as before
;

if K
2 were

then replaced by vacuum, V
l

V
z would become

K.i( F1
F"

2),
and so on. Hence, if all the media were tries!"

replaced by vacuum, the potential of any part of the

electrified system would be changed from V to

K
i(
V-- FO+^CF!- F

2) + &c.

Hence, if G be the new value of the electrostatic

capacity of the system and 0' its former value,

we have

6" K^V-- KJ + AT
2(KX

- V
2) + &c."

Maxwell* has considered a dielectric medium sur- Maxwell's

rounding an electrified system as in a state of strain gtrjjfj

under stresses consisting of a tension (as in a stretched
.

tne

wire or cord) acting at each point along the direction Medium.

of the electric force, and an equal pressure at the same

point in all directions at right angles to that of the

electric force. The amount of the tension and pressure

(each taken in units of force per unit of area) at any

point at which the electric force is F in a medium of

specific inductive capacity K is KF2

/87r ;
that is, equals

(p. 34 above) the electric energy of the medium per

unit of volume at that point.

Further, he has regarded the electric charge of the "Electric

system as the surface manifestation of a change which

took place in the medium when the electrification was

set up. This change he has called Electric Displacement,

*
El. and Mag., vol. i., sec. ed., pp. 59 67 and 153 156.
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and consists in a passage, across every surface drawn in

the medium so as to enclose the electrified system, of a

Electric
quantity of electricity equal to the charge on the system,

ment. so that the introduction of a charged system within a

closed space does not produce any change in the total

quantity of electricity within the space. Thus when

one coating of a condenser is charged positively an

equal quantity of positive electricity passes towards

the other coating across every intermediate surface,

and the charges on the coatings are to be regarded as

the charges of the surfaces of the separating dielectric.

If any change take place in the charge, a corresponding

change takes place in the displacement. Hence when

a quantity of electricity is transferred from one coating,

A, to the other, B, as when charge or discharge takes

place along a wire connecting them, an equal quantity

of electricity crosses every section of the dielectric from'

B towards A. If therefore we regard the process of dis-

placement as an electric current, the dielectric and -the

wire constitute a closed circuit round which a current

passes so long as any change in the electric state of the

system is taking place.

Surface- The magnitude of the electric displacement is KFj^Tr,

^Sric^ an(^ *^e displacement across any element Ss of a surface

Induction, drawn everywhere at right angles to the lines of

induction is KF^sf^ir. The integral of this expression

taken over the surface is the whole quantity of electricity

in the form of a charge within the surface.

The ratio 47r/7Tof the electric force to the electric

displacement Maxwell has called by analogy the

Co-efficient of Electric Elasticity of the medium. In
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virtue of the electric elasticity a force opposing the Electric

displacement is set up which restores the medium to

its former state when the electric force is removed.

In a conducting wire this elastic force is continually

giving way, and being restored by the displacement

continually going on, which therefore constitutes an
- electric current.



CHAPTER II.

THEORY OF FLOW OF ELECTRICITY.

SECTION I.

GENERAL CONSIDERA TIONS. STEAD Y FLO W.

HITHERTO we have been dealing with the statical

phenomena of electricity : it is necessary now, before

entering on the subject of even purely statical measure-

ments, to briefly consider some of the phenomena and

laws of current electricity. We shall not, however, here

deal with any part of the great subject of electro-

magnetism, but reserve that for a special chapter pre-

liminary to an account of electromagnetic measurements.
Pheno- "When two conductors are brought into contact eithermena

attending directly, or by means of an interposed conductor in

of Equt
contact with both, there ensues in all cases in which

libiium the two conductors are of the same material (if not in

Electric all cases whatever) an equalization of their potentials.
System, rp^g equalization does not take place instantaneously,

although for most practical purposes the time during
which the change takes place may be regarded as

infinitely short.

Dimimi- jn every such case there is a diminution of the

Electric electric energy of the conductor which is at the higher

^System

f
P*ential accompanied by a fall of its potential, an
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increase of the electric energy of the other conductor Diminu-

with a rise of its potential, and a diminution of the Electric

electric energy of the whole system. To estimate these Ener yf
n , ,, System.

changes in a specific case we shall suppose that the

conductors are brought, without any change of position,

into contact by means of a thin conducting wire such

that its capacity may be neglected in comparison with

that of either of the conductors connected. After con-

tact therefore these may be regarded as one conductor

with charge equal to the sum of the separate charges
before contact, and capacity equal to the sum of the

separate capacities. Let then Q19 Q2> be the charges of

the conductors before contact, K^ K2 ,
their capacities.

The energy before contact was ^Qf/^ + %Q.j/K<>',

after contact it is (&+ 62)
2
/(^i + ^2)- The diminu-

tion of energy is therefore given by the expression

j,
f 01 . Of _ (Q^QtY \ = ^Ki-QtKtf
*\KiK2 K^K^ *KiKt(Ki+K"

which is essentially positive.

The energy, represented by this expression is trans- Equivalent

formed into heat which, when no magnetic or chemical Lost

work is done, takes the form of heat given out partly

in the intermediate conductor, partly in the conductors

themselves, and partly in a spark when the contact

is made.

The passage to the new state of equilibrium may Deration
J

of Trans-
be made to occupy a longer or a shorter time ac- ition to

cording to the arrangement adopted. For example, if
new state -

the conductors be the opposite plates of a condenser,

and the joining conductor be a long thin wire wound
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into a helix containing an iron core, the time taken to

annul a given difference of potential between the con-

ductors may be made so long as to be capable of exact

measurement.

Electric During the time of transition there is a flow of elec-
'n

tricity from one conductor to another, and this is what

is called an Electric Current.

Measure of The average Strength of Current over any cross-section

Current. f tne conducting wire is measured by the limit towards

which the ratio of the quantity of electricity, which passes

the cross-section in a small interval of time, to the mag-
nitude of the interval approaches as the interval is made

smaller and smaller
;
that is, it is the time-rate of flow

of electricity across the section. Hence, in all cases in

which the current may be regarded as having the same

value at any one instant over every cross-section, the

time-rate at which one conductor loses and at which

the other gains charge is equal to the current. We
shall see later how current-strengths may be measured

experimentally.
Definition The current has the same value at every cross-
of Steady .

J

Current, section when the capacity of the connecting conductor is

negligible in comparison with that of each of the con-

ductors connected, and also when the current is steady ;

that is, when its value for any one cross-section does

not vary with the time
;
but in many cases of currents

of very short duration the assumption of the fulfilment

of this condition must be regarded as giving results

which are only approximately true, and in other cases,

for example that of a submarine cable, cannot be made
at all.
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When, however, this condition is fulfilled, we see that Hydro-
, , . P kinetic

an electric current may be compared to a current of an Analogy,

incompressible fluid between two vessels communicating

by a rigid canal, which opens only into the vessels and

is kept full by the current. The difference of potentials

between the conductors is analogous to the difference

of pressures between the two vessels, and the current

across any section of the conductor to the time-rate of

flow of the fluid across any section of the channel.

Since the fluid is incompressible and the channel is

kept full and unaltered in dimensions, the time-rate of

flow, however it may vary with the time, will have at

any one instant the same value at every cross-section.

The time-rate of loss of energy at any instant is Time-rate

plainly equal to the product of the current and the dif-
Energy.

ference of potentials between the conductors. Denoting
the potentials of the conductors by V^ and F

2 ,
and the

current or time-rate of loss of charge by 7, and using A
to denote time-rate of working, or Activity, we have for

this case

A = (V,- F
2)y (2)

This expression is of course precisely similar to that

which in the hydrokinetic analogy expresses the rate of

working of the current of fluid.

The flow of electricity in bodies is also exactly analo- Analogy of

gous to the conduction of heat and to the diffusion of Thermal

liquids and gases, and the mathematical theory common Conduc-

to these two classes of phenomena may be used also to

give results in the electrical problem. We shall see

below that the amount of flow depends on the nature

of the substance exactly as the flow of heat depends on
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Analogy of the thermaj conductivity of the substan.ce. In fact, if

Thermal we take a difference of temperature as the analogue of
C
tion

UC "

a difference of potentials, rate of flow of heat across an

area as the analogue of an electric current, and con-

ductivity of a substance for heat (taken as independent
of temperature according to Fourier's supposition) as

the analogue of a quantity which we call the Specific

Electric Conductivity of a substance, we may transfer the

equations of heat conduction bodily to the theory of flow

of electricity. For example, the theory given in Section

V., Chapter I., for electrostatic induction in different

media, can be at once translated into a theory of electric

flow, or, as it is also called, conduction of electricity, in

different media
;
and we shall see below that the results

of that section are available without modification.

The analogies we have referred to are only some of

those which exist between the mathematical theories of

electricity and magnetism, the motion of fluids (in-

cluding diffusion), and the conduction of heat
;
and it

seems highly probable that some of these analogies are

consequences of hitherto undiscovered mutual relations

of the phenomena.
Electric It is found experimentally by measuring with a deli-

Resistance t ,

of a cate electrometer, that between any two cross-sections

Linear ^ an(j # of a homogeneous wire, which is not in motion
Conductor. &

in a magnetic field, and along which a steady current

of electricity is kept flowing by any means, there

exists a difference of potentials, and that if the wire

be of uniform section throughout, the difference of

potentials is in direct proportion to the length of wire

between the cross-sections. It is found, further, that if
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the difference of potentials between A and B is kept ^Electric

constant, and the length of wire between them is altered, ofa^
the strength of the current varies inversely as the length

Linear

of the wire. Again, if the length of wire and the dif-

ference of potentials between A and B be kept the same

while the cross-sectional area of the wire is increased or

diminished, the current is increased or diminished in

the same ratio. Hence the wire is said to oppose to the

current a resistance which is directly proportional to the

length of wire between the two cross-sections, and

inversely proportional to the cross-sectional area of

the wire.

If for any particular wire measurements of the current

strength in it be made for various measured differences

of potentials between two cross-sections, the current

strengths are found to depend only on, and to be in

simple proportion to, the differences of potential so long

as there is no sensible heating of the wire.

If 7 be put for the strength of the current flowing in Ohm's

a wire of resistance E between two cross-sections at

potentials FI}
F

2 respectively, these results are all ex-

pressed, and unit resistance is defined, by the equation

This is equivalent to a relation given by G. S. Ohm,*
and is hence called Ohm's Law. Ohm used the expres- Force

sion
"
Gefalle der Elektricitat

"
for a quantity which,

in the earlier works which appeared after the publication

of his essay, was called
"
Difference of Tensions," but

* Die Gahanische Kette mathematisch bcarbcitd, Berlin, 1827.
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Electro- which is now recognized as proportional to V
l

F
2 ;

Force
6

and it is still usual to give a special name to difference

defined. of potentials when considered in connection with the

flow of electricity. Thus the name Electromotive Force

is frequently given to the difference of potentials between

two points or two equipotential surfaces in a homo-

geneous conductor, when thus considered with reference

to flow of electricity from one to the other, and in

accordance with custom and authority the term may be

thus employed. A somewhat more general sense in

which the term is used will presently be explained.

It is to be carefully remembered, however, that electro-

motive force is not a, force : the two words must be taken

together as a single term having the meaning assigned

to it in its definition.

A constant difference of potentials may be main-

tained between the extremities of a homogeneous

conductor, and therefore also a current maintained in

the conductor, in several different ways : for example,

by a voltaic battery, a thermo-electric pile, or a dynamo-
electric or magneto-electric machine. Particulars re-

garding different forms of voltaic batteries, and the

practical construction of other electric generators, are

given in various treatises
;
at present we deal only with

principles which are generally applicable, reserving for

consideration later their applications in particular

cases.

Equation (3) is not fulfilled in general by a con-

motive" ductor made up of different homogeneous portions, put
Force in a en(j to end, or by a conductor moving across the lines of

ductor. force of a magnetic field. For such cases
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V
l

- V E
,_ ,

Electro-

7 = - -Si :- -Hp (3a) motive
** *> Force in a

where Fp F
2
denote as before the potentials at the

d
Con ~

extremities of the conductor, and E the sum of the

resistances of the homogeneous portions of the conductor

in the former case, or the actual resistance of the con-

ductor in the latter. The conductor in such cases is

said to contain, or to be the seat of, an electromotive

force E, or (as frequently in what follows) an electro-

motive force E is said to be in the conductor. The total

electromotive force producing a current in the conductor

is now Vl
F

2 -H E. Since in a heterogeneous conductor

(3) applies in the first case to every part, except any,

however small, which includes a surface of discontinuity,

the electromotive force is said to have its seat at the

surface or surfaces of discontinuity. In the other case

electromotive force has its seat in every part of the

conductor moving in the field, according to a law which

we shall afterwards discuss.

In a circuit composed of different homogeneous con-

ductors let adjacent points be taken on opposite sides of

each surface of continuity, and let the difference of

potentials between the pair of points in each conductor

be measured; the sum of these differences taken in
Applica-

order round the circuit is equal to the sum of the parts
tijjn

of

of E contributed by the discontinuities. For going Law to

round in the direction of the current from a point (not ^^J
in a surface of discontinuity) to the same point again Circuit,

we have F^
= F

2
and
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^Total But denoting the successive homogeneous conductors in

motive their order round the circuit by the suffixes 1, 2, .... n,
F r e and the differences between their extremities by

Circuit. V,-V V - V V - V'1 1' 2 '%> r n n
>

and the corresponding resistances by J?
1 ,

_Z2
, .... JRn ,

we
have

V,~V\ V-V\ Vn-V'n 2(F-F'),Q
7 = * -1 =' -TT-- =

.
-

~^p
~

(&*)
-tij -O/2

** **

Hence

.# is called the total electromotive force in the circuit,

or simply the electromotive force of the circuit.

In Chapter VIII. will be found an account of experi-
mental methods used for the verification of Ohm's Law,

and details as to its application to chains of conductors

of different substances. We will consider here as an

example of the principles just stated its application to

the case of a simple voltaic cell composed of two plates of

dissimilar metals connected by a liquid, for example,

copper and zinc immersed in hydrochloric acid, and

connected externally by a copper wire.

Case of Let c and z denote the copper and zinc plates, I the

Voltaic liquid between them. By the theory of the voltaic

Cell. cell now generally adopted, there is a certain finite

difference of potential on the two sides of the junction

of the dissimilar metals, and on the two sides of each

junction of a metal with the liquid. We may suppose
for simplicity the plates to be such that they add no

sensible resistance to the circuit, and that therefore the

potential may be taken as the same at every point
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of each. Let Va denote the potential of the copper Case of

plate ;
Vb the potential of the copper wire close to its Vottaic

junction with the zinc plate ;
Viz the potential of the Cell,

stratum of the liquid close to the zinc plate ;
and

Vic the potential of the stratum of the liquid close to

the copper plate. The difference of potentials between

two points in the copper conductor near its ends is

therefore Va V^ and that between the two isdes of

the liquid is Viz V lc . Both of these differences are

positive, and the current flows from the copper plate to

the zinc plate through the wire, and from the zinc plate

to the copper through the liquid. Further it is an

experimental fact, as we shall see later, that the current

across any cross-section is the same at every part of the

circuit. Calling R the resistance of the copper con-

ductor joining the plates, and r the resistance of the

liquid of the cell, we have by (3)

V V V V
R r

and therefore also

V Vi 4- Vi - F,
ry
- V a V lc ^ y lz 1*.

/
~~ P I /V.

But Va
- Vlc is the finite difference between the

Ele tr -

IDOtlVG

potential of the copper plate and that of the liquid in Force of

contact with it, and Vic Vb is similarly the difference

between the potential of the liquid in contact with the

zinc plate and that of the extremity of the copper wire

adjacent to the zinc plate, and tlie sum of these two

VOL. I. L
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differences constitutes what is called the Electromotive

Force of the cell. Calling this E, we have

v-TFTr
.....

'

^
Any other case, however more complicated, might be

treated in a similar manner.

Distribu If V be the difference of potentials between any two

Potential points in the copper wire, R the resistance of the wire
in Circuit, between these two points, and r the remainder of the

resistance in circuit, we have from the equations

V E
7 ~ _

"32"

~~
R +

the result

Activity The activity in the wire is by (2)
in Circuit.

J J ^ '

and for the whole circuit

E 2

A = Ey^~ ..... (7Us)

By (7) the activity in any wire not containing an

electromotive force can always be found, whatever be

the arrangement of which it forms part. The activities

in the different parts of more complicated circuits con-

taining electromotive forces of different kinds will

be considered in the chapter on the Measurement of

Electric Energy.
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If instead of a single cell we have a battery of several Electro-

cells, its electromotive force is found in exactly the same Force and

manner by summing all the finite differences of poten-
Cl"'r nt

.

of

tial at the-surfaces of separation of dissimilar substances Battery:

in the circuit. Hence if there be n cells in the battery

joined in series, that is to say the zinc plate of the first Arrange-

cell joined to the copper plate of the second cell, the 1?e

JV

t in

zinc plate of the second to the copper plate of the third,

and so on to the last cell, the total electromotive force

of the arrangement, if the cells have each the electro-

motive force E, is nE. If the copper plate of the first

cell and the zinc plate of the last be joined by a wire,

and R denote as before its resistance, r the internal

resistance of each cell, a current of strength 7 given by
the equation

will flow in the wire. This equation may be written

E
JS

which shows that when n is so great that Ejn is small

in comparison with r, little is added to the value

of 7 by further increasing the number of cells in the

battery.

The method of joining single cells in series is advan-

tageous when E is large, but when R is comparatively

small it fails as shown above, and it is necessary then to Multiple

diminish r as much as possible. The value of r is, for

cells in which, as is generally the case, each plate nearly

L 2
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Arrange- covers the cross-section of the liquid, nearly in the

Multiple
inverse ratio of the area of the plates, and directly as

Arc - the distance between them. Hence, by increasing the

area of the plates and placing them as close together as

possible, the resistance may be diminished. One large

cell of small resistance may be formed of several small

cells by putting all the copper plates into metallic con-

nection with one another, and similarly all the sine

plates. Several compound cells of large surface thus

made may be joined in series. The electromotive force

of each compound cell will be E as in a simple cell, but

if m cells be joined so as to form one compound cell

its resistance will be r/m. If n of these compound cells

be joined in series, we have, calling the total external

resistance E,
n E m n E

ry zr:
I ')

r m R + n rE -}- n-m

Condition jf _g be no^ too great, and we have a proper number

Maximum of cells, it is possible to arrange the battery so that 7

through
may kave a max imum value. There being m n cells

given in the battery the numerator of the above value of 7
jQ

does not change when the arrangement of cells is varied,

and therefore, in order that 7 may have its greatest

possible value, m R + n r must be made as small as

possible. But identically,

m E + n r = (v m R \/ n r)
2 + 2 J m n E r.

As the last term on the right-hand side does not vary

with the arrangement of the battery, it is plain that

\
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.??i R + nr will have its smallest value when *JmR Jnr
vanishes, that is when m R = nr Q?R nr/m, or, in words,

when the total external resistance of the circuit is equal

to the internal resistance of the battery. It may not

be possible in practice so to join a given battery as to

fulfil this condition, but if the strongest possible current

is required it should be fulfilled as nearly as possible.

This method of arranging the battery is called joining

it in multiple arc.

It is to be carefully observed that this theorem applies Condition

only to the case in which we have a given battery and

have to arrange it so as to produce the greatest current Current

-^ i i r- n n t that

through a given external resistance H
;
and the fallacy for

is to be avoided of supposing that of two batteries of Maximum
rr <-

Efficiency.

equal electromotive force, but one having a high, the

other a low, resistance, the former is better adapted for

working through a high external resistance. Nor is

this method of using the battery to be confounded with

the most economical method. By this arrangement the

greatest rate of working in the external part of the

circuit is obtained; for by (7 bis) the total rate of

working is nEy, and the part of this which belongs
to the external conductor is mnEyRj(mR + nr\ which

is a maximum under the same conditions as 7. As

much energy is thus given out in the battery itself as in

the external resistance, and it is plain that for economy
as little as possible of the energy of the battery must

be spent in the battery itself, and as much as possible in

the working part of the circuit. Hence for economical

working the internal resistance of the battery and the

resistance of the wires connecting the battery with the
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working part of the circuit must be made as small as

possible. We shall return to this question in a later

chapter.

Theory of We shall now consider shortly the theory of a

Linear
sys^em f linear conductors (homogeneous wires of

Con- uniform section) in which steady currents are
ductors. n

flowing.

FIG. 33.

Principle jt |iag been stated above that when a steady current
of Con-

.

J

tinuity. is kept flowing across any cross-section of a conductor,

the current strength is the same across eyery other

section of the conductor; or, in other words, that the

flow of electricity at any instant into any portion of

the conductor is equal to the flow out of the same por-

tion. This is what is called the principle of continuity

as applied to the case of a steady flow of electricity.

By the same principle we have, in the case in which

steady currents are maintained in the various parts

of a network of conductors, the theorem that the

total flow of electricity towards the point at which

several wires meet is equal to the total flow from

that point. Thus the current arriving at A (Fig. 33)

by the main conductor is equal to the sum of the

currents which flow from A by the arcs which connect

it with B.
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By Ohm's law, if two points A and B, between which Equi-

a difference of potentials V is maintained, be connected Resistance

by two wires of resistances r and r
2 ,
the current in that M [tt

8
l6

of resistance TI will be F/rx
and in the other F/r2

. But Arc.

if 7 be the whole current flowing in the circuit we have

by the principle of continuity

V V V

where R is the resistance of a wire which might be sub-

stituted for the double arc between A and B without

altering the current in the circuit. Hence,

and (10)

The reciprocal of the resistance E of a wire, that is, \jE, Definition

is called its conductivity. Equation (9) therefore affirms

that the conductivity of a wire, the substitution of which

for r
x
and r9 between A and B, would not affect the

current in the circuit, is equal to the sum of the con-

ductivities of the wires i\ and r
2 . From equation (10)

we see that the resistance R of this equivalent wire is

equal to the product of the resistances of the two wires

divided by their sum.

If for r
2 we were to substitute two wires having an

equivalent resistance, so that A and B should be con-

nected, as in Fig. 33, by three separate wires of resistances
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r
i<
r
z>
T
z>
we should have in the same manner for the

current in rv Vjr^ ;
in r

2 , V/r2 ;
in ry V/r^ and

. . . (n)V tf If

E =

Con- Generally, if two points A and B are connected by a
UC
and

y
multiple arc consisting of n separate wires, the conduc-

Resistance
tivity of the wire equivalent to the multiple arc connec-

Multiple tion is equal to the sum of the conductivities of the n
"A-rc*

connecting wires
;
and its resistance is equal to the

product of the n resistances divided by the sum of all

the different products which can be formed from the n

resistances by taking them n 1 at a time.

As a simple example, we may take the case of a

number n of incandescence lamps joined in multiple arc.

If the resistance of each lamp and its connections be r,

the equivalent resistance between the main conductors,

the resistance due to the latter being neglected, is by

(11) rnlnr
n - 1 =

r/n. Thus if r be 60 ohms when the

lamp is incandescent, and there be twenty lamps, their

resistance to the current will be 3 ohms.

Total By the considerations stated above, we at once deduce

Electro- from Ohm's law the following important theorem.* In

Force in any closed circuit of conductors forming part of any
~.

ail
-Y . linear system, the sum of the products obtained by mul-

Network tiplying the current in each part, taken ih order round
of Con-
ductors. * This theorem and the application of the principle of continuity

were first stated explicitly by Kirchhoff, Pogg. Ann. Bd. 72, 1847, also

Ges.Abhand.,^. 22.
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the circuit by its resistance, is equal to the sum of the

electromotive forces in the circuit. This follows at once

by an application of Ohm's law to each part of the

circuit, exactly as in the investigation in p. 145 above of

the electromotive force of the circuit composed of a

cell and a single conductor.

As an example of a circuit containing no electro-

motive forces, consider the circuit formed by the two Examples,

wires (Fig. 33) of resistances r
lt

r
2 joining AB. We

have, for the current flowing from A to B through rv
the value Vjrl ;

the product of this by r^ is V
;
for the

current flowing from B to A through r
2
we have V\ry

and the product of this by r
2

is V: the sum is

V - V or zero. As another example, consider the

r
6

FIG. 34.

diagram, Fig. 34, of resistances r
lt
r
2 ,
r
3 , r, r

5 ,
between

the two points A and B. By what we have seen, if

Va
,
F6

, Vc, Vd, be the potentials at A, B, C, D,

respectively, the current from A to C is ( Va

from C to D
(
Vc
- Fd)/r5 ,

and from D to A ( Vd
- F)/r2

.

Hence, taking the sum of the products of these current
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strengths by the corresponding resistances for the circuit

ACDA, we get

Va
- Vc + Vc

- Vd + Vd
- Va = 0. . . (12)

Problem To illustrate the use of the principles which have

Points been established, we may apply them to find the

joined by CUrrent strength in r. (Fig. 34) when r
fi
contains a batteryNetwork 5 v & / 6 J

of Five of electromotive force E. Let r
B
be the resistance of the

ductors battery and the wires connecting it with A and B, and

let 71? 72 , &c., be the strengths of the currents flowing

in the resistances rv r.
2 , &c., respectively, in the directions

indicated by the arrows. By the principle of continuity

we get

73
=

7i
- 75 )

74
= 72 + 75

f
..... (13 )

76
=

7i + 72
'

Applying the second principle to the circuits BACB,

ACDA, CBDC, and using equation (12), we obtain the

three equations,

7i fa + r
3 + T

Q) + 72
r
6
-

7&r3
= E

7l r
B

~ W\ ~ 75

Eliminating 7l and 72 ,
we find

where

Z> - r
5
r
6 (rx + rz + r

s + r
4) 4 r

5 (^ + r
3) (rz



SUPERPOSITION OF STATES OF A LINEAR SYSTEM. 155

By substituting for 72
in the second and third of ProMcm

equations (14) its value j6
-

<yv we get, p
f

jn
joined by

%(ri + ^ + 7.r. -7.'.- I
(17) *g*

7i 3 + O -
75 0*3 + n + ^5)

- 76 4
= J Con-

ductors.

From these we obtain by eliminating yp

=

By means of equations (15) and (18) we can very easily

solve the problem of finding the equivalent resistance

of the system of five resistances r
lt

r
2) &c., between A

and B. For let J? be this equivalent resistance, since

76
is the current flowing through the battery, we have

76
=

E!(TQ -f E). Substituting this value of j6
in (18),

equating the values of y5 given by (15) and (18), and

solving for R, we get

R = r
5 (i\ + r

8) (r, + r
4) + r,r3 (rg + r

4) + r,r4 (r, + r
3)

r
6 (r, + r

z + r
s -i- r4) + (rx + r

2) (rs 4 rJ

It follows from Ohm's law, and the theorems which
Principle

have been deduced from it, that any two states of a of s
.

u
.l
jer -

positioii.

system of conductors may be superimposed; that is,

the resulting potential at any point is the sum of

the potentials at the point, the current in any con-

ductor the sum of the currents in the conductor, and

the electromotive force in any circuit the sum of the

electromotive forces in the circuit, in the two states of

the system.

The following result, which is a direct inference from
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the foregoing principles, and can be verified by experi-

ment, will be of use in what immediately follows.

Result of Any two points in a linear circuit which are at

Principles
different potentials may be joined by a wire without

altering in any way the state of the system, provided
the wire contains an electromotive force equal and

opposite to the difference of potential between the two

points. For the wire before being joined will in con-

sequence of the electromotive force have the same

difference of potentials between its extremities as there

is between the two points, and if the end of the wire

which is at the lower potential be joined to the point

of lower potential it will have the potential of that

point, and no change will take place in the system. The

other end will then be at the potential of the other

point, and may be supposed coincident with that point,

without change in the state of the system. The new

system thus obtained plainly satisfies the principle of

continuity, and the theorem of p. 152 above, and is there-

fore possible ;
and it can be proved that it is the only

possible arrangement under the condition that the state

of the original system shall remain unaltered.

As a particular case of this result any two points in

a linear circuit which are at the same potential may
be connected, either directly or by a wire of any resist-

ance, without altering the state of the system.

Further, it follows that if an electromotive force in one

conductor, A, of a linear system can produce no current

in another conductor, B, of the system, either con-

ductor may be removed without altering the current in

the other. For let the conductor, A, be removed : the
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potentials at the points of the system at which it was Result of

attached will in general then be altered. And since
Principles!

any two points in a linear system between which there

is a difference of potentials may, without altering the

state of the system in any way, be joined by a wire

which contains an electromotive force equal and opposite

to the difference of potentials, we may suppose the

conductor replaced with an electromotive force in it

equal to the difference of potentials now existing

between the two points, and its presence or removal

will not affect the current in any part of the system.

But the same result may be attained, of course, without

removing the conductor, by simply placing within it

the required electromotive force, and this by hypo-
thesis does not affect the current in the other conductor.

Hence the removal of the conductor, A, does not affect

the current in the other. Again, by the first reciprocal

relation below (p. 159), if an electromotive force in A
can produce no current in B, an electromotive force in

B can produce no current in A. Hence the same proof
shows that B may be removed without affecting the

current in A.

If A, B, C, D be four points of meeting in a net- Theorems

work of linear conductors, in one wire of which joining J^KwaSc
AB there is an electromotive force, while CD is con- of Con-

nected by one or more separate wires, the network can

be reduced to a system of six conductors arranged as

in Fig. 34, and such that the wires AB, CD, the currents

in them, and the potentials at their extremities remain

unchanged. For currents will enter any one mesh of

the network at certain points and leave it at certain
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Theorems other points. One of the former points must be the

artwork point of maximum potential in the mesh, one of the

of Con- latter the point of minimum potential. The circuit of

the mesh, therefore, consists of two parts joining these

two points, and to any point in one of the parts will

correspond a point of the same potential in the other

part. We may therefore suppose every point in one

in coincidence with points of the same potential in the

other
;
that is, the mesh replaced by a single wire joining

the two points, and such that the currents entering or

leaving it by wires joining it to the rest of the system,

and the potentials at the points of junction, are not

altered.

Since the only electromotive force is in the wire AB,
the current must enter the network at one of its

extremities, A, say, and leave at the other extremity, B.

A and B are therefore the points of maximum and

minimum potential of the network. Hence we can

replace the meshes of the system one by one by single

wires, keeping CD unaltered until we have reduced the

network to two meshes, one on each side of CD, con-

nected by single wires to A and B respectively. Each

mesh and connecting-wire can be replaced by two wires

joining A and B respectively with CD, and thus the

whole system is reduced to an equivalent system of the

form shown in Fig. 34. We can now deduce from this

simple system relations for the currents and potentials

in the conductors AB, CD, which will hold for these

conductors in the more complex system.

Let the electromotive force hitherto supposed acting

in AB be transferred to CD, while the resistances
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r
5 ,

T
Q

are maintained unaltered. The value of 76
will Theorems

be obtained from (15) by retaining the numerator un- ^Xi'two'ik

altered and interchanging r, and r
fi ,

r, -f r9 and r, -+ r3 ,
?
f
p
on -

1
-.

* ductors.

r
s 4. 7-

4
and r

2 -f- r
4

in Z>. But these interchanges

will not effect any alteration in the value of D, and

hence the new value of JQ
is equal to the former value

of 75
. Hence the theorem : An electromotive force

which, placed in any conductor GI of a linear system, Relation.

causes a current to flow in any other Cp would, if

placed in CP , cause an equal current to flow in C\.

If the arrangement is such that when the electro- Conjugate

motive force is in GI the current in Cm is zero, the current

in GI will be zero when the electromotive force is in

Gm ;
and no electromotive force in one will produce

a current in the other. The two conductors are in

this case said to be conjugate.

We can easily obtain another important theorem.

The five conductors AC, AD, EG, BD, CD, in Fig. 34

may be regarded as the reduced equivalent of a network

of conductors, at one point of which, A, a current of

amount y6 enters, and at another point of which, B,

the same current leaves. Multiplying the expression

for 75 by r
5, we get for the difference of potentials

between G and D the value

~ =

But the resistance of the system of five conductors,

between the points CD, is

g- + y^ +
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Conjugate and if a current of amount 76
enter at and leave at

ductors. A the difference of potentials between C and D will

be equal to this expression multiplied by j6
. The

product multiplied by rj^ + r
2)

is the difference of

potentials between C and A, and multiplied by
r
s/(r3 + r

4)
is the difference of potentials between

C and B. Hence the difference of potentials between

A and B is the difference of these products, or

the same value as that given in (20) for the difference

of potentials between C and D. Hence the theorem :

Second . . , ,.

Reciprocal 11 to a current entering at one point A ot a linear

Relation.
SyStem and leaving at another point B, there correspond

a certain difference of potentials between two other

points C and D, then to an equal current entering the

system at C and leaving at D there will correspond

the same difference of potentials between A and B*
Effect of The following result is easily proved, and is frequently

of a Single useful. If the potentials at two points A, B, of a linear

Linear
system ^ conductors containing any electromotive forces,

System, be V, V respectively, and R bethe equivalent resistance

of the system between these two points, then if a wire

of resistance, r, be added, joining AB, the current in

the wire will be
(
V V)j(R + r). In other words the

linear system, so far as the production of a current in

* The theorems just proved have been obtained in different ways by
Kirchhoff (Pogg. Ann. Bd. 72, 1847, and Ges. Abliand. p. 22), and

Maxwell (El. and Mag. vol. i., p. 371) from a consideration of the

general theory of a linear system.



STEADY FLOW IN NON-LINEAR CONDUCTORS. 161

the added wire is concerned, may be regarded as a single Effect of

conductor of resistance R connecting the points AB and Ofal^igf
containing an electromotive force of amount V V. w

.

ire to

For let the points A and B be connected by a wire System.

of resistance r, containing an electromotive force of

amount V V opposed to the difference of potentials

between A and B, no current will be produced in the

wire, and no change will take place in the system of con-

ductors. Now imagine another state of this latter system

of conductors in which an equal and opposite electro-

motive force acts in the wire between A and B, and

there is no electromotive force in any other part of the

system. A current of amount
(
V V)/(B + r) will

flow in the wire. Now let this state be superimposed
on the former state, the two electromotive forces in the

wire will annul one another, and the current will be

unchanged. The potentials at different points, and the

currents in different parts, of the system, will be the

sum of the corresponding potentials and currents in the

two states, and will therefore, in general, differ from

those which existed before the addition of the wire.

So far we have considered only cases of steady flow in con- Steady
ductors which are called linear that is, conductors for which it is Flow Ir

convenient to consider the total current flowing from one equi- Non-
potential surface to another, and when no electromotive force has Linear
its seat in this position of the conductor, to take the ratio of the Conduc-
difference of the potentials of the surfaces to this total current as tors.

the resistance between the surfaces. It is of importance, how-
ever, for the comparison of experiment with theory, to consider
the distribution of the flow throughout conductors, and the
forms of the equipotential surfaces in different cases, and for

this purpose it is necessary to find the differential equation of
the potential for the case of steady flow in any one medium, and
from one medium to another. We shall consider only isotropic

VOL. I. M
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media. The theory given above (pp. 103-105) for the flow of

heat is directly applicable.
Ohm's Assuming what is the fundamental principle of the theory of

Law; Non- Ohm, that the rate of flow of electricity at any point, x,y, z, in any
Linear direction is directly proportional to the gradient of potential at
Conduc- that point and in that direction, we have for the flow of electricity
tors.

per un^ Of time per unit of area in each of three mutually

rectangular directions in an isotropic medium the values

dv dr dr.
- k~r' - k-r' - Tc >

dx dy dz

since the flow takes place in the direction in which V diminishes.

The coefficient k is the Specific Conductivity of the material, and is

measured by the reciprocal of the resistance between two opposite
faces of a centimetre cube of the substance.

Considering now an elementary rectangular parallelepiped

having edges of lengths dx, dy, dz, and its centre at #, y, z, and

containing within it no electromotive force, we get for the flow in

the direction of x into the element the value

and for the flow out of the element across the opposite face

Proceeding in the same way for the other two pairs of faces, we
get for the total excess of inflow above outflow

If the flow is steady this must be zero, and we have

that is, Laplace's equation holds for this case. The electric

density is therefore zero in the interior of such a conductor.

Surface" At any point of a surface which separates a medium of con-

Character- ductivity k from one of conductivity 2 ,
we have the equation

(22)

where dVJdv^ dVjdv^ are the rates of variation outwards from the

surface along normals v^ va drawn from the point into the media.
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Putting k
z
=

0, we get for the equation at the surface separating
conducting medium from one of zero conductivity

dV
TV
-T- =

(23)

Surface
Character-

istic

Equation.

or the component of flow at right angles to the surface is zero
at every point on the surface.

If on the surface of
separation between the media there be an

electromotive force E acting from the medium of conductivity 2

to that of conductivity k^ we have besides (22) the equation

F! -
V^

- E = (24)
where F\ t V^ are the potentials at the point but on opposite sides

of the surface of separation.
These differential equations are precisely similar to the equa- Electro-

tions obtained (pp. 102 et seq.) for electrostatic phenomena from static

the thermal analogy, and the solutions are, with the substitution Analogy,

simply of the analogues of certain quantities, at once interpretable
for flow of electricity. These substitutions are specific con-

ductivity for specific inductive capacity, flow of electricity per
unit of area per unit of time for electrostatic induction, and line

or tube of flow, for line or tube of force.

We shall consider in addition one or two simple and interesting
cases.

1. An annular space contained within two cylindric surfaces is Particular

filled with a conducting liquid, and the inner and outer sur- Cases of

faces are maintained at given potentials : it is required to find Flow,

the resistance of the liquid for conduction between these two
surfaces.

Let the inner and outer radii of the space be denoted by r,, r2,

and the distance of any point from the common axis by r. We
may take the flow as everywhere radial between the two cylinders.

Laplace's equation (21 ) becomes

'<-* <K>dr* r dr

By integration this gives

dV
r~r = A
dr (26)

and V = A log r + B ...... (27)

Hence if F
ly V^ be the inner and outer potentials we have by (27)

= A log r? + B ;

M 2
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Particular and therefore
Cases of r
Non-

V,
- ^^log-1 ..... '. (28)

Linear r2

Flow '

But if / he the length of the cylinder, 7^
the greater potential,

and k the specific conductivity of the liquid, the total current

is - 'fakir . dFjdr or - Z-nklA. Hence we have

The expression on the right is the total resistance of the liquid
for conduction between the two cylinders, and depends only on the

ratio of the two radii, and not on their absolute amounts. This

is the case of the column of liquid between two coaxial cylindric

plates in a voltaic cell. This result might have been obtained

by interpretation from the equation for V, p. 56 above.

Small 2. Two small highly conducting spherical electrodes kept at

Spherical different potentials are buried in an infinitely extending con-
Electrodes ductor of comparatively much lower specific conductivity k :

in
.

it is required to find the resistance between the spheres.
Infinite rj<he potential of each sphere must be nearly the same through-
Medium. Qut jtg masg> anci if the distance apart be great in comparison

with the potential at any point in the neighbourhood of either,

will be nearly in inverse proportion to the distance of the point
from the centre of the sphere. Thus if Vv Vz

be the potentials
of the spheres in order of magnitude, and r,, r2 the radii, the

potential at such a point will be F^/r in one case and FJr in the

other if r be the distance of the point from the sphere in ques-
tion ;

and the corresponding outward gradients of potential

dV\dr, dVldr will be -
Fj//

2
,- T2/r

2
. This gives at the surfaces

of the electrodes the values - Fjrf and -
FJr^. The outward

flow from the sphere of higher potential is therefore ^irkV^ and

the inward flow over the other 47rF2 . Hence if y be the total

current, we have

y = 2^(ri
- F

2}.

For the total resistance R to conduction from one sphere to the

other we get

T V 1

* = -1
l-'

=^ (30)

a result independent of the radii of the spheres and of the

distance between them. The result is of interest in connection
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Small
Disc-

Infinite

Medium.

with the "
earthing

"
of telegraph-wires arid other conductors, for

\ve infer that the resistance between two electrodes buried in the

earth is practically independent of their distance apart.
If the conductor were separated into two parts by a plane

passing through the centres of the spheres, the resistance between
the hemispherical electrodes in each part would be double that

given by (30), or Ijivk.

3. The same case as in 2, except that the electrodes are circu-

lar discs. Supposing, as before, the electrodes to be at a distance

great in comparison with either disc, the distribution of potential
Electrodes

in the medium surrounding either is the same approximately as

it would be if the electrode were alone and charged in an infinite

medium. Let 7^, r2 be the radii of the discs, Fj, Fz their potentials
in order of magnitude. If a- be the electric surface density at any
point on the surface of the disc at potential F^ then the outward
normal component of electric force - dFjdv = 47T0-. Hence inte-

grating over the whole disc (both faces), and putting Q for the

whole charge, / ds. dF/ dv= 4irQ. But the total outward flow

is y= -kfds. dVldv = 4<rrkQ
= SkF^ [by (55) p. 53 above]. In

the same way from the other disc y = 4nkQ2
= - 8kFzr2 . Hence

(31)

Since F^i = Fzr<2
this gives

R =

We infer that the parts of R due to the respective discs

are l/Sfcr-j and !/8&r2 .

If the discs lie in the bounding surface conduction takes place
from only one face of each, and the value of R is twice that just
obtained.

This result gives an inferior limit to the correction to be made Correction
on the resistance of a cylindrical wire which is joined to a large for

mass of metal.* Let the junction be made by a thin disc of Massive

perfectly conducting matter. The end of the wire will be brought Electrode

to one potential, and therefore its conducting power up to the joined to a

disc fully made use of. Hence an inferior limit to the correction "ire.

is an addition of l/4kry to the resistance, or if Tc be the conduc-

tivity of the wire, of 7rk'r/4k to the length. Lord Rayleigh has

given -8242 k'r/k as a superior limit to the addition to the length.

*
See Maxwell, El. and Mag. vol. i. pp. 396, 397 (sec. ed.).
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SECTION II.

Variable
Flow of

Electricity

Problem of

Single-
wire sub-

terrene or

submarine
Cable.

Linear

Flow.

VARIABLE FLOW.

HITHERTO we have been dealing with cases in which the time-
rate of variation of the electric flow is zero, and have seen that
the theory of such cases is analogous to that of the steady flow
of heat. We shall now consider cases of variable flow under
the conditions stated above that no effect of electromagnetic or

peristaltic induction is taken into account. The theory of such
cases is also analogous to that of the flow of heat, in fact we
have only to modify Fourier's solutions for the variable flow of

heat to suit the particular electrical problems which it is most

important to solve. The justification of this process is of course,
as in other cases, to be found in the agreement of the results with
those of experiment.
We consider first the following problem, which is that of a

single-wire telegraph cable : A homogeneous wire of uniform

cross-section, covered uniformly with a coating of material of

comparatively small conductivity the external surface of which
is kept at zero potential, has one end brought to a potential

fulfilling some specified law of variation and existing for a stated

interval of time, while the other end is maintained at zero

potential ;
it is required to find the potential and current at any

point in the wire at any specified instant*
The equipotenlial surfaces in the wire, it is evident, will not

differ sensibly from planes at right angles to the axis, and we
may therefore take the potential as having the same value at

every point of any such cross-section. By Ohm's Law the flux

of electricity across a cross-section at which the potential is V
is (p. 162 above) - k dVldx. Let A, 3, C be three cross-

sections in the wire in the order from left to right, and let the
distance of S from A, and of C from B, be very small and equal
to $&F, so that &zr is the distance of C from A. If dV\dx be the

gradient of potential at B the gradient at A or at C is given by

* The electrical constants of the sending and receiving apparatus are

here neglected. In practice, except in the case of a long cable, these

constants must be taken into account. Some further treatment of

this subject will be given in a later chapter.
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according as the upper or lower sign is taken. Taking now
for convenience k as the conductivity of the conductor per unit

of length, we have by Ohm's law for the flow towards the right
across A and C respectively the expressions

The flow across the outer surface is proportional to the

difference of potentials between the wire and the external

surface of the coating, that is to V. Jf we denote by h the

conductivity of unit length of the coating, the time-rate of loss

of charge across the lateral surface of the portion between A and
C is hVbx. The total rate of loss of charge from this portion of

the wire is equal to the excess of the rate of loss across C and
the lateral surface above the rate of gain across A, and is

therefore
J1TT

_ k~ x
dx*

The effect of loss of charge must be to lower the potential of

the element between A and C, and the rate of fall of potential
must be equal to the last expression divided by the electrostatic

capacity of the element. By (60), p. 56, the capacity of the wire

per unit of length, if of circular section and covered with a coaxial

insulating coating also of circular section, is 1/2 log (/#), where a
is the internal, b the external radius of the covering.

Denoting this by c, we have for the capacity of the element
c.8x. Dividing the rate of loss of charge by this number, and

equating the result to -
dVjdt, the time-rate of fall of potential,

we get the differential equation

dV
It c dx*

h
'

(32)

This is precisely the same as the equation of the linear motion
of heat given by Fourier,* and his solutions are immediately
applicable. It is of course for h = a particular case of (97),

p. 105 above.

Leakage
across

Lateral

Suriace.

Differen-

tial

Equation
of Poten-

tial, com-

bining
Linear

Flow and

Leakage.

Theorie Analytique de la Chaleur, Chap. II. Art. 105.
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This equation may be simplified by writing V = c-M/c
v, when

it becomes

dv k d*v

Cable of

Finite

Length,
Integral

for one end
at constant

a zero

potential.

which is the differential equation for h = or the case of zero

leakage. A solution for the latter case can be converted into

one for any value of h by simply multiplying the potential found

by e-Wc.
Sir William Thomson has given the name diffusivity to the

quantity k[c, and denotes it by K. The quantity h corresponds to

what for thermal radiation he has called emissivity*
To integrate (32) for the case proposed above, let first the

end, x = 0, of the cable, to which the battery is applied, be

brought suddenly at time t = to potential F and kept at that

potential ever after. Let x be measured from that end, and let

/ be the length of the cable. The potential for x Hs likewise

always zero; and there is a continual approach with lapse of

*"ne to a state ^ um^orm variation of potential with resistance

from one end to the other. These conditions are fulfilled and the

differential equation satisfied by the solution

(33)

t=c

t=i

where i is any integer, and K is written for kjc.

It only remains to determine the constant Ai, so that when t is

only infinitesimally greater than 0, V = VQ for x 0, and =
for every other value of x. Putting t = in (33) we get the

equation

t=oo

which must hold for every value of x greater than zero.

Multiplying both sides by sin (jirxll}dx, where j is any integer,

and integrating from x = to x =
I, we get on the left (since

JSneyel. Brit., Art. "Heat", 71.
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every term vanishes except that for which j =
i) Ai . 1/2, ;

and on the right iimlcKfopKC -p- hi2 ).
Hence (33) becomes

Potential

"^
sending

- ' (34)

The series on the right is convergent, and admits of easy numerical

evaluation.

If the leakage is inconsiderable, that is, if h may be taken as

zero, the equation reduces to

t=oo

V = FQ

l^^. - 2ro V *
c-*AW" sin ^. . (35)

I ^^ ITT I

t=l

From this we obtain the current y at distance x from the end Current at

x = (the sending end) by finding hdP/dx. We thus get distances
from

_ Jh c(t-*)A/KC - f-(l-x)Vhi*c sending
end '

When x I and h 0, this becomes

i=oo

+ 2 _ l

^ (36)

1
,

. . (37)

a rapidly convergent series which gives the current at the end
x = I (the receiving end) when the leakage is zero.

The ordinates of curve A
t Fig. 35, calculated from (37), give

the values of y for different values of t as abscissae. The final

value of the current is taken as unity ;
and a, the unit of the

scale of abscissae, is for the reason stated below made to represent
t = 2/2/?T

2
/c . log|. The sum of the series on the right approaches

as t is made more and more nearly zero. Hence the current at

the end of the cable is, as was to be expected, zero immediately
after the first contact. It does not differ sensibly from zero
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Retarda- until the first term of the series is greater than f ,
that is until t

tion of is greater than V-^K. . log f. This value of t has been called by
Signals. Sir William Thomson the retardation of the cable. After the

interval of retardation has elapsed the current increases, as is

shown in the diagram, rapidly at first and more and more
gradually afterwards towards the value kV^l, which it reaches
when t = oo . This agrees with what we ought to expect, as ie/l

is the resistance of the whole cable and V the difference of

potential between its extremities : the state of the cable ap-
proaches a uniform gradient of potential from end to end.

FIG. 35.

Graphic
Curve (1) gives the current at the receiving end, for different

Solutions values of t as abscissae, in the case in which the sending end is

indifferent brought suddenly to potential V^ and maintained at that poten-
casesi tial for an interval of time

,
or twice the retardation, and then

brought suddenly to zero potential and kept so ever after. It

has been constructed by compounding with A the same curve as

A drawn on the opposite side of the line of abscissae and beginning
at a distance a to the right of zero. Curves (2) and (3) give
similarly the currents for the cases of contact at the same constant

potential lasting intervals, respectively, four times and six times
the retardation.
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Curve (J5) gives the current for the case of contact of duration Graphic
T infinitely short. The equation or a finite value of r is Solutions

evidently in different

where yt denotes the current at time t due to -j- V established

at the origin when t =
0, and Vtr the current due to FQ

alone established at time t = T. But if T is very small we may
write

u = r = (- 1)H1 fit-&fl*tlPm . (39)

t=l

This curve coincides with the other curves from t = to t = #/2,
and rises rapidly to a maximum which it reaches when v2

Kt/l
2

is

(f)3 nearly.

Considering the distribution of potential in two cables of Conditions

lengths /, /' with the same potential at the sending ends, we see of simi-

that points x, x
1

, fulfilling the condition xjl = x'll' will be at the larity in

same potential for the same value of t if *//
2 = V//'

2
,
that is, the two cables

two cables will have the same retardation only if the diffusivities
* dln

"
erent

are as the squares of the lengths of the cables. But diffusivity
=

k/c l/rc, where r is the resistance of unit length of the

cable
;
hence in order that the retardation at distances x varying

as the lengths of the different cables, or at the receiving ends,

may remain constant re must vary inversely as the square of the

length of the cable. This means practically that the diameter of

the conductor and the external and internal diameters of the

covering must be doubled when the cable is doubled in length in

order that the speed of signalling may remain unchanged.*

* This conclusion was given by Sir William Thomson in the early

days of Submarine Telegraphy, when the first Atlantic cable was being
projected, and the recognition of its validity by those interested in

such undertakings, led to the adoption of copper of the highest
possible conductivity for the conductors of the cables, and of material

combiiiing low specific inductive cap-icity with high resistance for the

covering. This has given rise to a new industry, the manufacture
on a commercial scale of practically pure copper, now carried on to an
enormous extent. The scientific experiments made in order to find

suitable materials have added greatly to knowledge of electrical pro-

perties of bodies.
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'

Velocity
of Elec-

tricity.'

Infinitely

Long
Cable :

VARIABLE FLOW.

The same conclusion, it is to be remarked, may be derived from
the differential equation directly. For the two equations

dF _ 1_
d?F dF' _ 1

.. vt TO dX (JLt T C

Derivation
of Solution
from that
for Finite

Cable.

are identical if #2
/^'

2
tfc'lt'rc ;

in other words two cables are at

equal potentials at similarly situated points, (that is points for

which #/y= ///'), at the same time, if x2
/z'

2 =r'c /re. This holds also

in the case of leakage if the further relation l*/l'
2 =

hjh' is fulfilled.

It will be observed that there is properly speaking no velocity
of propagation of electricity through a cable. In the examples
given above (p. 170) as soon as contact is made at the sending end
the potential at distance x begins to rise, infinitely slowly at first,

but with gradually increasing rapidity until after a certain interval

of time has elapsed the potential has risen to a specified fraction

of its maximum amount. This interval of time depends as we
have seen, p. 170, on the nature of the cable.*

In the case, however, of an impressed potential at the sending
end, varying as a simple harmonic function of the time, there is

a definite rate of propagation of the electric impulses through the

cable. This case we shall consider later.

Equations (34) . .-. (39) contain the complete solution of the pro-
blem proposed for the different circumstances considered

;
and from

this solution we can easily obtain the solution of related problems
of great interest. We shall consider first the case of an infinitely

long cable, or which is the same, a cable whose length / is great
in comparison with the distance x of any section considered

;
and

we shall assume first that there is no leakage. From the solution

on this supposition we can easily pass, as shown above, to that

for an infinitely long cable with a covering of uniform conductivity
h per unit of length.

Assuming that / is very great in comparison with x we may
write in (35) a for inx/l, da for irx/l, and the sign of integration
for that of summation. Thus we obtain

sin a da . . . (40)

This integral may be simplified as follows. It is proved in works
on Integral Calculus that

* See 'Velocity of Electricity,' Math, and Phm. Pavers, by Sir
W. Thomson. Vol. ii. p. 131.

*
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Multiplying both sides of this equation by dn and integrating
with respect to n between the limits and 1 (on the left within
the sign of integration), we get

/
f-a2/422 s in a ^a = VTT

|
2e~^2 dn = *Jn i e- 2

dy.
J a J o Jo

Writing the last integral in the form / t- 2 dz
y and putting

J o

22 = $2
/4:Kt at the superior limit we have

r-no- *

V 7T

It has been shown by Sir William Thomson * that Numerical
Calcula-

9 J~ x
/o i

i
\ tion of

-z2 = ^^5 Y -(2i+i>2/4a2 cog v T ^;^
_|_ Potentials.

/y ^^ /r^
feO

where * is an integer, and R a quantity which is insensible if a
is so large that to the degree of accuracy to which the value of
t-# is desired e- 2/4 may be neglected.

By multiplying both sides of this equation by f(z)dz and

integrating between and z we can evaluate / f-z2
f(z)dz in

J o

any case in which I f(z) cos (iwz/a} . dz can be easily calculated.
J o

Putting f(z) = 1 we get

where
>^

is insensible if fulfils the condition already stated.

The series is rapidly convergent, and a very few terms suffice

to give the numerical value of the integral to a high degree of

accuracy.
Calculating thus the values of V for different values of t and

a single value of x, and plotting the results with values of t as

abscissae and the corresponding values of V as ordinates we get

* Math, and Phys. Papers, vol. ii. p. 56,
' On the Calculation of

Transcendents of the form / e"*
2

/ (a?) dx.'
J o
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the curve A, Fig. 36, which therefore represents the rise of

potential at the distance x from the origin after the establishment
of potential f^ at the origin.

Graphic If the potential at the origin be maintained at VQ for an interval

Solutions of time r, and be then brought to zero and kept so ever after, the
for Short potential at any section at distance x may be supposed produced
Contacts, by supposing impressed at the origin a potential F from t =

to t = T, and a potential
- F"Q from t = r to t oo . This may

be supposed done by connecting for an interval r, at the end,
x =

0, of the cable one terminal of a suitable battery whose

4- 5

FIG. 36.

resistance is small compared with that of the cable, while the
other terminal is connected with the earth, then disconnecting
the battery and keeping both ends of the cable in contact with
the earth. The curve of potential for the former of these is A,
that for the latter is simply A drawn on the opposite side of the
line of abscissae and beginning at a distance T to the right of

zero. The resultant obtained by compounding these two curves
shows for the case considered the variation of potential at distance
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x from the origin. Potential curves drawn in this manner are Graphic
given in Fig. 36, (1) for r = #2

/4, (2) for T = 2x*/4K, (3) for Solutions

r = 3.r
2
/4*, that is for values of T respectively a, 20, 30 on the for Short

scale of the diagram. Contacts.

Curves can be drawn in a similar manner for other cases ; for

example the case of potential at the origin + ^o f r an interval

30, then F for an equal interval, then + F" for an interval a,

and zero potential ever after. This curve would be drawn by
compounding with the curve A, Fig. 36, three other curves, as

follows, a negative curve with ordinates double those of A for

the same abscissas, and starting at t = 3a, a positive curve

precisely the same as the last in ordinates and abscissae, and

starting at t = 60, and lastly, a negative curve precisely the
same as A starting from t = la. Another important case is

that in which the potential at the origin is F for say 30, then
- F~ for 20 and zero ever after. The curve for this case would
be drawn by omitting the last curve of the previous example,
and making the positive curve start at t = 50, instead of at

t = 60.

These examples are of interest as illustrating what is called Curb-
"
curb-signalling

"
through telegraph cables. When to produce Signalling,

a signal the battery is applied at the sending end of the cable for

any interval, and that end then placed in contact with the earth

as in ordinary uncurbed signalling, the potential at a distance x

rapidly rises and then slowly falls. To more rapidly discharge
the cable so as to bring the effect of one signal to zero before
another is begun, and thus render the signals sharper and more

distinct, the operator, instead of putting the cable to earth after

the first application of the battery, reverses the battery on the

cable, generally for a shorter interval, as in the second case just

described, and then connects to the earth before beginning the
next signal. This has been called signalling with single-curl).
Instead however of thus dividing the signal into two parts, a

positive and a negative, the operator may arrange to divide it

into three parts, a positive, a negative and a positive, of suitable

durations, say 20, 20, 0, or 30, 20, 0, and then connects to earth.

The effect of the positive third part is to render the potential of
the cable more nearly zero throughout at the end of the signal.
This has been called signalling with double-curb* Curve (0)

Fig. 35 shows the current in the cable for the case of curb-

* An instrument by which the signals are made and the curb, either

single or double, in any required proportions, is applied automatically,
has been invented by Sir William Thomson. For description see

Journal of the Society of Telegraph Engineers for 1876.
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Analytical
Solution

for

Infinitely
Short

Contact.

signalling in which the positive pole of the battery is applied for

an interval 3a/2, the negative for an equal interval, and lastly
the positive for an interval #/2.
The equations of the curves (1), (2), (3) of Fig. 36 are easily

obtained from (41) above. For let Vt T denote the potential at

distance x from the origin due to potential F established at the

origin when t r, and U the potential at x after time t, due to

-f F established at the origin when t = with - FQ superim-
posed when t = T. We have

U= Ft
- Ft-r (42)

If T be small we may write this equation

dF dF dzU=T
rt

= T
dz dt'

Using this in (41) we get

*> 2
(43)

If the interval T be finite then plainly

(44)

where & is any value of t less than r.

In actual practice the value of the potential at the origin is

not constant throughout the whole interval during which the

battery is applied but varies with the time. Hence the potential
at the origin after the interval has elapsed from the instant at

which the battery is applied may be denoted by F(B). This

substituted in (43) for F gives

U

and (44) becomes

u = (

r F(?>
J o t -

(45)

-o de . (46)

It is to be noted that only values of t which are greater than

T can be nsd in the evaluated integrals of (44) and (46).

The current y at time t and distance x from the origin can be
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found in every case by calculating k.df^fdx.
from (41) \ve get

y= -*s:s-

For example

(47)

which gives the current at distance x from the sending end in a
cable which is so long that kFJl is negligible. The value of y
in this case is a maximum for t = tf

2
/2*, and gradually falls to

zero for t = oo .

If / be not so great that JcFQ/l can be neglected, the term
-

Vtfcll must be restored to equation (41) before differentiation.

The current in this case, at distance x small in comparison
with

/,
is

Calcula-

tion of

Current
for Long
Contact.

T + (48)

and continually approaches the value JcF /l. The character of
the curve is the same as that of A, Fig. 35, above.

The equation for y in the case of an infinitely short contact is Current in

obtained from (43) as before by calculating
-

k.dUjdx. We get case of

Infinitely

_ kVtf- f xz -\ _ X2,M /4qx
Short

y ~ o_i...na V oT/
~ "

v**v Contact.

This has a maximum for t z2
/l2Kt, is zero for t = #2

/2ic and

negative for greater values of ^, and gradually approaches zero as

/ increases to oo .

In practice the speed of signalling is increased by the use of Signalling

condensers, so that the conductor of the cable is kept insulated, by Con-

One terminal of the battery is connected to earth, the other to deusers.

one surface A of a large condenser, the other surface of which
B is joined with the near end of the cable. The farther end of the
cable is in contact with one surface B' of another large condenser
of which the other surface A' is connected to earth. The surface

A comes rapidly after contact to the full potential which can be

produced by the battery, and the surface B becomes oppositely
charged while the surfaces

' and A' at the farther end become
electrified in the manner of A and B respectively. There is thus
a (positive or negative) flow of electricity from the battery to A,
from B to B' in the cable and from A' to earth, and this instead
of continuing and approaching a steady state, as in the cases

already considered, while the battery contact is maintained, falls

off towards zero as the cable approaches a uniform potential

throughout. The signals are thereby, when the operations

VOL. I. N
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described above are performed at A, which is now the send-

ing end, rendered sharper and a higher speed of signalling is

obtainable.

Trans- We shall conclude this part of the subject with the solution
mission of for an infinitely long, well insulated submarine cable with a
Electric potential at the origin varying according to a simple harmonic
Wave function of the time. Let the potential be F sin 2nt, then the
along a

potential at distance x from the origin and time t measured
16

^rom anv
.

ingtant at which the potential at the origin was zero
will be given by the equation

for this value of V satisfies the differential equation and all the

other required conditions.

The interval between the time of any particular phase at the

origin and that of the corresponding phases at distance x is

#/2 v n< and the corresponding value of V is diminished in the

ratio of 1 to f-^n/K t An electric pulse or wave of potential, of

amplitude diminishing per unit of distance travelled in the

geometrical ratio r-*^, is thus propagated along the cable with

velocity 2 \/K, that is the velocity of propagation is directly as

the square root of the product of the frequency (njir} of the

oscillation and the conductivity of the cable, and inversely as

the electrostatic capacity per unit of length.

Use of Such a harmonic variation of potential could be produced at

Telephone the sending end by a telephone responding to a musical note of

on Cable, definite pitch. If the note have a frequency of 100, that is to

say a period of 1/100 of a second, and the cable have a copper
conductor of resistance of 5 ohms (5 X 10 n C.G.S. electro-

static units) per knot, and an electrostatic capacity of -3 micro-

farad per knot (3 X 104 C.G.S. electrostatic units) the velocity of

propagation of the note will be about 930 knots per second
;
and

the amplitude will be diminished to \ its initial value in traversing
about 32 knots and to ^ in traversing about 96 knots. In the

case of a telephone responding to notes of different pitches pro-
duced simultaneously, the pulses corresponding to the higher
notes would be transmitted with the greater velocities, and would
be received in order of pitch beginning with the highest.*

* The subject of the Transmission of Electrical Waves along a Wire,
here only touched upon under limitations, has been more fully dis-

cussed by Professor J. J. Thomson, Proc. London Math. Soc. vol. xvii.

Nos. 272, 273 ;
and by Mr. Oliver Heaviside, Phil. Mag. Feb. 1888.

See also Sir William Thomson's Math, and Phys. Papers, vol. ii.



CHAPTER III.

UNITS AND DIMENSIONS.

A PHYSICAL quantity is expressed numerically in Two

terms of some convenient magnitude of the same kind
expression

taken as unit and compared with it. The expression of of
.

a

the quantity consists essentially of two factors, a Quantity.

numeric* and the unit with which the quantity Numeric

measured is compared ;
and the numeric is the ratio of T^

nd
Urut.

the quantity measured to the quantity chosen as unit.

Thus when a certain distance is said to be 25 yards,

what is meant is that the distance has by some process

* The term numeric has been introduced by Prof. James Thomson

(Thomson's "Arithmetic," Ed. LXXIL, p. 4) as an abbreviation of

"numerical expression." It denotes a number, or a proper fraction, or

an improper fraction, or an incommensurable ratio. We shall find it

convenient to employ it here where we wish to lay stress on the fact

that we are dealing with what are essentially numerical expressions.

Of course what is actually meant by the conveniently brief expressions

"a length, L,"
"
amass, AT," "a force, F" and the like, is simply that

L, M, F, &c.
}
denote the numerics which express the respective quan-

tities in terms of the units chosen, that is, are, as we shall say below,

the numerics of the quantities in terms of those units. Further in such

phrases as
' ' the product of mass and velocity,

"
or "the product of charge

and potential," and so on, the product (or whatever other function is

specified) of the numerics is of course what is intended. If all such ex-

pressions were made verbally unexceptionable, the resulting prolixity

would be intolerable.

N 2
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and
Unit.

Numeric been compared with the length, under specified con-

ditions, of a certain standard rod (which length is

defined as a yard) and the ratio of the former to the

latter found to be 25.

The unit of measurement is of course itself capable
of being expressed numerically in terms of any unit of

the same kind, and in the same way therefore its full

expression consists of a numeric and the new unit.

Hence if N be the numeric of any physical quantity in

terms of the unit, N' in terms of another unit, and n

che numeric of the first unit in terms of the second, we

have

N' = n.N (i;

Change- In order therefore to find the expression N' of the

quantity in terms of the second unit from its expression

N in terms of the first we have to multiply by n, the

ratio of the first unit to the second. This numeric has

been appropriately called the change-ratio for the

change from, the first unit to the second.

The change from N to N' cannot be made unless

the change-ratio n, is known. Each unit may have

been arbitrarily chosen without reference to any other

unit, and n determined by some process of measure-

ment
;
or the units may have been derived from certain

chosen fundamental units, and the ratio deduced from

the relation of one system of fundamental units to

the other. In the measurements described in this

work the units employed are entirely of the second

kind here referred to.

In the early days of electrical measurements the units

Arbitrary
Units.
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in use were most of them thus arbitrarily chosen, each Arbitrary

without reference to other physical quantities ;
and

further each investigator had his own standards,

adopted to suit his own convenience, by which he

tested the electrical qualities of the substances he

employed. The great inconvenience, loss, and un-

certainty caused by this want of a common system of

measurement became intolerable when practical appli-

cations of electricity like those of submarine telegraphy

began to be proposed and undertaken, and led to the

adoption of so-called absolute units, that is, derived Abso-

units depending on a system of fundamental units in
^dts'

no way affected by locality or other conditions of

experimenting, or related to the instruments and

materials of any investigator.

The system chosen is one which was suggested first Gauss's

by Gauss, and carried out by him to some extent for
S

gS^
d

dynamical and for electric and magnetic quantities,

extended and developed first by Wilhelm Weber, and

then by Thomson, Maxwell, and others who formed the

B. A. Committee on Electrical Standards, and gradually carried

adopted, until finally, at the Congresses of Electricians B A
lt

Qom
held at Paris in 1881, 1882, and 1884, electric units mittee.

founded on it were chosen for use by the whole civilised

world. In this system the units of length, mass, and

time are defined and taken as fundamental units, and

from these, units for the measurement of all physical

quantities are derived in the manner explained below.

It is to be noticed that although this system is an

"absolute" system in the sense just stated, it is only

one of several systems absolute in the same sense, which
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might be constructed. It has, however, the great ad-

vantage that the fundamental units adopted are units

of those physical quantities which are measured con-

tinually in the ordinary business of life, as thus all the

derived physical units are brought into direct comparison
with the standards of length and mass in the comparison
and reproduction of which so much scientific labour

has been expended, and with the elaborately-accurate

measurements of time furnished by the astronomical

observatories of the world.
"Dimen-

<j"he ^ask before us is to determine the manner in
sions of

Physical which the various derived units involve the fundamental

units, that is, we have to determine for each quantity

(p. 180 above) the change-ratio n in terms of the funda-

mental units. The formula which expresses n for a

unit of measurement of any quantity we shall call the

Formula of Dimensions or the Dimensional Formula of

the quantity. To prevent the necessity for the constant

repetition of these terms we shall denote the dimensional

formula of any quantity, of which the numeric is de-

noted by any particular symbol, by the same symbol
inclosed in square brackets. Thus we denote the dimen-

sional formula of the quantity Q by the symbol [Q].

Examples of the values of [Q] will be found in deal-

ing with the various units to which we now proceed.

We shall first consider the definitions and relations of

the fundamental units in common use and the deriva-

tion from them of the units of other physical quantities.

In doing so we shall find the dimensional formula in

each case and its numerical values for certain changes

of units.
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FUNDAMENTAL UNITS.

(1) Length. The standard unit of length in Great Funda-

Britain is defined by Act of Parliament in the following
1?en.tal

terms :
* " The straight line or distance between the adopted,

centres of the transverse lines in the two gold plugs in

the bronze bar deposited in the Office of the Exchequer
shall be the genuine standard of length at 62 F., and

if lost it shall be replaced by means of its copies."

Authorised copies are preserved at the Royal Mint, Imperial

the Royal Society of London, the Royal Observatory at defined.

Greenwich, and the New Palace of Westminster. The

comparison of the length of the standard with the

lengths of its copies has been effected with the utmost

scientific accuracy, and formed a most elaborate and

important scientific investigation.

The length of a simple pendulum which beats

seconds has been determined for several places by
means of very careful observations, and repeated

pendulum experiments at these places would in the

event of the destruction of the standard and all its

copies give a means of accurately renewing them.

In France and in most Continental countries the Metre

standard of length is the Metre. This is defined as the
defined '

distance between the extremities of a certain platinum
bar when the whole is at the temperature of the

Centigrade scale. This rod was made of platinum by
Borda, and is preserved in the national archives of

France. As in the case of the yard, authorised copies

*
18 and 19 Viet. c. 72, July 30, 1855.
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whose lengths have been carefully compared with the

standard are preserved in various places.

Eolation of The metre was constructed in accordance with a

Dimen- decree of the French Republic passed in 1795,* which
sions of

enacted, on the recommendation of a Committee of the

French Academy of Sciences, consisting of Laplace,

Delambre, Borda, and others, that the unit of length
should be one ten-millionth part of the distance,

measured along the meridian passing through Paris,

from the Equator to the North Pole. The arc of that

meridian extending between Dunkirk and Barcelona

was measured by Delambre and Mechain, and from their

results the standard metre was realised in platinum

by Borda. The metre, it is to be observed, is not now

denned in relation to the earth's dimensions, and later

and more accurate results of geodesy have therefore not

affected the length of the metre, but are themselves

expressed in terms of the length which Borda's rod has

at C.

Decimal In the French system the decimal mode of reckoning

and
U
Sub-

S
has been ad Pte(i f r multiples and sub-multiples of all

Multiples the units. Thus the metre is divided into ten equal

parts each called a decimetre, the decimetre into ten

parts each called a centimetre, and the centimetre into

ten parts each called a millimetre. Again, a length of

ten metres is called a decametre, of one hundred metres

a hectometre, and one thousand metres a kilometre, t

Of these, in accordance with the prevailing practice of

scientific experimenters who adopted the suggestions of

* Loi du 18 germinal, an iii.

t See Table at end of this volume.
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the B. A. Committee, the centimetre has been very

generally chosen as the unit of length for the expression

of scientific results, and on it as unit of length the

electric and magnetic units approved by the Inter-

national Congress of Electricians held at Paris in 1882

have been founded. The reason for this choice will

appear when we consider the unit of mass.

We shall denote the numeric of a length by L. The Dimen-

dimensional formula is therefore [Z]. Formula

For example, if we wish to find from the numeric of of Length.

a length in terms of the yard as unit the numeric of the

same length in terms of the metre as unit, we have

[Z]
= '91439, the ratio of one yard to one metre

;
and

this of course is equal to 36/39'3704, or 91*439/100, &c.,

the ratios of the numerics of the two units directly

obtained according as the inch, or the centimetre, &c., is

taken as unit of comparison. Similarly the value of

[Z] for a change from the foot as unit to the centimetre

as unit is 30'47945.

(2) Mass. The legal standard of mass in Great Standard

Britain is the Imperial standard pound avoirdupois, a
c

piece of platinum marked "
P. S. 1844, 1 lb.," preserved

in the Exchequer Office. In the Act of Parliament

(the Act already referred to) which gives authority to

the standard, it is called the "
legal and genuine imperial

standard of weight ;

"
and the Act provides that if the ,

p un(
Jdenned,

standard is lost or destroyed it may be replaced by
means of authorised copies, which are kept in the same

national repositories as the copies of the standard of

length.

It is to be noted that the word "
weight

"
used in the
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Ambi- Act, is one which is constantly used in two distinct
g
word senses : (1) as here, to signify the quantity of matter in

"Weight." a body; (2) in its proper sense, to signify the downward

force of gravity on the body. It is evident that these

two senses are distinct. The quantity of matter in a

body is invariable
;
the force of gravity upon the body

depends on the situation of the body, and may even be

zero. At a given place the forces of gravity on

different bodies are, as was proved by Newton by

pendulum experiments, proportional to their masses,

and thus a comparison of the weights of different bodies

gives a direct comparison of their masses.

The pound has been generally used in Great Britain

as the unit of mass for the expression of dynamical

results, but in engineering and the arts, larger units,

for example, the ton, or mass of 2240 Ibs., and the

hundred-weight, or mass of 112 Ibs., are frequently

employed.

Kilo- The French standard of mass is a piece of platinum

defraecT
ca^e(^ ^ne Kilogramme des Archives, made also by
Borda in accordance with the decree of the Republic
mentioned above. It was connected with the standard

of length by being made a mass as nearly as possible

equal to that contained in a cubic decimetre of distilled

water at the temperature of maximum density, 4 C.

The comparison was of course made by weighing, and

so far as this process was concerned it was possible to

obtain great accuracy, but the density of water is some-

what difficult to determine with exactness, and is still

in a small degree uncertain. The relation between the

standards is, however, so nearly that stated above that,
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for practical purposes, the error may be neglected. But

on account of this uncertainty it is important to re-

member that the standard is defined as the kilogramme
made by Borda, and not as the mass of a cubic decimetre

of distilled water at 4 C., which it approximately equals.

A comparison between the French and British

standards of mass made by Professor W. H. Miller

gave the mass of the Kilogramme des Archives as

15432-34874 grains.

The gramme, defined as 1/1000 of the Kilogramme des

Archives, and approximately equal to the mass of one Relation

cubic centimetre of water at 4 C., was recommended J French
' Standard

by the B. A. Committee as the unit of mass for the of Mass to

expression of experimental results generally, and this
Of

choice has now been ratified by the general practice of

scientific men. The convenience of the adoption of

this unit of mass lies in the fact that it is approxi-

mately the mass of unit volume of the substance, (water
at its temperature of maximum density), usually taken

as standard of comparison in the estimation of specific

gravities of bodies, which therefore become in this case

the same numbers as the densities of the bodies.

The multiples and sub-multiples of the gramme
proceed decimally, and are distinguished by the same

prefixes as those of the metre.*

We shall denote the numeric of a mass by M, and

hence its dimensional formula by [M~\. Diinen-

The value of \M1 for a reduction from the pound as sional
r

.
Formula

unit to the gramme as unit is 453*593, for a reduction Of Mass.

from the grain as unit to the gramme as unit 15 '432.
*

See Table at end of this volume.
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Time.

Unit of

Time
defined.

Other

suggested
Standards
of Length,
Mass, and

Time.

(3) Time. The definition of equal intervals of time

belongs to dynamics and cannot here be entered on,

but according to it the times in which the earth turns

through equal angles about its axis are to a very high

degree of approximation equal. These intervals cor-

respond to equal intervals of time shown by a correct

clock, and if the clock just goes twenty-four hours in

the time of an exact revolution of the earth about its

axis (or, which is the same, the interval between two

successive passages of a fixed star in the same direction

across the meridian of any place), showing Oh. Om. Os.

each time a certain point of the heavens called the

First Point of Aries crosses the meridian in the same

direction, it is said to show sidereal time.

Though sidereal time is used in astronomical obser-

vatories, it is more convenient in ordinary civil affairs

to use solar time; but as the actual solar day, the

interval between two successive transits of the sun

across the meridian of any place, varies in length

during the year, the standard interval is the mean of

such intervals, and is called a mean solar day. On
account of the orbital motion of the earth the mean
solar day is about 3m. 55'9s. longer than the sidereal

day.

The mean solar second, defined as 1/86400 part of

the mean solar day, is taken as the unit of time for the

expression of all scientific results.

We have seen that the choice of the fundamental

units is entirely arbitrary, and there is nothing in their

nature which entitles them in any just sense to the

term "
absolute." The unit of time, which is based on
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the period of rotation of the earth, is, we have reason to Other

believe, subject to a slow progressive lengthening, due

to tidal retardation of the earth's rotation, and possibly
of Length,

also to frictional resistance of the surrounding medium ; Time.

and as a matter of definition, without reference in all

cases to realisation, it would be easy to find many much

more satisfactory standards. Thus it has been suggested

by Sir William Thomson * that the period of vibration

of a metallic spring, and kept in a hermetically sealed

exhausted chamber at a constant, temperature, or the

period of a particular mode of vibration of a quartz

crystal (or other crystal of definite composition) of a

specified size and shape and at a given temperature,

would be theoretically preferable to the mean solar

second, as fulfilling with a much nearer approach to

perfection the condition of constancy. Clerk Maxwell f

has also suggested as units of time the period of

vibration of a gaseous atom of a widely diffused sub-

stance easily procurable in a pure form
;
or the period

of revolution of an infinitesimal satellite close to the

surface of a globe of matter at the standard density,

which may be any density determined by a definite

physical condition of any substance, for example the

maximum density of water. This period is independent

of the size of the globe J and it has been pointed out

that this advantage would also be obtained by founding

*
Electricity and Magnetism, vol. i. p. 3

;
Thomson and Tait, Nat.

Phil. vol. i. part i. p. 227 (second edition).

t Ibid.

\ For water at the temperature of maximum density, it is approxi-

mately lOh. 3m.
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Other the unit of time on the period of a small simple harmonic

Standards vibration of a globe of standard density.
of Length, The mass of a gaseous atom, for example that of a
Mass, and . . . _

Time, sodium or hydrogen atom, and the wave-length of a

definite line in the spectrum of an easily obtainable

substance, for example the D lines in the spectrum of

sodium, might be chosen as the units of mass and

length. These units would be quite definite since,

according to the kinetic theory of gases, the atoms of

any one substance are undistinguishable from one

another by any physical test.

DERIVED UNITS.

Dimen- Let us suppose that the numeric .2V of a physical
sional ... 1^.1 ,

Formula quantity is given by the equation,
of

T: . &c., . . (2)

where Z1}
Z

2 , &c., Mlt
M

2 , &c., Tlt
T

2 , &c., are numerics

of different lengths, masses, and times in terms of a

certain chosen unit for each, and C is a numerical

multiplier (generally equal to unity) which does not

depend on the units adopted. Now let other units of

length, mass, and time be chosen and let N' be the

numeric of the same quantity in terms of these units,

and L\ t
Z'

2> &c., M'
lf
M'

2 , &c., T\, Tv &c., those of

the lengths, masses, and times. Then we have

N' = C.L'jM'f T\
n

. L'l M'2

q T'2
r

. &o. . (3)
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But by equation (1) L'
1 = L1

[/,]', M'
m =Mm

[jJ/]

m
, and Dhnen-

so on. Hence (3) becomes, Formula

N' = CJ,* J/r zy
1

. Z/^ T
z

r
. &c. [Z]

J

(4)

By equation (1) therefore the dimensional formula [N]

of the quantity is [L]
l+p+&c

: [M]
m+q+&c

-. [T]
n+r+&c -

In accordance with the notation [N], we shall denote

this in future by the more convenient expression
rrl+p+&c. ji*m+q+&c. rnn+r-f&c.-i

The numerics l+p + &c., &c., correspond to what Dimen-

Fourier * called les exposants des dimensions of the
S

Jjnits

quantities which entered into his analysis, and it is

these numerics, not the dimensional formulas, which

are properly the " dimensions
"

of the units. It was

pointed out by Fourier that in equations involving the

numerics of physical quantities' every term must be of

the same dimensions in each unit, otherwise some error

must have been made in the analysis. This consideration

affords in physical mathematics a valuable check on the

accuracy of algebraic work.

It is obvious from equations (1) or (4) that the dimen-

sional formula of the product of any number of numerics

N
lt
N

2
of different physical quantities is the product

[Nlf
N2 . &c.] of their dimensional formulas, and more

generally that the dimensional formula of the product

[N^\ Ntf
2

.] &c., of any powers whatever of these ex-

pressions, is the product of the same powers of the

corresponding dimensional formulas.

*
TUorie, Analytiquc de la Chaleur, Chap. II. Sect. IX.
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Dimen- We are now prepared to find the dimensional formulas

Units. f the various derived units. The process will consist

in finding for each quantity the formula corresponding
to the right-hand side of (2), and thence deriving

according to (4) the proper formula of dimensions. We
shall consider first the units of Area, Volume, and

Density; then the various dynamical units which are

involved in those of electrical and magnetic quantities.

Area. Area. The general formula for the area of any surface

can be put in the form CL2
,
where L is a numeric

expressing a length, and C is a numeric which does not

change with the units. Hence by (4) the formula of

dimensions for area is [Z
2

].

Volume. Volume. Similarly the formula for the numeric of

a volume can be written CLA

, and the formula of

dimensions is [Z
3

].

Density. Density. The Density of a body is expressed by the

numeric of the mass per unit of volume. We shall

denote it by the symbol D.

If the body be of uniform density, the numeric is

obtained by finding the mass contained in any given
volume of the body : the ratio of the numeric of the

mass to the numeric of volume is the density.

If the body be of varying density, the density at any

point is the limit towards which the ratio of the numeric

of the mass contained in an element of volume including
the point, to the numeric of the volume, approaches as

the element is taken smaller and smaller. Thus if B V
be an element of volume including a point at which the
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density is D, and SM be the mass of the element, we Density,

have

dV
In either case we have for the numeric of the volume

taken CLS
, and for that of the mass contained in it M.

Hence

[D] = ML-*].

The Specific Gravity of a body is the ratio of the density Specific

of the body to the density of the standard substance,
Grayity-

and is therefore a numerical ratio independent of the

system of units adopted, that is, its dimensional formula

is 1. If G denote the specific gravity of a body whose

density is D, and D, be the density of the standard

substance,

In the French system of units D8 is taken as unity
and we have D = G. This is one great convenience of

the French units oMength and mass
;
but it is to be

remembered that Density and Specific Gravity are

essentially different ideas, and only coincide in numerical

value when D8
= l.

DYNAMICAL UNITS.

Velocity. The velocity of a body is measured by the Velocity,

numeric of the length described per unit of time. Its

specification involves direction as well as magnitude;
but in dealing with the dimensions of velocity we are

only concerned with the latter element.

VOL I. O
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If the velocity is uniform, its numeric is the ratio of

the numeric L of any distance traversed to the numeric

T of the time in which it is described.

Telocity. If the velocity is variable, its numeric v at any
instant is the value towards which the ratio of the

numeric L of the distance traversed in an interval

of time including the instant, to the numeric ST of the

interval, approaches as the interval is taken smaller and

smaller. Hence

dL

where L denotes in Newton's fluxional notation the time-

rate of variation of L. We shall use this symbol for

velocity.

We see that the numeric of a velocity is the ratio of

the numeric of a length to the numeric 0f a time-

interval, and therefore we have

As multiplier for a change from mile-minute units to

centimetre-second units we have

n = 5280 x 30-4797/60 = 2682-2136.

In statements of amounts of velocities there ought

clearly to be a distinct reference to the unit of time :

thus the expressions one mile per minute, 88 feet

per second, 2682'2136 centimetres per second, are per-

fectly definite, and express the same velocity, while

such a statement as a "
velocity of 88 feet

"
is devoid

of meaning.
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Acceleration. The acceleration of a body is expressed Accelera-

by the numeric of the change of velocity per unit of time.

Like velocity, acceleration involves in its signification

the idea of direction as well as of magnitude ;
and it is

through a want of clear apprehension of this fact that

difficulty is found by students in the theory of curvi-

linear motion.

Let &L be the velocity given in direction and magni-
tude which compounded with the velocity L which a

particle possesses at the beginning of an interval of

time BT would give the velocity in direction and mag-
nitude at the end of that interval, then SL/ST is the

average acceleration during that interval, and the limit

towards which this ratio approaches as ST is made
smaller and smaller is the true value of the acceleration

at the beginning of the interval. That is, we have

dL yAcceleration =
^=,

= Z,

where L denotes in the fluxional notation the time-rate

of variation of L
t
that is, of velocity.

We shall use this symbol for acceleration, and the

two dots above the L will serve to recall the double

reference to time which is plainly involved in the notion

of acceleration. This should be clearly expressed in

statements of amounts of acceleration. Thus such a

statement as an acceleration of 981 centimetres per
second per second, or 32 feet per second per second,

is perfectly definite, while such phrases as an "
accele-

ration of 981 centimetres
"
or

" an acceleration of 32 feet

per second," which are often used, are meaningless.

o 2
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The dimensional formula is

For a change from mile-minute units to centimetre-

second units,

n = 5280 x 30-4797/60
2 = 447'0356.

Momen- Momentum. Taking for simplicity the case of a rigid

body moving without rotation, that is, so that each

particle of the body has the same velocity at the same

instant, the momentum of the body is expressed as the

product of the numerics of the mass of the body and its

velocity. Hence it is expressed symbolically by ML.
The dimensional formula is therefore

[ML] =

Rate of Time-Hate of Change ofMomentum. If the momentum

oinen

0f
^ ^e body be not constant, then, since we suppose

turn. the mass constant, we must have for the time-rate of

variation the expression ML, that is, the product of the

numerics of the mass and the acceleration. The

dimensional formula is therefore

[ML] =

Force. force (17). A force acting on a body is proportional to

the time-rate of change of momentum. Hence the

dimensional formula just found is that of force.

According to the system suggested by Gauss, a force

is measured by the time-rate of change of momentum,

that is, the constant, C}
of equation (3) is in this case, as

in the other cases we have considered, taken equal to

unity. Unit force is therefore that force which acting
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for unit of time on unit mass produces unit change Kinetic

of velocity, or simply that which produces unit
^orce^

acceleration in unit mass.

When the unit of mass is one pound, the unit of

length one foot, and the unit of time one second, then

unit force is that force which acting for one second on

a pound of matter generates a velocity of one foot per

second. This unit force has been called a poundal.

The unit force in the C.G.S. system, is that force C.G.S.

which, acting for one second on one gramme of matter, Force

f

generates a velocity of one centimetre per second. To

this unit force the name dyne has been given.

This method (sometimes called the kinetic method)
of measuring forces has now superseded, for scientific

purposes, the gravitation system formerly in use. In

that system the unit of force is the force of gravity
on the unit of mass, and has, therefore, different

values at different places on the earth's surface, and

at different vertical distances from the mean surface

level. This substitution of an invariable unit of force,

depending only on the standards adopted for length,

mass, and time, instead of the former variable unit, is

at the foundation of the system of units of measure-

ment established by Gauss. It is to express this fact

of invariability with locality and other circumstances

that, as already explained, the term "
absolute

"
is used

for the unit of force and other' derived units in this

system.

Work (W). In dynamics work is said to be done ly Work,

a force when the place of application of the force

receives a component displacement in the direction in
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"Work, which the force acts, and the work done by it is equal

to the product of the force and the distance through
which the place of application of the force has moved

in that direction. The time-rate at which work is

done by a force at any instant is therefore equal to the

product of the force and the component of velocity in

the direction of the force at that instant. The work

done in overcoming a resistance through a certain distance

is equal by this definition to the product of the resist-

ance and the distance through which it is overcome.

Among engineers in this country the unit of work gene-

rally used is one foot-pound, that is, an amount of work

equal to- that done in lifting a pound vertically against

gravity through a distance of one foot. The weight of a

pound of matter being generally different at different

places, this unit of work is a variable one, and is not used

in theoretical dynamics. In the absolute C.G.S. system

of units, the unit of work is the work done in over-

coming a force of one dyne through a distance of one

centimetre, and is called one centimetre-dyne or one erg.

In practical electricity 107
ergs is frequently used as

unit of work, and is called a Joule.

If F denote the numeric of a force and L the numeric

of the space through which it has acted, the numeric

of the work done is FL. Hence we have

[W} = [FL\ = [MI?T~*\.

Activity. Activity (A). The single word Activity has been

used by Sir William Thomson as equivalent in meaning

to
" time-rate of doing work," or the rate per unit of time

at which energy is given out by a working system ;
and
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to avoid circumlocutions in what follows we shall

frequently use the term in that sense. Among engineers

in this country the unit rate of working is one horse- ,

power, that is 33,000 foot-pounds per minute.

Unit Activity in the C.G.S. system is one erg per Unit

second. In practical electricity an activity of 107
ergs

Actmty-

per second is frequently employed as unit. This unit

has been called a Watt.

Since Activity is measured by the numeric of the work

done per unit of time, its dimensional formula is given by

[A] = \MI?T-*\.

Energy (E). When a material system in virtue of Energy,

stresses between its own parts and those of bodies

external to it does work or has work done upon it, in

passing from one state to another, it is said to give out

or to gain energy. The energy given out or gained is

measured by the work so done.

If the change be a change of motion, then, according

as energy is given out or gained by the system, it is

said to lose or gain kinetic energy. If the change be of

any other kind, which can be classed under change of

configuration, then, according as the system gives out

or gains energy, it is in general said to lose or gain

potential energy.

When we consider the work done by mutual forces

between different parts of the same system, a loss of

kinetic energy in the system is accompanied by an

equal gain of potential energy, and vice versa, so that the

total energy ofthe system remains unchanged in amount.

This is the principle called the Conservation of Energy.
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Energy is measured by the same units as work, and

its dimensional formula is the same as that of work,

that is

IE] = [ML*T-*].

We shall here, for the sake of illustration, give three

examples of the application of dimensional formulas to

the solution of problems regarding units. The problems
are taken from Professor Everett's Units and Physical

Constants.

Examples Ex. 1. If the unit of time be the second, the unit

Problems density 162 Ibs. per cubic foot, and the unit of force
in Units. fae weight of an ounce at a place where the change of

velocity g produced by gravity in one second is 32 feet

per second, what is the unit of length ?

Here the change-ratio by which we must multiply
the numeric of the density of a body in the system
of units proposed, to find its density in terms of the

pound as unit of mass, and the foot as unit of length, is

162. We have therefore, omitting the brackets in the

dimensional formulas,

ML- 3 = 162,

where M is the number of pounds equivalent to the

unit of mass, and L the number of feet equivalent to

the unit of length. Also, it is plain that the unit of

force in the proposed system is two foot-pound-second

units. Hence we have also, since T = 1,

TheBy division therefore we get Z
4 = 1/81 orZ = 1/3.

unit of length is therefore 4 inches.
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Ex. 2. The number of seconds in the unit of time Examples

is equal to the number of feet in the unit of length, the problems

unit of force is 750 Ibs. weight (g being 32), and a in Units,

cubic foot of the substance of unit density contains

13,500 ounces. Find the unit of time.

Using M and L as in the last problem, and putting

T for the number of seconds equivalent to the unit of

time, we have plainly

moo
16

and

MLT-* = 750 x 32.

Therefore by dividing, and remembering that L = T,

we get

32 x 750 x 16 16^
13500 32

That is the unit of time is 5J seconds.

Ex. 3. When an inch is the unit of length and T
seconds the unit of time, the numeric of a certain

acceleration is a\ when 5 feet and 1 minute are the

units of length and time respectively, the numeric of

the same acceleration is IQa. Find T.

The change-ratio or value of LT~ 2 for reduction to

foot-second units is plainly in the first case T~ 2
/112, in

the second 5/3600. We get therefore

1-2 *>

12
=

3600
>

or
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DERIVED ELECTRICAL UNITS. ELECTROSTATIC SYSTEM.

Quantity Quantity of Electricity [q]. In what is called the

tricity.
electrostatic system of units, which we here consider,

and which is most convenient when electrostatic results

independently of their bearing on electromagnetic

phenomena only are required, the units of all the

other quantities are founded on the definition of unit

quantity of electricity given above (p. 3). This defini-

tion is, as we shall see, precisely similar to the definition

of magnetic pole which forms the basis of another

system of units called the electromagnetic system, of

much wider and more important application than

the electrostatic. Hence by Coulomb's law (p. 2) that

electric attractions and repulsions are directly as the

product of (the numerics of) the attracting or repelling

quantities, and inversely as the second power of (the

Numeric of) the distance between them, if a quantity
of positive electricity expressed by q be placed at a

point distant L units from an equal quantity of positive

electricity, the numeric F of the force between them is

q
2
/!?'. We have therefore the equation <f

= FL2
^,
and

therefore [q] is \F*L\ or [M*L*T~
1

].

Electric Electric Surface Density [o-]. The density of an

Density,
electric charge is (p. 7) measured by the quantity of

electricity per unit of area. Therefore [o-] is [^~ 2
] or

Electric Electric Force and Intensity of Electric Field [i]. The
Force.

electric force at any point in an electric field is (p. 6)

the force with which a unit of positive electricity would
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be acted on if placed at the point. Hence if the numeric Field

of the quantity of electricity at a point P be q, and that
Intensity-

of the electric force at that point be i, the numeric

F of the force on the electricity is qi, and we have

the equation i = Fq~
l

. Therefore [i] is f^" 1

] or

The intensity of an electric field at any point is

measured by the electric force at that point, and there-

fore has the same dimensional formula.

Electric Potential
( V). The difference of potential Electric

between two points is (p. 7) measured by the work

which would be done if a unit of positive electricity

were placed at the point of higher potential and made
to pass by electric forces to the point of lower potential.

Hence in transferring q units of electricity through a

difference of potentials expressed by V, an amount of

work is done of which the numeric W is qV. We
have therefore V = Wq~ l

,
and hence [V] is [Wq~

l
] or

Capacity of a Conductor (K). The capacity of an Capacity.

insulated conductor is the quantity of electricity

required to charge the conductor to unit potential, all

other conductors in the field being supposed at zero

potential. Hence, denoting the numeric of the capacity

of a given conductor by C, those of its charge and

potential by Q and V respectively, we have C = QV' 1
,

and for [C] therefore [GF"
1
], that is [L\. The unit

of capacity has therefore the same dimensions as the

unit of length ;
and the capacity of a conductor is

properly expressed in C.G.S. electrostatic units as so

many centimetres.
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Specific Specific Inductive Capacity \K~\. The specific inductive

Capacity? capacity of a dielectric is (Chap. I., Section V.) the ratio

of the capacity of a condenser, the space between the

plates of which is filled with the dielectric, to the

capacity of a precisely similar condenser with vacuum as

dielectric
; or, according to Maxwell's Theory of Electric

Displacement (p. 33), it is defined as the ratio of the

electric displacement produced in the dielectric to the

electric displacement produced in vacuum by the same

electromotive force. It is therefore in the electrostatic

system simply a numerical coefficient which does not

change with the units. Hence [JT]
= 1.

Current. Electric Current [7]. An electric current in a con-

ducting wire is measured by the quantity which passes

across a given cross-section per unit of time. If q be

the numeric of the quantity which has passed in a

time of which the numeric is T, then denoting the

numeric of the current by 7, we have 7 = q/T, and [7] is

] or [M*I?T~-*].

Resistance [r\. By Ohm's law the resistance of a

conductor is expressed by the ratio of the numeric r of

the difference of potentials between its extremities to

the numeric 7 of the current flowing through it. We
have therefore r = v/y, and [r] is [Vy"

1

] or [L~
1

T].

Conduc- Conductivity* The change-ratio of conductivity is

V1 y '

plainly [LT~
1

]. The change -ratio for conductivity in

electrostatic measure is thus the same as that for

* Mr. Oliver Heaviside has proposed to use the term Conductance, in

the sense here given to Conductivity, of the reciprocal of a resistance.

If this term, as seems desirable, be adopted, the term Conductivity might
be appropriately reserved for what has been called Specific Conductivity

(Chap. Y. below).



ELECTRIC CONDUCTIVITY. 205

velocity. Hence a conductivity in electrostatic C.G.S.

units is properly expressed in centimetres per second.

The following illustration of this result has been Iliustra-

given by Sir William Thomson. Suppose a spherical Q^^.
conductor charged to a potential v to be connected to tivityaa

the earth by a long thin wire, of which the capacity
^

may be neglected ;
and let r be the resistance of this

wire in electrostatic measure. The current in the wire

at the instant of contact is v/r. Now let the sphere

diminish in radius at such a constant rate that the

potential remains v. The current remains v/r, and the

quantity of electricity which flows out in t seconds will

be vt/r. If the radius be initially x, and in t seconds has

diminished to x r

, the diminution of capacity is x x'.

Hence the loss of charge is v(x #'), and we get

vt/r
= v(x

-
x), or l/r = (x- x')/t. But (x

-
x')/t is the

velocity with which the radius of the sphere diminishes.

The conductivity l/r of the wire is therefore measured

numerically by the velocity with which the surface of

the sphere must approach the centre, in order that its

potential may remain constant when the surface is

connected to the earth through the wire.



CHAPTER IV.

GENERAL PHYSICAL MEASUREMENTS.

SECTION I.

MEASUREMENT OF ANGULAR DEFLECTIONS.

IT will save digressions and interruptions in what

follows to give here some account of measurements

which, although not themselves of an electric or

magnetic nature, have constantly to be made in all

electric or magnetic observations. The most important
of these are : (1) The Measurement of Angular Deflec-

tions
; (2) Measurements of Oscillations, including

Determinations of Period, Amplitude, and Bate of

Diminution of Amplitude of Vibrations
; (3) Deter-

minations of Couples and Moments of Inertia. There

are other processes, such as weighing and the measure-

ment and comparison of lengths ;
but these are described

rmore fully than are the others in treatises on general

physical manipulation, and are supposed to be known
to a greater or less degree to the experimental student.

-Special methods or precautions necessary in particular

cases will be indicated as they occur.

Measure- Angles of deflection are measured by the displace-

Angles.
nient of some form of index turning with the body

deflected, and showing the magnitude of the deflection
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on a properly arranged and fixed graduated scale. In Ordinary

the simplest arrangement the index is a thin material

rod turning round an axis, and showing the deflections

on a graduated circular arc, the centre of which is as

nearly as possible in the axis. The scale is graduated
to degrees, or, if it is of large radius, to some aliquot

part of a degree as smallest scale division. The initial

and deflected positions of the index relatively to the

scale are read off, and their difference gives the

deflection.

For convenience of adjustment and accuracy in read- Adjust-

ing, the scale should be a complete circle, and the

index extend across that circle, so that readings may be

taken of the positions of both ends. The instrument

should first be tested to see that the centre of the

circular scale is accurately in the axis of rotation, and

that the axis is at right angles to the plane of the circle,

and in plane with and perpendicular to the index.

The index is generally set at right angles to the axis

with sufficient accuracy by the .instrument-maker, and

the adjustment in this respect ,can be tested by ob-

serving whether the index when turning round the

axis remains in one plane. If readings are not to fte

taken with both ends of the index, it is -not necessary
that the index should be accurately at right angles to

the axis. The point of the index in that case should

turn in the plane of the scale. The axis can generally be

set accurately at right angles to the plane of the circle,

by changing the level of the apparatus. The index

generally terminates in two sharp points, or bears two

fine marks at its ends by which the readings are taken.
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Adjust- We shall call these the extremities of the index. The
ments. ....

further adjustment consists in placing the extremities

of the index and the axis in one plane, and causing the

axis to pass accurately through the centre of the circle.

Supposing the adjustment to have been approximately

made, the index is made to play round the graduated

circle, and the pairs of points on the scale which mark
the positions of the extremities of the index for differ-

ent deflections are carefully noted. When each line

joining a pair of points passes through the centre of

the circle the adjustments have been properly made. If

the lines all pass through one point which is not the

centre, the axis is in plane with the extremities, but

does not pass through the centre
;

if the lines are all at

the same perpendicular distance from the centre, the

axis passes through the centre, but the extremities of

the index are not in plane with the centre.

Indexes in electrical instruments are frequently thin

glass tubes filled with some dark opaque substance
;
but

an excellent index, thin, rigid, and light, is furnished by
a fine tube of aluminium. This index can be handled

and adjusted with ease, and its use avoids the danger of

breakage which exists in the case of glass fibres.

Obser- In considering how the adjustments are to be tested,
V
Deflec

f we ^ave supposed that the deflections can be accurately

tions. observed : and the usefulness of the apparatus for exact

measurements depends on the means provided for that

purpose. In many instruments the index is so long
and so mounted that its extremities project over the

divisions of the scale, and the deflections are simply
read by the observer looking as nearly as he can normally
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at the plane of the circle. Unless, however, the index

is very close to the scale, this process introduces a

liability to error from parallax, that is, different readings

are obtained according to the direction in which the

scale is viewed. To prevent this source of error, the Avoidance

scale is frequently engraved on silvered glass, or is p fj

surrounded by a slip of silvered glass, in which the

extremities of the index are seen by reflection, and the

readings are taken always when the scale is so viewed

that the extremities and their image in the silvered

surface seem in coincidence.

For many purposes sufficient accuracy can be obtained Movable

by making each extremity of the index carry a small
Vermer-

FIG. 37.

vernier. In the case of an aluminium index the ends

can be two horizontal flat pieces on which the vernier

is engraved. The middle line of division of the vernierO

is the zero (which contains an even number of divisions,

as, for example, 10 corresponding to 9 of the scale), and

the divisions are marked so as to read from to 5 on the

right, and from 5 to 10 (which coincides with zero) on

the left, as shown in the diagram. The vernier carries

at one end a projecting point, the image of which is

seen in the silvered glass on which the scale is engraved,
VOL. i. p
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Movable or in a piece of silvered glass surrounding the scale, and
ier '

thus parallax is avoided.

In some cases parallax is avoided by having the scale

circle in relief, so that the index can be made to move

nearly in the plane of the scale, and with its extremities

close to it. The positions of the extremities may be

read either with or without a vernier. If a finely-

divided vernier and scale are used, the readings may
be taken by a microscope or a magnifying glass, since

both graduations are in focus at once.

Limits of In some instruments, as in the Dip Circle, the index

Obtain^ *s a mQ^&l arm moving round a finely-divided circle,

able. and carrying at its extremities verniers, the readings of

which can be obtained by microscopes. The amount of

accuracy obtainable here, all other, adjustments being

supposed correctly made, depends upon the fineness

of the graduation and the precision with which the

zero of the vernier can be placed in the desired

position. Thus, for a vernier and scale which can be

read to say 10" of angle, the error of estimation of

position must be less than 10" or the fineness of

the graduation is not taken advantage of. The reading

microscope must of course be of sufficient power to

take full advantage of any given degree of fineness of

graduation.

Mirror Angular deflections are, however, generally measured
Method. -

n orc[inary electric measurements by what is called the

mirror method. A plane mirror or a concave spherical

mirror is mounted so that the axis round which the rota-

tion takes place is in the reflecting surface of the mirror

if that is plane, or is a tangent to the reflecting surface
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at its centre if the mirror is concave. The angle of

rotation is measured by observing the angular distance

between the positions of the image of a luminous object

placed in front of the mirror. The index here is a ray
of reflected light.

In the ordinary or projection method this object is Ordinary

a short narrow slit, with its length parallel to the axis, ^ran**
made in an opaque diaphragm in front of a source of ments

light, or, better, a somewhat large illuminated opening cleave
in the diaphragm, with a thin opaque wire or hair Mirror -

stretched across it parallel to the axis. We shall

suppose first that the mirror is concave. The image of

this slit or wire is received on a screen placed in the

focal plane conjugate to that of the slit or wire. On
this screen is ruled a scale, generally to half-millimetre

divisions, by which the deflections can be measured.

For considerable deflections the screen may be a

graduated scale, with its length at right angles to the

axis of rotation on a concave cylindric surface, the axis

of which coincides with that of rotation. For example,

Fig. 38 shows a plan of such an arrangement in a plane
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Arrange- perpendicular to the axis. is the opening bisected by

"with

8
^ne opaque wire,M the mirror in its deflected position,

Concave shown by the line NN, Pv P2
the positions of the image

on the scale SS corresponding to the undisturbed and

deflected positions of the mirror. The illuminated open-

ing and the scale are placed on opposite sides of a plane

normal to the axis through the centre of the mirror, in

order that the scale may not intercept the light. The

method has the drawback that it is generally necessary

to darken the scale, so that the illumination produced

by the reflected ray may be distinctly visible. This

is accomplished sometimes by placing the whole

apparatus in an alcove with curtains, and sometimes by

turning the back of the scale to the general light of the

room, and shading the front above and at the ends with

a projecting hood of dull black material.

Choice of Well graduated paper scales are easily obtained, and
Scales. w]aea properly mounted, and afterwards compared with

a standard scale are quite reliable. They should be

well glued to a backing of hard thoroughly seasoned

wood, and the rest of the wood and the scale itself well

covered with spirit varnish to prevent the absorption of

moisture. When it is convenient to use a straight

scale, one graduated on glass or ivory is preferable, and

the former can be easily made by the experimenter
himself by copying the graduation from a standard

scale. Scales graduated on glass roughened so as to be

semi-opaque are very convenient, as the image of the

hair or wire and the divisions can be seen, and the

deflection read from behind the scale.

If accurate readings for large deflections are required,
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the scale cannot be made circular, but must be so curved

; that, for the distances P^Mt
OM chosen, a distinct

image of the wire may be formed on the scale for all

deflections. The graduation of the scale, if previously

made in equal divisions, must then be compared with a

circular scale, in order that the deflections may be
!

reduced to angle.

If n be the number of equal degree divisions which Reduction

1
measures the distance P^PZ

on the scale, if that is

1

circular, or the corresponding number on a circular to Radian

scale of radius MPV r the distance MPV also in scale

divisions, 6 the deflection of the mirror in radian

measure, then since P^P2
= 20 = n/r, we have

a)

In an arrangement commonly used the slit or wire

iiand the scale are nearly at the same distance from the

: mirror. The distance of the scale is then twice the

focal distance of the mirror.

Instead of a concave mirror an equivalent arrange- Arrange-

ment is sometimes adopted, consisting of a plane mirror
1 with a convergent lens placed close in front of it. With Mirror

the reversal of the ray by reflection, and P
1
are now

*

: conjugate foci of a system of lenses each identical

with that used, having a distance between their optical

centres equal to twice the distance of the optical centre

of the lens from the mirror. The arrangement may be

[made conveniently in some cases by silvering the plane

face of a plano-convex lens, and is then optically equi-

valent to two similar plano-convex lenses placed with

their plane faces in contact.
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Use of A straight scale placed at right angles to the axis, round

Scab, which the mirror turns, is frequently used. Let a be the

angle which the reflected ray in the undisturbed position

of the mirror makes with a plane at right angles to the

scale and passing through the centre of the mirror, n the

corresponding distance on the scale, a and n' the cor-

responding quantities for a deflected position, r the

perpendicular distance of the scale from the mirror, 6

the angular deflection of the mirror, then

tan a' tan a n n
tan 20 =

1 + tan a tan a
"

r2 + nn

and = I tan- 1

-^ r . (2)2 TL nn

Deduction If n is zero we have
of angular i ^
Deflection Q = _ tan

~ l
(3)

from 2 r

Readings.

If n be small in comparison with T we have approxi-

mately from (2)

I2 T

and from (3)

Telescope For more exact measurements when the deflectioi

are small, PoggendorfFs arrangement of telescope ai

scale is used with a plane mirror. The telescope has

positive eyepiece with two mutually rectangular int

secting cross-wires at its focus. Its line of collimation

* The line joining the optical centre of the object glass with

intersection of the cross-wires.
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is arranged to be nearly in plane with and at right Telescoj

angles to the axis. In most cases in which the telescope
Method

is used the axis is vertical, and we will for definiteness

assume that this is the case. One of the cross-wires is

then in a vertical, the other in a horizontal, plane. The

scale is straight and the numbers on it are engraved in

such a manner that they appear erect, aod are read

from left to right when seen through the telescope.

The scale must be well illuminated, and the method

has the advantage that in general this is sufficiently

accomplished for an opaque scale if it is placed in a

M
FIG. 39.

well-lighted room
;
and the local darkening required in

the ordinary projection mirror method is thus avoided.

Glass scales, .constructed either by graduation on the

surface of transparent glass, or on a silvered surface,

may be used with convenience. The scales are illumi-

nated by light from behind
;
and in the former case" the

divisions appear dark on a bright ground, in the latter

shine out brilliantly on a dark ground. The room

plainly must be darkened if such scales are used.

The arrangement of the apparatus is shown in the

sketch, Fig. 39. T is the telescope, SS the scale,M the
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Adjust- mirror. The telescope as a whole is movable for adjust-m
[n

s
ment both in a horizontal and in a vertical plane. The

Telescope various parts are set up and adjusted as follows. The

telescope eye-piece is adjusted so that distinct vision of

the cross-wires is obtained. The eye-piece as a whole

is then moved until an object, at a distance equal to

twice that at which the telescope is to be placed from

the mirror, is distinctly seen without parallax at the

cross-wires. A plummet is hung below the object-glass

by a fine wire in a vertical plane through the centre of

the oBject-glass. The telescope is then placed in front

of the mirror, supposed at rest in the undisturbed posi-

tion, and is moved about until the plummet wire is seen

by reflection in the mirror. The scale, which is usually

supported by an adjustable holder carried by the tele-

scope stand, is placed in position below the object-

glass, so that the plummet wire is seen in the telescope

coincident with the middle division of the scale. The

scale is levelled, and adjusted by direct measurement,

so that any two points at equal distances on opposite

sides of the middle division are at equal distances from

the centre of the mirror. The final adjustment of the

telescope for parallax and distinct vision is now made.

In order that any accidental disturbance of the

telescope may be rectified with certainty, a fixed mirror

is set up close to the movable one, and the part of the

scale seen at the intersection of cross-wires by reflection

from this mirror is read off and recorded.

If the adjustments have been properly made, the

divisions on the scale are now seen clearly in the mirror
;

and this distinctness is practically the same for all parts
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of a scale of ordinary length placed at the usual distance Deduction

from the mirror. A deflection of the mirror causes the
of

^f
gl '

divisions of the scale to pass across the field of view of Deflection

the telescope ;
and if the mirror comes to rest in a new

Readings.

position, the angle of deflection can be obtained by

comparing with the initial reading the new reading,

which coincides with the vertical cross-wire. Let n be

the deflection measured along the scale in terms of a

scale division as unit, r the distance of the scale from

the mirror in terms of the same unit, 6 the angle of

deflection of the mirror in radian measure
;
then as

in (3)

If the axis round which the mirror turns is not in the

reflecting surface, but at a distance S from it, we have

plainly

tf = tan-i--5- .... (6)

r

Since 8 is in general small, this may be calculated with

sufficient accuracy by finding 9 from the previous

formula, and using its value in the calculation of the

corrected value from the right-hand side of (6). If,

however, 6 be very small, cos 9 on the right may be

taken as unity, and we have

In order that a point in the middle of the portion of

the scale seen in the telescope may have the greatest
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Relation possible illumination, it is necessary that the mirror

ofMi^to should be at least so broad that for the positions of

Diameter
telescope and scale adopted the pencil of rays from the

Glass

e

.

Ct

point should fill the horizontal diameter of the object-

glass. Hence if r, r' be the distances of the scale ando '

telescope respectively from the mirror, 8 the diameter

of the object-glass, the minimum breadth of the mirror

is rS/(r + /).

Length of The portion of the scale visible in the telescope may

visible
^e defined as that from no point of which the part of

the pencil received by the eye-glass fills less than a

certain fraction of the diameter of the object-glass. If

we define it by half the diameter we get when the

breadth of the mirror is &, (if the real optical extent

of field of view of the telescope be not exceeded) for the

length visible b(r + /)//. The pencil received from

either extremity of this space covers the object-glass as

far as its centre. With the above minimum breadth

of mirror, the extent of the field of view is rS/r', which

is greater the smaller is r' in comparison with r. If, as

usually is the case, r r nearly, it is simply equal to

the diameter of the object-glass.

Limits of The precision of the readings with this arrangement

obtain^" depends upon the angle of deflection which corresponds
able. to the smallest visual angle visible in the telescope.

Calling this angle 77, the corresponding length of scale

is 77(r + f') t
and the angle which this subtends at the

mirror is 77 (r 4- r^jr. The smallest angle of turning of

the mirror visible is therefore rj(r + r')/2r. The smaller

r' is in comparison with r the smaller is this angle ;

hence the sensibility is increased by placing the scale at
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a greater distance from the mirror than the telescope.

The minimum breadth of mirror becomes as r is

diminished more and more nearly equal to the diameter

of the object-glass ;
hence if a mirror of sufficient size

is available, and it is convenient to construct and well

illuminate a long scale, the distance of the scale may
with advantage be made considerably greater than that

of the telescope.

A telescope may be used with a concave mirror (or Telescope

the equivalent arrangement of plane mirror and con- w*th

T 111 s i T
Concave

vergent lens placed close to it) and curved scale as Mirror,

described above. All that is necessary is to substitute p^g
h

the telescope for the slit or illuminated wire, and arrange Mirror

it for distinct vision of the scale without parallax at

the cross-wires. The best arrangement, however, is

now to place the scale at a distance from the mirror

equal to the principal focal distance of the mirror,

or the corresponding distance in the case of the lens

and plane mirror. If the radius of curvature of the

mirror be R, this distance is \E. For the lens, if / be

its principal focal distance and 8 the distance of its

optical centre from the mirror, the distance is by the

theory of lenses /(/ - 28)/2(/
-

8) + 8 = \(J + 8)

8
2

/2(/ 8). Hence if 8 is small in comparison with/,
the distance is approximately ^(/ + 8). If the lens be

plano-convex and silvered on its plane face, 8 is zero and

the distance is J/.

Since the rays of light received by the telescope are Visible

parallel, the telescope has only to be adjusted for
Le
s
n
c|5e

f

distinct vision of a distant object, and may be placed at

any distance from the mirror, with no other alteration
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than a change in the extent of scale seen in the field of

view. For a spherical mirror of radius E, the length of

scale visible with a mirror of breadth b in a telescope

with object-glass at distance r' is plainly bH/Qr'. In the

case of the lens, if b be its diameter, the length of scale

visible is practically bf/r'.

Relation of Plainly in order that the whole power of the telescope

Diameter mav be utilised, the parallel beam from the mirror or

to from he lens due to a point in the middle of the portion

of Object of the scale visible must fill the object-glass, that is, the
ass '

mirror or lens must be at least equal in diameter to the

Smallest object-glass. The smallest angular deflection observable

Defection.
^s t^aen obviously half the smallest visual angle observ-

able in the telescope, that is, half its space-penetrating

power. This power varies directly as the diameter of

the object glass, and it has been found that an object

glass of 15 centimetres diameter is necessary to sepa-

rate two objects which subtend an angle of 1" at its

centre.

SECTION II.

MEASUREMENTS OF OSCILLATIONS.

Utility of The most important species of oscillations for us to

vatioiTof
consider are oscillations of a body round an axis, such

Oscil- oscillations for example as are performed by a body

suspended by an elastic wire under the influence of

torsion, or the vibrations of a magnet in a magnetic

field, with or without the damping action of induced
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currents, or of frictional resistance proportional to the

velocity. A determination of the period and rate of

subsidence of the oscillations, with a knowledge of the

moment of inertia of the vibrating body round the axis

of rotation, gives a means of calculating the moving and

resisting forces acting on the body.

For simple harmonic oscillations of diminishing range the Equation
equation of motion is of Motion

/) 7/j T for Simple
4- 2k - 4- - 6 = (8) Harmonic

df*
^

dt
^

11 Oscil-

where 6 is the angular deflection at time t. For the criterion of

simple harmonic motion of constant range is that the body should
be acted on by a system of forces or

couples proportional to the

displacement and acting towards the equilibrium position. The
moment of the couple-system in the present case is L6. Besides
this system of couples we suppose a retarding system of forces

to act on the body with a moment round the axis proportional
at every instant to the angular velocity, and equal to 2iJ.kd6/dt,
where p. is the moment of inertia of the moving system round
the axis, and k a constant. Equating the rate of diminution
of moment of momentum -

ndWjdfi to the sum of moments
ZlLkdBjdt + L6 we get the equation of motion (8).
The general solution of (8) is, writing n2 for Lfn, Exponen-

where A^ A^ are constants, and m1} m
z

are the roots of the

quadratic equation

that is, m l
= - k + v/bz -

ri*, mz
= - k - V/fc

2 -
ri*. These Kealised

roots are imaginary if n2 > k2
,
and in this case the solution takes Solution

the form for

B = 6-*' ((7 cos ^n2 - &t + C"sin \V -
/fc
2
^). (10)

Auxiliary
If ^ be reckoned from the instant of greatest elongation 6 in Quad-

the positive direction (10) becomes ratic

or Simple
0= t-fc*6ain-i (n2 -

t?)*t + -f . . C11 )
Harmonic

I v
2 ) Solution.
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The motion is therefore simple harmonic with period ^/(n
2 - 2

)*,

and amplitude diminishing at logarithmic rate k.

$OTi _ If n2 < &2
, ij, m<p are real and the motion is non-oscillatory ;

oscilla- tnat ig
j
any displacement given to the system disappears by a

tory motion of the body towards the position of equilibrium without

Subsi- oscillation about that position. This condition is fulfilled in

dence. aperiodic or "dead beat" instruments.

Unresisted When k is so small that the resistance is negligible in com-
Oscilla- parison with the other forces, the equation of motion (8)
tion. becomes

and the solution corresponding to (11)

6 = esin* + ....... (13)

Case of A case which frequently occurs is that in which the motion is

Forces oscillatory but not simple harmonic, owing to the fact that the

varying as moment of the system of couples is proportional, not to 6, but to
Sine of gjn Q Assuming zero or negligible resistance, the equation of

Displace- motion is
ment. JZA

Equation ^ + 2 sin 6 = ...... (14)
of Motion. <*P

where fl, as before, denotes L//z. This is the case of which a

circular pendulum vibrating through a finite arc is the type.

Denoting the amplitude in radian measure by a, we have, mul-

tiplying by dOjdt and integrating from 6 = a to 6 0,

- = 2ra
2
(cos 6 - cos a).

dtJ

Hence

dt = pr (COS0
-

COSa)-%d6 .... (15)

Calcu- and tne integral of this, taken between the limits and a, is the

lation of quarter period =
T/4.

Period.
Let

.6 . a .

em- = sm-sm<,

then (15) becomes
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Expanding and integrating the series term by term between
the limits and TT (which correspond to and a), we get

T = I77 1 + lYsin2 - + fl^Vein* - + &c. j (17) Deduction*
2
T

\2'4j 2^ / ^ J
ofPeriod

for

The first term of this series 2ir/n is the ordinary simple pen- Infinitely

dulum formula for an infinitely small amplitude of vibration. small

To find from values of T derived from observation of oscillations Range.

of this kind the corresponding period for infinitely small oscilla-

tions, it is only necessary to divide the value of T thus found by
the value of the series within the brackets. For almost all prac-
tical purposes it is sufficient to use the approximate equation

<18>

which, for an amplitude of half a radian (28 42' nearly), is true

to 1/50 per cent., and to a higher degree of accuracy for smaller

amplitudes.
A table of reducing factors calculated from (17) is given at

the end of this volume.

The period of an oscillation is the time-interval

between two successive passages of the moving body

through the same position in the same direction. For

the determination of this a means of observing the

position of the body and a time measurer are necessary.

For many physical purposes a fairly accurate clock or

chronometer beating audibly seconds or half seconds,

or a good watch is sufficient. In well-equipped

laboratories, chronographs are available, by which, at

the successive instants of occurrence of the phenome-
non observed, marks can be made on a ribbon of paper
or revolving drum kept moving uniformly (checked, of

course, by a break-contact chronometer or pendulum,
which breaks an electric circuit at equal intervals of

time, and makes a mark on the ribbon at each break)
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by clockwork at a known rate recorded by the instru-

ment itself. We shall suppose that an audibly ticking
chronometer is used, and it will be easy to modify the

methods of observation to suit a registering time-

measurer.

Method of For observation of the vibrating body, when it is
6

and
Pe onty necessary to find the instant of passage through a

Mirror, given position, it is convenient to use a telescope
focussed so as to give an image of some part of the

body at the intersection of cross-wires when the body is

in the position in question. The best position is that

of the vibrating body when at rest with no forces acting

upon it. A vertical line is drawn upon the body, and

focussed at the cross-wires in the usual way by first

adjusting the eye-lens and cross-wires for distinct vision

of the latter, and then moving the whole eye-piece until

distinct vision of the mark is obtained.

It is, however, more generally convenient to mount a

light mirror on the body and use the arrangement of

telescope and long circular scale described above. The

apparatus is adjusted so that the division of the scale in

the same vertical plane as the centre of the object-glass

and the centre of the mirror is at the intersection of

Determi- cross-wires when the body is at rest. Or, and preferably,
aatwn of wnere the equilibrium position of the vibrating body is

Reading." liable to change, the exact reading of the scale corre-

sponding to the equilibrium position, or zero-reading, as

we shall call it, may be obtained as follows, while the

body is vibrating. The readings of the scale when the

body is at rest at three consecutive times are taken.

Let nv n
2 ,
n
s
be the readings, a the zero-reading, T the
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period (not necessarily known), then for the deflection observa-

from the zero in the first case we have d = n
1 a, T

tion
.

of

and in the second and third cases by (11) above, Zero.

n
2

a = e
" kT

/
2
d, n

s a = e
~ kTd. Hence we get

When Wj does not differ greatly from n
3 this equation

becomes

a = ^(14 -f '2n2 + %) . . . . (20)

If the rate of diminution of amplitude is not great,

the extreme readings of a greater odd number of

successive semi-vibrations may be read off. The
arithmetic means of the readings taken at each side are

found separately, and the arithmetic mean of the two

results is the required reading for the middle position.

Thus let d
lt
d
2 ,
d
3 , d^ d

5
be readings of the scale for five

successive elongations (points of extreme deflection), so

that dv d
s ,
d
5 are the extreme readings for deflection to

the left, d
2,
d for deflection to the right. Then

(d^ + d
3 + d

5)/3 is the mean extreme reading on the

left. Similarly (d2 + d
4)/2 is the mean extreme read-

ing on the right. The zero reading is then approximately
the mean of these, or (dl + d

3 4 d
5)/6 + (d2 -f d

4)/4. It

is necessary thus to take one more reading on one side

than on the other in order that in the case of diminish-

ing amplitude the mean for one side may correspond to

that for the other. Thus if three readings, d
2,
d
4,
d
6,

were taken on the right, the mean d2 + d
4 + d

&
would

be the mean of readings taken one by one later than

VOL. I. Q
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those on the other side, and their mean would therefore

be too small to give accurately the zero reading.

Observa- The instant at which the zero reading of the scale

of Period. makes its transit is now observed while the body is

vibrating. This is done as follows : The observer

takes time, say at the end of a minute, and then

listening to the ticking of the clock, counts on from

the end of the minute until the middle reading

passes the intersection of cross-wires. The division

of the scale at the intersection of cross-wires at the

beat of the chronometer before and at the beat after

the instant are, if possible, also observed. From these

the exact instant of the transit of the zero reading can

be found by assuming the velocity of transit constant

between the two beats. If both these readings cannot

be obtained, that one nearest in time to the transit of

the zero reading is read off, and from the approximately
known velocity of transit the interval between the beat

and the passage can be found. The observer allows the

vibration to continue, and counts the transits past the

cross-wires until some convenient number, say 10 or 20,

have taken place. Before the end of the series, glancing

at the clock, he takes time, and then counts the ticks

until the last transit of the series has taken place, and

makes the same observations as at the beginning of the

series. He repeats these observations for successive

series, and thus obtains an approximate measurement

of the time-interval from the first to the last transit of

each series.

From this time-interval for one or more series the

period of oscillation can be approximately calculated.
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The mean of the periods calculated from each set of

observations will give the average period with accidental

errors of a particular set more nearly eliminated.

Each set of determinations of period ought to be Observa-

immediately preceded and followed by observations of ^8

1

?
t

amplitude. For this it is only necessary to observe tude.

three elongations or scale -readings at the stationary

points. Thus let three successive scale readings be

dv d9 , ds ,
the total range of apparent motion of the scale

across the field of view is d2 ^(c?x -4- d3 ), or the ampli-

tude of oscillation reckoned on a circle of radius equal

to that of the scale is \d^ \(d^ + d3). If a denote the

amplitude in radian measure, and r the radius of the

scale in degree divisions, then

a =

The mean of the two values of the amplitude ob-

tained at the beginning and end of each series of obser-

vations may, if the series does not extend over too long
a time, be taken as the amplitude during the whole

series, and used, if the oscillations are of the kind which

require it, for the reduction of the period obtained from

the series to that which would have been obtained if the

amplitude had been infinitely small (see p. 223, above).
The mean value of the periods obtained after all cor-

rections from the various series of observations may be

taken as the period required.

In cases in which the rate of diminution of amplitude
is small, a large number of oscillations may be made in

a series extending over a considerable time. A first

Q 2
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Observa- short series of observations will suffice to give an ap-

Long proximate value of the period, and this can be used to
S<

\rb
S f save *^e necess^y f counting the number of oscillations

tions. in the long series. The times t, t' of the beginning and

end of the long series (with, as before, the amplitude
before and after) are observed and recorded. Then if

T' be the rough value of the period before obtained,

which it is known may have an error not greater than

T, we have for N the number of vibrations in the series

(22)

with a possible error of + NrjT. If r is so small that

NT is less than half a period, then plainly N is the

actual number of vibrations made during the interval,

and the true period T can be at once obtained.

Definition When the resistance to motion is proportional to the

arithmic
vel crfcv> each amplitude has a constant ratio to the

Deere-
succeeding amplitude, and this ratio is called the

Logarithmic Decrement of the motion.

Its Deter- It is obtained at once from observations of amplitude.
mmation. r^Q zerQ reaciing naving been determined, an odd

number of successive elongations on the same side of

zero are observed, and the arithmetic mean of the

deflections from zero taken. The result is the ampli-
tude for the middle vibration of the series. The

vibratory motion is allowed to continue undisturbed

for some time and another series of observations then

made. Then if we call the semi-period for which the first

amplitude was determined the mth
, and the second

semi-period to which the second amplitude corresponds
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be the (m + ri)
th

,
the time between the two observations Its Deter-

is n 1 semi-periods. Hence if X be the logarithmic
n

decrement, @m the first amplitude, @ wl+, the second,

then

or

If 2k denote, as in (8) above, the ratio of the moment
of the resistance to the product of the moment of

inertia and the angular velocity, or, which is the same

thing, the ratio of the angular retardation to the

angular velocity, and T one period, then we see by (11)

that

\ = kT. ...... (24)

When the oscillations are long continued, a short Period, &c.

series of observations of an odd number of successive
ee

elongations, with the time of zero passage for each semi- Successive

vibration, is made from time to time. The number of obser-

oscillations which has taken place between every two vatlons -

successive series is determined as described in p. 228,

and the results combined as follows. The interval

between the time of zero passage in the first semi-

vibration in the first series and the zero passage in the

first of the second series divided by the number of

semi-periods gives an average semi-period of vibration
;

in the same way the second semi-vibration of the first

series and the second of the second series gives another

average, and so on. A second set of averages can be
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Period, &c. obtained from the second and third short series and
deduced .

from Sue- the interval between them.

SerieiTof
Each successive set of average results (corrected if

Observa- necessary for amplitude) gives a mean result, and these

again a final mean period. In the same way the

amplitudes may be dealt with and a mean logarithmic
decrement found.

The results of observations, and of different sets of

observations, may be combined by rules derived from

the theory of Least Squares so as to give the most

probable values of the quantities sought, and we shall

state and use such rules when necessary in what follows.

We have not space here to enter into the subject.

SECTION III.

MEASUREMENT OF COUPLER

There are many electric and magnetic instruments

in which an applied couple or system of couples is

equilibrated by a reacting couple the moment of which

therefore measures that of the former. This equilibrating

couple may be obtained in various ways ;
for example,

by the torsion of an elastic wire or thread ; by means

of a bifilar suspension; or by the deflection of a magnet
in a magnetic field. We shall consider shortly the

'measurement of couples produced in the first two

different ways, deferring the third until we deal with

magnetic measurements.
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When a wire is twisted by turning one end round Definition

the axis of the wire while the other end is held fixed, rf^JS*
a resisting couple is set up by elastic reaction in every

cross-section where twist has been given. The moment
of this couple at any one section is proportional to the

twist there existing denned as follows : Let $6 be the

angle through which one of two normal cross-sections

at a distance 1 apart along the axis of the wire has

been turned relatively to the other, then S6/SI is called

the average twist over that portion of the wire. Let

the middle cross-section of this portion of the wire be

that at which the twist is to be measured, and let Si be

made very small, 86/SI is then the twist required.

Along a straight homogeneous wire of uniform cross- Torsional

section, attached at its extremities to two bodies by f^fjf
7

the relative motion of which round the axis of the wire

the twist is applied, the distribution of twist, except
near the fastenings at the ends, is uniform. The couple

of elastic reaction in a particular wire of circular cross- .

section and isotropic material is equal to the product
of the twist, the rigidity (defined below) of the material,

and the moment of inertia round the axis of a circular

disc of diameter equal to that of the wire, and of unit

mass per unit of area. The product of the last two

factors is called the Torsional Rigidity or Moduhis of

Torsion of the wire, and is the elastic couple set up in

the wire per unit of twist. This is the constant which

for wires used as torsional suspensions it is necessary

to determine.

The simple rigidity of the material which forms one Rigidity

factor of the torsional rigidity is defined by supposing
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l $ e(lual tangential force per unit of area to be applied
over four forces of a unit cube so that the forces in each

face act as shown by the arrow-heads in Fig. 40. By
the action of these forces the cube is distorted so that

the section in the plane of the paper becomes a rhombus,
that is, each of one pair of opposite angles becomes less

than a right angle by a certain amount, and each of

the other angles greater than a right angle by the same

, amount. The rigidity is the ratio of the tangential

force per unit area thus applied, to the amount in

radian measure by which each angle of the section of

the cube has been changed.

Deter- The torsional rigidity of a wire is best determined by
ruination faQ method of oscillation. The wire is suspended
Torsional vertically from a fixed support which securely holds its

Method of upper end from turning, and to the lower is attached

Oscil- a tody of such form that its moment of inertia round

the axis of the wire can be readily determined from its

mass and dimensions.

The best form of vibrator is for several reasons a
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hollow circular cylinder of brass or copper suspended so Form of

that the axis is in line with that of the wire. In such

a cylinder the thickness of the metal, in most practical

cases, need not be so great in comparison with either

radius that defects in homogeneity will seriously affect

the correctness of the moment of inertia, as deduced

from the mass and dimensions of the vibrator. Further,

its form is one for which the motion is but slightly

affected by the presence of the air in the chamber in

which the oscillations take place.

The cylinder is suspended by means of a cross bar of

the same material and of rectangular section which

passes through apertures at the opposite extremities of

a diameter of the cylinder near its upper edge. The

length of each aperture is exactly equal to the breadth

of the bar so as to avoid side-shake, but their depths

may be slightly greater than the thickness of the bar.

Symmetrically placed with reference to the centre of

the bar are two notches in its upper surface which

exactly fit the upper edges of the orifices, so that when
the whole is suspended by the centre of the bar the

cylinder rests in these notches with its plane horizontal,

and all is symmetrical about the axis, and practically

rigid for motions round it.

Coincident with the axis is a small hole in the

bar, through which the wire can be passed, or in

which a small vertical wire can be fixed to fit the

clamp with which the lower end of the wire may be

terminated.

If the object of the experiment is to determine the

torsional rigidity of a particular wire used in an instru-
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Form of ment Of any kind, an(i this cannot be done with the
Vibration. J

. . .. .

wire in position, the wire should have a clamp or

fastening at each end permanently fixed to it for

securing it in any new position ;
and the total weight

on the wire when vibrating should be as nearly as may
be the same as that borne by it when at its proper

use.

The period and rate of subsidence of the oscillations

are observed and the results dealt with in the manner

already described (pp. 225 230 above).

In the case of a cylindric vibralor the mirror may be

dispensed with, and a scab of equal divisions engraved
on or cemented round the upper or lower edge of the

cylinder. This scale is viewed through a telescope

directly, and as the wire vibrates the divisions pass

across the field of view, so that the time of passage

of any one division and the divisions of greatest

elongation can be observed.

Deduction If r denote the torsional rigidity of the wire, n the

rig^ty f the material, and a the radius of the wire,RigidHy
from then, as stated above, p. 231.

Results.

T = ma4 ...... (25)

If T denote the period, JcT the logarithmic decrement,

/jb
the moment of inertia of the whole vibrating system,

a the radius, and I the length of the wire, n is given

by the equation
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or if V be put for the volume of the wire Deduction
of Rigidity

n

If k can be neglected (28) becomes

- =*> ....... (28)

a form sometimes used.*

Since the rigidity modulus thus determined involves

the fourth power of the radius, and it is difficult to

obtain a truly cylindric wire, values of n obtained thus

for wires must in general be taken as only roughly

approximate. It is, however, generally possible to find

with accuracy the torsion al rigidity T of the wire. This

is given by the equation

(29)

If 6 denote the whole angle through which one end of the wire Theory of

has been turned relatively to the other, and / the length of the Method.

wire, then the twist is 6jl. Now consider two radii in the section

represented in the diagram which are inclined at an infinitely
small angle d-fy. These will intercept between the circles of

radii r and r + dr, a small square, provided dr = rcfy. This in

the unstrained wire may be regarded as one face of a small cube
which has two faces in infinitely nearly parallel planes through
the axis and the two radii, and two other faces tangential to the

two cylinders of radius r and r + dr, and the remaining face

opposite to the first in a cross-section at a distance equal to dr.

By the strain the angles between the first and last-mentioned
faces and those in the radial plane have been altered by the

amount rff/l. Hence the opposite tangential forces required, as

in Fig. 40, over the faces in the cross-sections and on the two
faces in the radial planes is for each face n.rd-fy.dr.rOjl.

* Sec Encyd. Brit., Art. "Elasticity," by Sir William Thomson.
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Theory of The moment of this round the axis is nr^drd^r . Bjl. Hence
Method. r a

^TrnQ/l . I r*dr = ^nctd/l is the total moment over the cross-
J o

section. But this, divided by the twist 6/1, is the torsional rigidity.
Hence (25) above.

The integral just found is the total moment of the elastic forces

in each cross-section producing angular acceleration of the whole

moving system towards the position of equilibrium. Besides

these forces, the system is acted on by forces of viscous resist-

ance (that is resisting forces depending on the velocity), partly in

the wire and partly between the moving system and the air
;
and

these we shall assume as everywhere proportional to the velocity,
and therefore to have a moment round the axis directly propor-
tional to the angular velocity dOfdt.

FIG. 41.

We shall denote this moment by ^kpdQldt. The equation
of motion is then v

.O .... <30)

the differential equation found on p. 221, above, which, under the

conditions there stated, denotes simple harmonic oscillations with

amplitude diminishing at logarithmic rate k. From the solution

there given we have

T = - -4^-r- (31)

(TT
~

*")

which yields at once (26) and (27).



MOMENT OF INERTIA OF VIBRATOR. 237

If the wire be not of truly circular section, T, its torsional Theory of

rigidity, must be used instead of 7r;.'
4
/2 in (30) and (31), which Method,

then give (29) above.

Since the torsional rigidity of a cylindric wire is as

the fourth power of its radius, or the square of its area

of cross-section, it is frequently preferable to use a

number of wires side by side to support a given load,

rather than a single wire of equivalent cross-section.

Thus such a wire equivalent in cross-section to n equal

wires would not support a greater load, but would

have approximately n times the torsional rigidity.

The moment of inertia of the wire is generally so Moments

small in comparison with that of the vibrator that it

is negligible within the limits of the errors of observa-

tion.
/JL

is therefore in general the result obtained from

the known distribution of mass and the dimensions of

the vibrator.

The moment of inertia round any axis is by definition

the sum of the products of the mass of each small

clement of volume of the body into the square of its

distance from the axis, and is therefore obtainable in

general by integration. The results for the most useful

cases are contained in the formula :

*

Mass x sum of squares of

Moment of inertia of)
rectangular semi-axes perp.

a uniform solid round L to axis of rotation
;

n 3, 4, or 5
an axis of symmetry J

according as the solid is a rectangular parallelepiped,

or thin elliptic plate (or solid elliptic cylinder if the

*
Routh, Rigid Dynamics, vol. i. chap. i.
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axis of the solid is the axis of rotation), or an ellipsoid.

Moment of
-^or *^e moment of inertia of a right circular cylinder

Inertia of of mass m and radius r, this formula gives rar2/2 : hence

Vibrator. f r that of a hollow cylindric vibrator of external radius

/, internal radius r, and mass M, is = M (r
1 + /2

)/2.

For the bar by which it is suspended, supposed of uni-

form rectangular section, we have, if m be its mass, a

its length, and b its breadth, m(a? + 62
)/3. From these

two results the moment of inertia for the cylindric

vibrator and attached bar can be found. The vibrator

is weighed and its internal and external radii determined

by careful measurement. The mass and length and

breadth of the bar are also found as carefully as possible,

and allowance made for the slots in which the cylinder

rests.

Method by It is possible to avoid the determination of the

difference
moments of inertia of the separate parts of a vibrator

of two by using an arrangement of masses, the configuration

momentsof ^ which can be changed so as to alter the moment of

Inertia, inertia without altering the mass and therefore also

without affecting the pull on the wire.

The periods Tv T2
of vibration are observed for two

such different configurations in which the moments of

inertia and logarithmic decrements are
JJL^ fj,2 ,

kv k
2
re-

spectively. Then we have from (27)

,

-^ T* - Tj~
This, if kv Jc

2
be small as is generally the case, depends

on ^ yL62 ,
which can with proper arrangement be

determined with more ease than the values of f^, /*2

separately.
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A convenient arrangement for this purpose is Maxwell'

Maxwell's Vibration Needle. A straight cylindric tube

of brass contains four other tubes of brass, each exactly

of the length of the outer tube so that they just fill

up its length. Two of these inner tubes are empty, the

other two are filled with lead. The vibrator made up
of these tubes is hung horizontally from the wire by
means of a straight rigid stem attached at right angles

to the tube, in line with its centre of inertia. To the

upper end of this stem the wire is clamped.
The vibrations are observed first when the solid

cylinders are in the middle of the case, and the hollow

cylinders are at the ends, and again when the solid and

hollow cylinders are interchanged in position. In this

case, as is easily shown from (32) that, if m be the mass

of each of the shorter hollow cylinders, m' the mass

of each of the solid cylinders, and 2r the length of each,

fjL /JL2
= 16 (m m')?*

2
.

The quantities on the right are all easily found, but

the calculated result can hardly be relied on as very

accurately the value of /^ jj,.2 ,
on account of possible

want of uniformity in the cylinders.

The moment of inertia
//,

of a given vibrator may
also be determined by first observing the period T, then

altering the moment of inertia by a known amount v,

and observing the period T'. If k be the same in

both cases, or may be neglected, we have

A*
= "

2 (8S)



240 GENERAL PHYSICAL MEASUREMENTS.

Maxwell's This process is frequently employed when the vibrator

Needle. *s ^ sucn form or dimensions.that its moment of inertia

cannot be found by calculation. A known mass of

convenient figure, for example a couple of spheres, is

made capable of being distributed symmetrically about

the axis in two different configurations for which the

difference of moment -of inertia can be calculated. If

change of total mass is of no consequence, a suitable

known mass can be added to the vibrator in a convenient

position, and the change of moment of inertia is then

the moment of inertia thus added.

The torsional rigidity of a thin wire can also be

determined by suspending a magnet of known magnetic
moment (see below, vol. ii.) by a measured length of

the wire so that the magnet rests with its length in

the magnet meridian, and then twisting the upper end

of the wire through a measured angle 6, which may be

observed by means of a mirror attached to the magnet.
If H be the horizontal intensity of the field, M the

magnetic moment of the magnet, then the couple tend-

ing to bring the magnet is (by the definitions ofM and

H) MH sin 6. The couple opposing return to zero

is T0/L Hence

T =Mm^ ..... (34)

The details of this method must be deferred.

Imper- The torsional rigidity of a wire is, however, apart from

Torsional
^e difficulty of its exact determination, a somewhat

Elasticity, inconvenient means of obtaining an equilibrating couple.

The zero position is subject to change even for moderate

amounts of twist, in consequence of the slow working
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out of a remainder of twist after removal of the deform-

ing couple. This remainder is greater the longer the

wire has been kept twisted. From this cause glass

fibres are very unsuitable.*

The effect of change of temperature for iron, copper, Effect of

and brass has been accurately found by Kohlrausch.
-f- ^eni^enf

Roughly speaking, the rigidity is. diminished by \ per ture.

cent, for 10 rise of temperature. Change of temperature
also changes the length of the wire, and thus alters the

twist for a given angular deflection. This alteration

is, however, only about ^- of the change of rigidity.

The torsional rigidity of a metallic wire is slightly E'astic

diminished and its internal viscosity, and therefore the

rate of subsidence of oscillation, greatly increased by
what Sir W. Thomson J has called Elastic Fatigue pro-

duced by continuous or frequent torsional oscillation.

In most cases it is preferable when possible to produce Silk Fibre

the equilibrating couple by some means independent of

torsion. The mode of suspension generally adopted
is by unspun clean silk-fibre, which combines great

strength with very slight torsional rigidity. A single

fibre (half of an ordinary cocoon fibre) will bear a

weight of three or four grammes, and with a large

margin of safety from half a gramme to one gramme.
The torsional rigidity of fibres of Japanese silk of

diameters from '0009 to '0015 centimetre varies

(when expressed in terms of either force of a couple
* Mr. C. V. Boys(7%t7. Mag. June, 1887) recommends fibres of quartz.

t Fogg. Ann. Ser. 3. Bd. CXLI. (1870), p. 481. See also Encycl.

Brit. Art.
"

Elasticity," by Sir W. Thomson, 79.

J "Elasticity and Viscosity of Metals," Proc. K.S., May 18, 1865

or Encyd. Brit. Art. "Elasticity," 30.

VOL. I. R
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acting on an arm of one centimetre) from "00091 to

"00250 dyne.* A silver wire of the same torsional

rigidity would have a radius of from '00022 to '00028

centimetre, and would not bear more than about

'4 gramme without breaking.
The The Bifilar suspension consists of two wires or threads,

Suspen-
attached at their upper ends to two fixed points, and

Slon - at their lower ends to two points in the suspended body.

When the system is in equilibrium under the action of

no applied forces, except such as are vertical, the threads

are in a vertical plane and the centre of gravity of the

body is in the lowest possible position. But if a system of

couples acts on the body so as to turn it round a vertical

axis, the threads no longer lie in a vertical plane, and

a couple comes into play opposing the applied couple.

The suspension has the advantage of giving a per-

fectly definite zero of directive force, practically

unaffected by the state of the fibres as to torsion, and

but little changed by variation of temperature ;
and the

couple given by it for a given deflection is capable of

sufficiently accurate evaluation for many purposes by
measurement of the dimensions of the arrangement. It

is, however, used in many electric and magnetic in-

struments simply to give a reacting couple, and the

constant of the suspension is, if necessary, determined

by experiment.

General We shall consider the perfectly general case of two
T
B?fi2r

f
^nrea(^s f given lengths hung from given fixed points

not necessarily in a horizontal line, and attached at their

lower ends to a body suspended from them at two points
*

T. Gray, "On Silk v. Wire Suspensions." Phil. Mag., Jan. 1887.
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at a given distance apart and in given positions relatively
General

to the centre of inertia of the body. If the deflecting Of Bffilar.

system of forces be a couple in a horizontal plane, the

reaction of the btfilar must also be a couple in a hori-

zontal plane, the projection in fact of the couple given

by the horizontal components of the tensions of the

threads, which plainly, since there is no horizontal

resultant force to be equilibrated, must be equal and

opposite. Let AA', BB', Fig. 42, be the respective

projections on a horizontal plane of the upper and lower

points of attachment of the fibres in the deflected

position of the bifilar, and let 2a, 26 be the lengths of

FIG. 42.

these projections. The horizontal forces act in the

directions BA, B'A\ which are therefore parallel. If L
be the moment of the couple due to the bifilar, and p
the perpendicular distance between BA, B'A, each

horizontal component of tension is Ljp.

IfM be the whole mass suspended, the total down-

ward force is Mg ;
and this must be equal to the sum

of the vertical components of the two tensions. Hence

if we denote one of these components by ^Mg(\ -f c),

the other must be JJ/#(1 c). Again, if we denote

the mean of the vertical heights of A above B and A'

above B' by h, and call one of these h(l e), the other

R 2
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r

General must be A(l -f e).
We may suppose the tension

Bffilar. \Mg(\. -f c) to correspond to the vertical heigh't h(l + e\
then if c be taken positive, e will be a positive or a

negative quantity according as the greater tension

corresponds to the greater or to the less vertical height.

Hence, by the triangle of forces,

BA = k(l+e)i J^H B'A' = h(l-e)^? v'
Pfy(l + c)' P/#(l-c)'

(35)

Adding, putting for (BA + B'A'yp its value 4<absm0,

where 6 is the angle of deflection, and solving for L, we

get

L^Mg^Q_-fl ^ e
h(l ec)

This equation shows that for a given deflection 6, L
is smaller the smaller a and b, and the greater h, that

is the sensibility is greater the closer the fibres and the

greater their lengths.

Case of In the actual use of the arrangement the lengths of

metrical
*^ie ^res are the same, the fixed points are in a hori-

Arrange- zontal plane, and the points of attachment to the

suspended body are symmetrical with respect to the

centre of inertia. Hence the pull is the same in both

fibres, and e and c in (36) are both zero. Accordingly

(36) reduces to

/, , *J* 8in * (37)

The value of h in this case is easily found. We have

now from the figure IB = IB', and AB = A'B'. But

if I be the length of the fibre,

AB2 = o 2
-f tf - Zab cos e = P-h*:
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and therefore Case of

W = P-(a - ty*
- 4ab sin2

\6. metrical

Arrange
-

Hence from (37) ment.

T - MgabsmO'a 2
'

If a be nearly equal to b, (a b)
2
may be neglected ;

and

if I be very great in comparison with either, both this

term and 4a&sin2
|# may be neglected. Under the

latter condition

I -*f* sin 6 . . . . : (39)

Of course for small deflections 6 may be put for sin 6

in all the formulas found for L.

The accuracy of the adjustment for the fulfilment of Adjust-

the conditions c = 0, e = 0, maybe tested and completed fByy ar

as follows : One of the fibres is raised a little relatively

to the other by inclining the instrument. Supposing
the adjustment to have been perfectly made, the effect

of this would be, without sensibly altering e from zero,

to make c appreciable ;
for one fibre being made more

nearly vertical than the other, and having a horizontal

component of tension equal to that of the other,

must have a greater vertical tension. Hence the

sensibility as measured by the ratio of a deflection 6

to the opposing couple L will have been increased.

Supposing the adjustment only nearly made, e will be

very small, and any increase in the value of c will still

increase the sensibility. On the other hand, if the effect

of raising the fibre is to make the weights borne by the
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Adjust- two fibres more nearly equal, the result will be a dimi-

Bifilar. nution of the sensibility. Since the sensibility is

proportional to the square of the period of vibration,

any change in it will be at once shown if a small

deflection is produced and the period roughly observed.

If lifting one fibre a small distance diminishes the sen-

sibility, while lifting the other increases it, more weight
is borne by the latter than by the former, and the want

of adjustment is to be remedied by shortening the fibre

which bears the smaller weight, and lengthening the

other until raising either fibre as a whole increases the

sensibility.

Effect of The total directive couple given by the bifilar is due
1011 '

not only to the raising of the suspended weight in

consequence of the deflection, but is partly due to

torsion. The correction is made simply by adding to

the value of L already found the torsional couple for

the two wires. Thus we have for the case of (39) if r

be the torsional rigidity of each wire,

in<? + 2Tf.
. . . (40)

Effect of So far no account has been taken of any want of per-

Rigidity.
^ec^ flexibility of the threads, and when these are fibres

of silk, no correction is really necessary. If, however,

they have sensible flexural rigidity and the extremities

be so fixed that they remain vertical in all positions of

the suspension, each wire is bent into an elastic curve,

of the shape roughly shown in the figure. The amount

by which the deflection is diminished by the flexural

rigidity is approximately the sum of the two small
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distances A'A and BB' in the figure; and it is easy to Effect of

show that this is, very nearly, 2d vS/l\/Tt
where'd Rigidity.

is the whole horizontal displacement of the lower end

of the fibre, T the vertical tension, and B the flexural

rigidity of the fibre for bending in its plane.* Hence

the couple derived from the observed deflection must

be increased in the ratio of 1 to 1 2\/.Z?//\/2
T

;

that is, the result is the same as if the length of

the wire, whatever its amount, were diminished by

V5/T.

A' A C

For consider one thread of the bifilar. Let the origin be at

the centre, x be measured vertically downwards and y hori-

zontally, and the tension at the centre be resolved into a vertical

component T and a horizontal
; and let the inclination of the

thread to the vertical be small. Equating the elastic couple at

the section of coordinates #, y, which is B x curvature of thread

* That 'is, the product of the Young's modulus of the material
into the moment of inertia of a cross-section (of unit mass per unit of

area) round an axis through the centre of inertia at right angles to the

plane in which the bending takes places.
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Effect of = - Bdz
yl<Jx*, to the sum of the moments of T and P about

Flexural that cross-section, we get the differential equation
Rigidity in

Bifilar. d*y ..

Bj^
= Ty - Px (41)

If a be put for -JlfB the solution of this equation is

y =
|

x + C** + '-*
(42)

Now, approximately x = \l at the lower extremity, and
= -

\l at the upper, and at either dyjdx
= 0. Hence differ-

entiating in (42^ and substitutins1 we e-et

-
^fr ai Liie upper, aim at eitiier <^

entiating in (42) and substituting we get

and therefore

= P

For x = 1/2 this is

=
1 2al/2 _

~ ~

If the fibre be long we may take as an approximation,

P/l B

Hence we have finally

the result stated above.*

The amount of this correction is not generally

negligible. (
Its amount for a wire of ^J^- cm. in

* See also Kohlrausch, fTi'ed!. Annalen, Bd. xvii. (1882).

t It may be calculated for a wire r centimetres in radius, and carry-

ing a load of W grammes, by the formula r2 jZirE/^/ W, where E is the

Young's modulus of the material in grammes weight per sq. cm. The
value of E for copper is 1200 x 106

,
for silver 736 x 106

,
for iron 2000 x

106
,
for gold 813 x 106

,
for platinum 1700 x 106

.



COMPARISON OF UNIFILAR AND BIFJLAR. 249

radius stretched by a tension of 100 grammes weight
is "22 cm. for copper, *17 cm. for silver, '18 cm. for gold,

and '26 cm. for platinum. [If only one end of the wire

be constrained to remain vertical and the other end be

straight the correction is of course only half of that

just found.]

To compare the sensibilities of bifilar and unifilar Corn-

suspensions of the same length and made of wire of
f
P
Unifiiar

the smallest possible diameter for the weight Mg to be and

carried, let S be the practical tenacity of the material

that is, the greatest weight per unit area which the wire

will bear without experiencing inconveniently great

permanent elongation. The least radius which can be

used for the bifilar is given by the equation r2 = Mg/2S7r.

For the unifilar the least radius possible is given by
r'

2 =
MgjS-Tr

= 2r2
,

and the torsional rigidity is

^nnr'* = 2?rnr4 . Hence by (40) for equal sensibility

of unifilar and bifilar we have

= Mga? +

Hence we get, putting for Mgt
2$7rr2

,

Taking the value of S as only J of the utmost tenacity

or breaking weight Wt
we get a/r = 2\/n/ W. The value

of v/w/ W is about 10 for silver, gold, and copper, and

about 12 for platinum. Hence the bifilar is equal in

sensibility to the unifilar (under the conditions stated

as to diameter of wire), when the ratio of the distance
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Effect of

Change of

Tempera-
ture.

Deter-

mination
of

Constant
ofBifilar.

Direct

Determi-
nation of

Couples.

of the wires apart to the diameter of the wire is about

5 in the case of the first three metals, and about 6 in

the case of platinum.
The torsional term in the bifilar is the less important,

and as the effect of change of temperature on the

other term is due to expansion of the wires, the

correction is very slight. If it were worth while, the

balance might be compensated for effects of change of

temperature by attaching the wires to a bar, the expan-
sion or contraction of which would, by altering the

distance of the wires apart, just annul the effect of

change of length.

The directive couple per unit of deflection given by
the bifilar may be determined by the oscillation of a

body of known moment of inertia as described above if

the deflections are made small. Its determination from

the dimensions of the apparatus cannot be done with

accuracy unless the parts are made very large, owing
to the difficulty of measuring the exact distance of

the fibres apart. This has, however, been done by
Kohlrausch in a very large bifilar balance made by him

and used in an important series of determinations of

the earth's horizontal magnetic force.*

Couples may also be directly determined with suffi-

cient accuracy for many purposes by means of the

following arrangement or some modification of it : The

suspended body is kept in equilibrium in the proper

position by means of a bifilar suspension, or a single

thread or thin wire under torsion. When a deflecting

*
Loc. cit. and below (vol. ii.) in the chapter

" On the Determina-

tion of H."
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couple acts on the body it is turned round a vertical Direct

axis, and is brought back to the initial position of
nftti f

equilibrium by means of two pendulums, the points of Couples.

suspension of which are on sliding pieces which can be

moved along horizontal parallel bars fixed above at

right angles to the plane of the bifilar when in the

equilibrium position, or to some fixed plane through the

unifilar. Each pendulum cord has attached to it a

thread which pulls symmetrically on the two sides of

the suspension. When the body is deflected, the sliding

pieces are moved in opposite directions, so that, in

consequence of the opposite inclinations of the pendu-
lums to the vertical, forces restoring equilibrium are

applied to the body. Let the deflecting couple be L.

Supposing the two points of suspension of the pendulums
to be on one level, and the points of attachment of the

pulling threads to the pendulum cords to be on a level

lower by a distance of I cm., and at a distance of

d cm. apart, the distances of the verticals through the

points of suspension from the corresponding verticals

through the attachments of the threads to the pendulum
cords to be dv d

2
cm. for the respective pendulums, and

the mass of each bob W grammes, we have, for the

moment of the equilibrating couple, the value

d, 4- d9 ,W3 =L_y.

Hence, equating moments, we get

L = Wg i^-^y (45)



CHAPTER V.

ELECTROMETERS.

Definition AN electrometer has been defined as an instrument

meter
10 "

ôr measuring differences of electric potential by means

of the effects of electrostatic force. It consists essen-

tially of two conductors, between which is established

the difference of potentials which it is desired to

measure. The electrostatic force set up produces

motion of the parts of one of these conductors relatively

to one another, or motion of the conductor as a whole

relatively to the other conductor
;
and from this motion,

or from the mechanical force which must be applied to

restore and maintain equilibrium in the configuration

of zero electrification, the difference of potentials is

inferred. We shall call this conductor the Indicator of

the instrument.

Absolute When the instrument contains within itself a means

meter~ ^ comparing the electric force called into play with

other forces known in amount, as for example the force

of gravity on a given mass, or the elastic reaction of

a stretched spring, it gives directly by its indications

the value in absolute electrostatic units of the differ-

ence of potentials measured, and is called an Absolute

Electrometer.

When the instrument gives only comparisons of the
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electrostatic forces with other forces the amount of Non-

which it does not itself contain any means of deter- Electro-

mining, its indications can only be obtained in absolute

units by a comparison with those of an absolute

electrometer.

When the mode of variation of these undetermined Constant

forces is known and remains constant, one such accurate
nJ^er

comparison is sufficient to allow a coefficient to be

determined by which results proportional to measured

differences of potential must be multiplied for reduc-

tion to absolute measure. This coefficient is called the

Constant of the instrument.

Electrometers have been divided by Sir William Classes of

Thomson into three classes :

meters

I. Repulsion Electrometers.

II. Attracted Disc Electrometers.

III. Symmetrical Electrometers.

To the first class belong instruments in which a

difference of potential between the indicating con-

ductor and the fixed conductor is shown by relative

motion of parts of the indicator produced by their

mutual electric repulsion. In such an instrument, when

properly constructed, the fixed conductor either is a

closed or nearly closed conductor, or is in conducting
contact with and contained within a closed conductor,

which also contains the indicator.

Most of the instruments known as electroscopes, for

example those of Cavallo, Volta, Bennet, and Henley,
act thus by electric repulsion ;

but as these cannot,

however made, be regarded as accurate-measuring
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instruments, we do not here give any description of

them.

Coulomb's The first accurate repulsion electrometer devised was

Balance
Coulomb's Torsion-Balance, which gave good results in

the hands of Coulomb himself and of Faraday; but

this instrument has been almost entirely superseded

by much more delicate and convenient electrometers

chiefly belonging to the other two classes. As, however,

it is capable of being made to give fairly accurate results

in absolute measure, we give here a short account of

its construction and use. It is essentially a modification

of the torsion-balance previously employed by Michell

and Cavendish in experiments on the gravitation of

matter.

The instrument is represented in Fig. 44, which also

shows some of the principal pieces, detached and on a

larger scale. The indicator is a thin rod of shellac
3

carrying at one end a small pith-ball, ~b
}
as smoothly

gilded as possible, and at the other end a paper disc, d.

This rod is suspended horizontally with the paper disc

vertical within the cylindrical case BACD, as the

movable arm of a torsion-balance, by a fine silver wire

attached to a button, K, which is supported on and

turns round the graduated torsion head MM
', carried

by the upright tube shown standing on the case in the

figure. A cylindrical piece, attached to and coaxial

with MM' ,
fits into the cylindrical piece 77", which is

cemented into the upper end of the glass tube. The

silver wire is attached to the button K above and to

the indicator below by two small porte-crayon clamps,

and is as nearly as may be in the axis of the case. A
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continuation of the lower clamp downwards below the Coulomb's

horizontal rod, by giving stability to the indicator, secures Balance

the verticality of the plane of the paper disc, which

thus serves as an air vane to damp the motion of the

FIG. 44.

indicator. Round the case, opposite the indicator, is a

scale graduated to degrees, by which the position of the

indicator can be determined. In the cover of the case,

at a distance from the centre equal to the distance of
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Coulomb's the ball b from the suspension wire, is a hole through

Balance".
w^ich a thin rod of sealing-wax, bearing another gilded

ball, a, of pith, can be passed. This rod is attached to

a holder, P, so that the ball a when in position is on a

level with b and has its centre exactly on the radius

through the zero division of the scale; and the holder

is provided with a geometrical fitting to the cover,

which ensures its being always replaced in exactly the

same position.

In Coulomb's instrument the wire was about 70 cm.

in length and '035 mm. in diameter, and a couple equal
to that due to the weight of 1*7 of a milligramme

acting at the extremity of an arm of 1 centimetre

sufficed to maintain the wire twisted through 360.

Mode of When the instrument is to be used, a is withdrawn,

"Son-
6
and tiie button K turned until the ball I rests with its

Balance, centre opposite the zero of the lower scale, and MM' is

turned until the index is at zero. The wire now exerts

no torsional couple. The ball a is then replaced, and

~b rests against it slightly deflected from its previous

position. The instrument is now adjusted ready for

use. As an illustration of how the instrument was

used by Coulomb, we shall describe an experiment by
which he determined the repulsion of two electric

charges.

Experi-
The adjustment of the ball b was first made, then

ment from ^e ^^ a was electrified by being brought into contact

Coulomb with the previously charged ball E, and placed in

^aw^f
1

Positi n - The charge was shared with b, which was

Distances, therefore repelled, and the indicator took up a new

position of equilibrium, making an angle of 36 with
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the former, as shown by the lower scale. The wire then

had a torsion of 36. Coulomb now turned the wire

by means of the button K until he had diminished the

deflection to 18, and found that he had turned the

button round through 126, thus increasing the torsion

of the wire to 144, or four times its previous amount.

He then diminished the deflection by the same means

to 8'5, and found that the total torsion was 575'5 or

almost sixteen times its initial amount.

Coulomb had previously verified by independent

experiments the important fact that the couple required
to hold an elastic wire twisted through an angle not so

great as to overstrain the wire varied directly as the

angle ;
and he concluded that, as the distances between

the centres of the balls were approximately in the ratio

4 : 2:1, the forces of repulsion in the respective cases

were in the ratio of 1:4:16, that is, inversely as the

square of the distance.

If we could regard the electrification of the balls as

the only electrification concerned, and the distribution

in each case as uniform, the exact theory of the experi-

ment would be as follows : Let r be the radius of the

circle in which the indicator ball moves, a the deflec-

tion of the indicator from zero, 6 the total angle through
which the upper end of the wire is turned relatively to

the lower, / the length of the wire, and F the force of

repulsion between the balls for the deflection a. The

moment of F round the axis is FT cos \ a. Assum-

ing that F varies inversely as the square of the

distance, and denoting the charges by q, q
f

,
we have,

since 2r sin \a is the distance between the balls,

VOL. i. s

Experi-
ments
from
which

Coulomb
deduced

the Law of

Distances.

Coulomb's
LaAV of

Torsion.

Theory
of the

Experi-
ment.
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Theory
of tlie

Experi-
merit.

F=z ^'/4?'
2 sin2 \a, and the couple becomes qq'

i

tan ?a-

jf T denote the torsional rigidity (see p. 231 above)

of the wire, that is, the couple required to maintain a

twist of one radian per unit of length, we have rd/l

for the torsional couple applied by the wire. Equating
this to the former couple we get

0sinjatania= (1)

Diver- Hence on the suppositions made the quantity on the

teMtaf
^e^ should, if the law of the inverse square is true, be

from Law constant for constant charges and different values of a

anc^ # The comparison gives the following table :

a 6 sin \a tan \a

36 36 3-614

IS 144 3-568

8-5 575-5 3-169

The numbers in the third column fall off considerably

with diminution of distance. There ought to be a

falling off on account of induction between the two

balls, and to this no doubt the discrepancy is in great

measure due.

The instrument may also be used for the comparison

of
of different charges of the ball a. All that is necessary

Carrier is to maintain a constant charge in the ball b, and find

the torsional couples which must be applied to produce

a given constant deflection in the different cases. The

charges of a may be made proportional (p. 100 above) to

the varying density of the distribution at different points

Com-
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on a conductor, and thus the law of variation of the

density may be experimentally obtained. A large

number of experiments have been made in this manner

by Coulomb, Riess, and others.*

In the form in which it was used by Coulomb, the Effect of

torsion balance is an essentially inaccurate measuring cation of

instrument. The electrification of the glass case must the Case.

have frequently affected the results to a considerable

extent, and could not have been allowed for, even if it

had remained constant during one set of experiments,

without a very difficult experimental determination of

the electrical state of the glass. If the interior of the

case had been covered with a conducting coating

furnished for purposes of observation with openings

partially closed with wire gauze, all effect of exterior

electrification would have been avoided, and the only

effect due to the case would have been that of a perfectly

definite electrification depending only on the position

and charges of the interior system.

For example, the effect of this electrification can be Calcula-

easily calculated to a first approximation for a spherical gpJeriLl
case with an internal lining of conducting material. Conduct-

We have only to find the effect on 1} of the image of

a in the spherical surface. If the radius of the surface

be r
lt
and the distance of the centre of the ball a from

the centre r, the image of the charge q (regarded as a

point-charge at the centre of a) is in the radius through
the zero of the scale at a distance r^/r (p. 78) from the

centre, and its charge is qrjr. The square of the

* Coulomb's Memoirs, and Mascart's TraiU d'Elcdricitt Stalique,

Tome 1, chap. iv.

s 9.
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Calcula- distance of this image from b, when the deflection of

a Spherical
tne indicator is a, is r^/T

2 + r* 2r 2 cos a. Hence the

Conduct- force between the image and I is ^'ri
r
/(
r
i
4 + r*

2r
1
V2 cos a), and the moment of this round a vertical

axis through the centre is qq'r^r sin a/(r^ + r4

2r
1
2r2 cos a)*. This, added to the formerly found

moment, gives the total moment balanced by the torsional

couple.

The torsional rigidity of the wire must be determined

if the results are to be obtained in units unaffected

by the unknown elasticity of the suspension. Full

details of the method of finding this' constant are

given in the last chapter.

Thomson's For all purposes of accurate measurement, electro-
Electro- me ers Of the other two classes are more convenient.
lli6iClS#

Most of these have been invented by Sir William

Thomson, and his instruments or modifications of them

are now in almost universal use. Accordingly we shall

not occupy space with the description of instruments

such as Dellmann's and Peltier's electrometers, or even

the repulsion instruments of Thomson, although these,

in the hands of the inventors and others, have yielded

valuable results, but shall at once proceed with the

description of the forms now adopted.

Attracted- In an attracted-disc electrometer the attraction be-

Electro-
^ween ^wo P&raHel discs at different potentials, and at

meter of a given distance apart, is compared with the elastic

Harris reaction of a stretched spring or the weight of a given
mass. The first instrument of this kind was constructed

by Sir William Snow-Harris, and used by him in some

important experiments. It is shown in Fig. 45. In it
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the indicator is a plane disc d suspended as one scale of Attracted

a balance above a similar disc a, connected with the

interior coating of a Leyden jar J, which is to be tested. me*er of

The other scale P of the balance is weighted so as to Han-is.

equilibrate d when there is no electrification. When a

is charged, d is attracted, and equilibrium is restored by

placing weights in P. The downward pull on d in the

position of equilibrium is thus measured in absolute

units from the known force of gravity on the mass
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Attracted
placed in P. The arrangement marked L is a unit jar

Electro- arrangement which was used in the experiments of Sriow-
n
snow

f -^arr^s t give a rough approximation in arbitrary units

Harris, to the charge given to the jar.

This form of electrometer, though exceedingly defec-

tive in many respects, contains in a rudimentary form

the principle of an attracted-disc electrometer.

Thomson's Fig. 46 shows an improved arrangement in which
At

Disc
ed *

*ke attracted disc is surrounded by a guard-ring, so

Electro-

meter,
with

Guard -

ring.

FIG. 46.

that the distribution of electricity over it may be

regarded as approximately uniform. The indicating

disc C is hung by metallic wires from one end of a

metal beam pivoted on a horizontal wire stretched

between the pillars PP, and twisted so that the torsion

and the counterpoise Q tend to raise the disc C. It is

necessary to apply a downward force to C to bring it

into the plane of the guard-ring, and this force is de-
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t3rmined by placing weights on the disc until it has

been depressed so as to bring the lever into what is

cilled the "
sighted" position. The lever is forked at Details

the end to which the disc is attached, and the extremities

of the prongs are joined by a horizontal black hair,

which, when the lever turns, ascends or descends in

front of a white enamelled metal plate carried by the

stand of the lens I. On the enamel, one above the.

other, at a distance apart rather less than the

thickness of the hair, are two well-defined black dots,

and the hair is in the sighted position when it is sym-

metrically placed with respect to these dots. The hair

and dots are viewed by the plano-convex lens I which is

placed at a little less than its focal distance from the

dots and hair. The hair plays, without touching, as

close as possible to the enamelled plate, which is slightly

convex in front, so that the hair is nearer to it when in

the sighted position than when elsewhere. To obtain

as much magnification as possible, the lens is placed at

a distance from the hair only a little less than the

principal focal distance, and the eye at a distance from

the lens of 20 centimetres or more. To avoid parallax

the lens is used with its convex side turned towards the

hair, and the eye is moved up or down until the hair

seems straight in the middle and to widen out at the

ends equally above and below. If the eye is too high
or too low, the lens will show the hair curved upwards
or downwards.

A very slight motion of the hair from the central

position between the spots is possible with this ar-

rangement. Sir William Thomson and Dr. Joule
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Details have corrected so small a deviation as 1/50000 of an
of the . *

Indicator. incn -

The disc nearly fills the aperture in the guard-ring,

and it can be shown that its effective area, reckoned as

uniformly charged on the side turned towards the disc

B, is approximately the mean of the areas of the

aperture and the plate A.* The disc and guard-ring

are electrically connected by a wire which joins the

guard-ring with the metal pillars on which the lever is

mounted.

The attracting plate A is carried on an insulating

pillar attached to a micrometer screw by which the

plate can be moved upwards or downwards.

Method of The method of using the electrometer is as follows.
U
E\e?tro-

^ constant difference of potentials is maintained between

meter, one of the plates, say the guard-ring and disc, and the

earth, and the other plate A is connected to earth.

The latter is then screwed up or down until the attracted

disc comes into the sighted position, and the reading of

the micrometer-screw is taken. The plate A is then

connected to the body to be tested, and again moved up
or down until the attracted disc comes into the sighted

position.

If V be the difference of potentials between the

earth and the guard-ring and dis'c B, and V the differ-

ence of potentials between the plates when the movable

plate A is connected to the body to be tested, d and d'

the corresponding readings on the micrometer (so that

d' d is the distance through which the plate has been

* See Maxwell's El. and Mag. vol. i. second edition, p. 307, for

a closer approximation.
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moved between the two readings), and F the force Method of

which must be applied to the disc to bring it to the ^lU^ro"'

sighted position, we have by (63), p. 58 above,
meter.

(2)

This is the difference of potentials between the body
to be tested and the earth, and is obtained in absolute

C.G.S. units of potential if d' d be taken in centi-

metres, S in square centimetres, and F in dynes.

This method of proceeding was adopted by Sir

William Thomson, as it makes the result depend only
on a determination of the difference of the distances of

the plates apart in the two positions, and not on a de-

termination of the actual distance of the plates apart,

necessarily inaccurate on account of the difficulty of

making the planes parallel and perfectly plane, which

would have to be depended on if V were made zero

and the position of A found for which the disc was

depressed to the sighted position.

Sir William Thomson has called this mode of using
" Hetero-

the electrometer heterostatic, from the fact that an
s

"HI"
electrification independent of that to be tested is static"

maintained on the plate B. When the electrification using an

to be tested is alone made use of, as would be the case
Ele

?
tro '

' meter.

in the other mode of proceeding just stated, the instru-

ment is said to be used idiostatically.

The final form of the absolute electrometer is shown Complete

in Fig. 47. The attracted disc and plates are contained Thomson's

within a cylindrical case of white glass, which is fixed Absolute

, 1-1 Electro-

by a brass mounting round its lower end to a horizontal meter.
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Complete sole-plate of iron, supported on three feet with levelling

Thomson's screws
>
an^ is closed above by a stout brass plate

Absolute screwed to a brass ring cemented round the upper end.
Electro-

meter.

FIG. 47.

The height from sole plate to cover is 50 centimetres,

and the diameter is 30 centimetres. The sides of the

case, with the exception of apertures to permit obser-
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vatioDS of the interior points to be made, are coated Complete

inside and outside with tin-foil nearly as high as the Thomson's

plates which are in the upper part of the jar.
Electro-

The case thus forms a Leyden jar, the coatings of

which can be brought to any necessary difference of

potentials. The guard-ring B is connected with the

interior coating by its supports, which are metal pieces

cemented to the inner side of the jar and covered with

tin-foil. Within the jar, on the sole-plate, is placed a

leaden tray containing pumice moistened with sul-

phuric acid, which maintains a dry atmosphere within

the jar.

The attracting plate A is a stout plate of brass, with The

pieces cut out ,of it to allow it to pass the supports of

the guard-ring, and is supported by an insulating stem

of white glass cemented to a vertical pillar of brass,

which is moved up and down in V guides by the mi-

crometer screw Cf

, working in a fixed nut in the sole-

plate. The amount of vertical motion is observed by
means of the vertical scale m, and a circular plate

graduated on its edge, which projects from the screw

and turns in front of a fine vertical wire. The former

shows the number of complete turns made by the screw,

the latter allows any fraction of a turn to be estimated

to a degree of accuracy depending on the fineness of

the graduation, and the precision with which the

position of the wire on the circle can be read. The

actual distance traversed is got from this result by

multiplying by the step of the screw, which, in the first

instrument made, was -gV of an inch.

The attracted disc is made for lightness of thin
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The aluminium strengthened by a thick rim and radial ribs

Balance. on its upper side, and is made as nearly as possible

perfectly plane on its under side. Instead of being

hung from one arm of a balance like the disc shown in

Fig. 46, it is supports by three delicate springs, similar

in shape to coach-springs, of which one only is shown

in Fig. 47, projecting from underneath the cover D.

These springs are placed symmetrically round the disc

and meet at their points of crossing above and below

The disc is attached to the lower point of crossing, and

the upper point of crossing is attached to the lower

end of an insulating stem carried at its upper end by a

brass tube which slides in V guides, and can be moved

up and down by the head C of a micrometer screw

similar to that already described as moving the at-

tracting plate A. Underneath this screw-head and

fast to it is a micrometer circle, which serves to deter-

mine fractions of a turn, while complete turns are

shown by the divisions on a vertical scale. The actual

distance through which the disc is moved in any given

case need not be known
;

all the upper micrometer

screw gives is merely a comparison of distances.

Two small uprights stand on the centre of the disc,

and between these is stretched a fine black hair, of

which an image is formed in the conjugate focus by the

achromatic lens I. The lens is so adjusted that this

focus is between two screw points V, which are so

placed as to touch the image above and below when

the disc is in the sighted position. This image is

observed through an eye-lens /' attached outside the jar

to the brass mounting, and then, since the points and
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the image of the hair are in focus in the same position The

of this lens, there is no error due to parallax. Balance

The attracted disc and springs are inclosed within

the metallic box D (of which one-half is shown dis-

placed) to prevent disturbance by external electrifica-

tion. The hair is seen through a hole cut in the box

opposite the lens.

The difference of potentials between the inner and Gauge for

outer coatings of the jar is tested by an auxiliary Heter?-

attracted disc electrometer used idiostatically. This static

, . , . nil Electrifi-

eJectrometer, wnicn is called the gauge, is contained cation.

FIG. 48.

within the cylindrical box J on the cover of the jar.

The arrangement is shown in detail in Fig. 48. The

disc is a square piece of aluminium forming a con-

tinuation of a lever h of the same metal. This lever

is forked and the prongs joined by a black opaque hair

which moves in front of an enamelled plate on which

are two black dots as already described. The position

of the hair is seen through the plano-convex lens I,

which is carried by a sliding platform attached to the

guard-ring Cf. Instead of the counterpoise shown in
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Gauge for Fig. 46, torsion given to the platinum wire /, to

Heterf- which the lever is attached in the manner shown in

static
Fig. 48

?
and round which the lever turns as a fulcrum,

cation, forces the disc upwards. This upward force is balanced

when the hair is in the sighted position by electric

attraction between the disc and a parallel plate below

it, which is in contact with the interior coating of the

jar while the guard-ring and disc are in contact with

the exterior coating. The attracting plate below is

mounted on a fine screw, by which its distance from

the disc and therefore the sensibility of the gauge can

be varied at pleasure within certain limits. The sensi-

bility of the gauge varies with any alteration in the

elasticity of the torsional spring /. This however is of

little consequence as the variations are not sudden, and

it is never necessary to know the actual potential of

the jar.

Between each end of the wire f and the supporting
block is interposed a U shaped spring (not shown in

Fig. 48) made of light brass. The end of the wire is

attached to the extremity of one limb of the U, a pin

passing through the supporting block to the extremity
of the other limb. The two pins, the extremities of

the springs, and the wire are in line. The springs can be

turned round the pins as axes, so as to give any initial

torsional couple to the wire which may be required, and

by their spring cause the wire to be stretched with a

nearly constant force.

The mode of attachment of the wire to the lever 7i,

deserves notice. The wire is threaded through two

holes in the broader part of the lever, near the square
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disc, so that the part between the holes is above the Gauge for

lever. Halfway between the holes it passes over a Hetero-

small ridge piece of aluminium, which prevents the

lever from turning round without twisting the wire. cation.

The plate A when the instrument is used is con-

nected with the body to be tested by the electrode E
t

which passes through a plug of clean paraffin fixed in

an aperture in the sole plate. The wire r completes
the connection between E and A.

The difference of potentials between the coatings is The Re-

kept nearly constant by means of a small induction Plemsher -

machine R, called by Sir William Thomson the Re-

plenisher. The construction and action of this part

will be easily understood from Figs. 40 and 50;

Fig. 49 shows the mechanism full-size in perspective

elevation; Fig. 50, the same in plan.

Two similar metal carriers C, D, each part of a Its Con-

cylindrical surface, are fixed on a cross-bar of paraffined
structlou -

ebonite so as to be slightly noncoaxial but inclined at the

same angle to the cross-bar. Through the cross-bar and

rigidly fixed to it, passes a cylinder of ebonite having
at its ends metal pieces which form the extremities of

an axle. The carriers turn round this axle within the

circular cylinder marked out by the cylindrical metallic

pieces A, B, which are insulated from one another and act

as inductors. A receiving spring s or 3', projects obliquely

inwards through a hole in each inductor, with which it

is also connected at the back, and is bent so that the

carriers touch the springs on their convex sides, and

pass on but little impeded by the friction. Two contact

springs S, S', connected by a metallic arc project slightly
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Its Con- inwards beyond the inductors so that the carriers, while

opposite the inductors, come into contact with these two

springs at the same time, and are therefore put into con-

ducting contact. One of the inductors, A, is connected

PIG. 49.

to the inner coating of the jar, the other, B, is attached

by the supporting plate of brass to the cover of the

instrument and therefore to the outer coating. A
milled head attached to E projects above the cover and

forms a handle by which the carriers are twirled round.
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The electrical action is easily understood. An initial Its Elec-

charge has been given to the jar, so that a difference of Action

potentials exists between the coatings, the interior for

example being positive. When the carriers come into

contact with the springs S, S
f

, they are brought to the

same potential, and, since they are under the influence

FIG. 50.

of the inductors, one carrier becomes charged posi-

tively, the other negatively. Then, turning in the

direction of the arrow, they come into contact with the

receiving springs, and being each (electrically) well

under cover of the corresponding inductor, they give up
the greater part of their charges, thus increasing the

difference of potentials between the inductors.

VOL. I. T
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If the carriers are turned in the opposite direction

the action is of course reversed, and the difference of

potentials is diminished. When the replenisher is not

in action the carriers are not in contact with any of

the springs.
Method of The method of using the Absolute Electrometer is

Absolute practically the same as that described for the more
Electro-

rudimentary instrument of Fig. 46, The force required

to depress the disc against the action of the springs

without overstraining is determined by removing the

top cover of the jar and the cover of the balance, and

loading the disc as symmetrically as possible with

weights, while ail electrical force is avoided by putting

the electrode of the plate A in contact with the guard
-

plate B. The micrometer-screw C is then turned until

the disc comes again into the sighted position, and the

distance through which the plate was depressed is

obtained from the initial and final micrometer readings

in terms of divisions of the scale. (It was found in the

original instrument made for Sir William Thomson

that -$ of a gramme depressed the disc through two

divisions of the vertical scale and a fraction of one

division on the graduated disc.) Several determinations

of this distance are made at different temperatures to

obtain data for the elimination of the effects of tem-

perature on the springs. The weights are now re-

moved, the covers replaced, and the instrument is

ready for use in absolute measurements.

When it is to be thus used the guard-ring and

attracting plate are put into conducting contact by

connecting the electrode of the latter with the charging
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Electro-

meter.

rod let down through the aperture provided for it in Method of

the cover, and the disc is put accurately into the sighted ^brohrte

position. It is then raised by the micrometer screw

through a distance for which the force F has been

determined. To bring it back to the sighted position

will require the application of that force. The jar is

next charged to the degree determined by the sensitive-

ness of the gauge, and the potential kept constant by

using the replenisher as described. The attracting

plate is now connected by means of its electrode with

the exterior coating of the jar, and the micrometer

moved up or down until the disc is brought into the

sighted position, when the micrometer reading is taken.

This is called the earth- reading. The electrode of the

attracting plate is now brought into contact with the

conductor whose potential is to be tested, and the plate

again moved by the micrometer until the disc is once

more in the sighted position and the reading once more

taken. The difference between the two readings gives

d'd of (2), p. 265 above, which since F has been deter-

mined, and 8 is supposed known, gives in absolute

units the difference of potentials V'V between the

conductor tested and the outer coating of the electro-

meter jar.

Sir William Thomson has also constructed an at-

tracted disc electrometer capable of being easily carried

about from place to place, and therefore adapted for

observations of atmospheric electricity at different

places in rapid succession by the same observer, for

use by explorers, or for any purpose for which small-

ness of size and portability are necessary.

T 2

Portable

Electro-

meter.
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Arrange-
ment of

Parts.
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The arrangement is precisely similar to that of the

gauge, Fig. 48, turned upside down. The guard-ring is

below the attracting disc, and the trap-door and lever

of aluminium, with the connected sighting apparatus,

suspended as described above, are on the under side

of the guard-plate, and are therefore protected from

electrical action from above. The lever and fork are

FIG. 51.

further protected from electrical action by a cage of

thin wire surrounding them. Since the instrument is

not set up and levelled like the absolute electrometer,

the piece, consisting of the trap-door and lever, is care-

fully balanced about its platinum wire axis, so as to be

unaffected by gravity, and is therefore brought to the
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sighted position by the same electric force whatever the Arrange-r
r x , .

,
ment of

position of the instrument. Parts

The plates with the lever, &c., are contained, as in

the absolute electrometer, within a glass jar coated

inside (except where apertures are left to allow the

interior to be seen) with tinfoil. A protecting brass

case, in which are openings corresponding to those in

the interior coating, forms the exterior coating. The jar

is charged as in the absolute electrometer, and its

interior coating is in electrical contact with the guard-

ring, which is therefore at the same potential. The

instrument is thus used heterostatically. The dimen-

sions of the case are, diameter 9 centimetres ; height,

10'5 centimetres.

The attracting plate is mounted on an insulating rod Micro-'

of glass, attached to a brass tube which can be moved "g^S
along V guides by a micrometer screw, of step ^j- of an rical

inch, working in a nut fixed in the upper end of this

tube. The details of this arrangement are shown in

the figure. A strong frame projects downwards from

the cover of the jar and bears the V guides in which

the brass tube moves. A spring pressing against the

tube opposite each V, or a single spring between the

Vs, causes the tube to bear on the guides. The lower

end of the micrometer screw is shod with a convex

piece of hard polished steel, which bears upon an agate-

faced platform rigidly attached to the framework, and

projecting into the tube through a slot of sufficient

length to give the necessary range of motion.

To prevent lost time and side-shake, a guide-nut

fitting well but easily in the brass tube is placed above
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Micro- the effective nut, and is prevented from turning round4-1
eomet-

C

^J a piece which projects from it through a slot in the

jjcal
tube. A spiral spring between the nuts presses them

apart and thus keeps the upper side of the screw

thread in contact with the nut. A fork, projecting

from the screw shown on the left side of the cover in

the diagram over the micrometer circle, prevents the

screw from being pulled up through more than a

distance of about ^ of an inch.

The micrometer screw is turned by a head above the

case, and angles turned through are read on a vertical

scale and a graduated circle turning relatively to a

fixed mark on the cover. The vertical scale is engraved

on two fixed cheeks parallel to the axis of the screw,

which are in plane with an index piece which slides up
and down freely between them. Increasing numbers

on the scale correspond to increasing distance between

the plates, and the zero of the scale nominally corre-

sponds to zero distance, though no particular care is

taken to make it actually so correspond. The graduated

circle is divided into 100 equal parts so that each cor-

responds to an angle of 3'6 turned through by the

screw; and the distance between two consecutive

divisions on the vertical scale is equal to the step of

the screw, so that the index advances one division in

each complete turn of the screw.

The hole in the roof of the instrument through
which the screw passes is made large enough to allow

the screw to pass without touching, and the graduated
circle which covers this hole above is raised a little

above the cover so as not to touch it.
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The attracting plate A is connected by a light wire r Attracting

with a brass plate supported by a glass column from and j^.
the roof. This brass piece is continued upwards by the trode-

main electrode of the instrument, a stout wire passing
without contact through an opening in the cover, and

carrying the cap D, which can be moved up or down

along it through a short distance. This, when in its

lowest position, connects the electrode with the outside

of the case of the instrument and closes the opening

through which the electrode passes, and when raised

serves as an umbrella to protect the electrode from

wind and rain.

A lead tray attached to the roof supports a block of

pumice moistened with sulphuric acid which preserves
a dry atmosphere within the case. A caution,

" Pumice

dangerous if not changed once a month," is engraved
on the cover beside a small holder for a card, on which

the dates of the renewal of the pumice are to be

noted.

The mode of using the instrument is heterostatic and M de of

similar to that described above for the absolute electro- Portable

6

meter. The jar is charged by means of an electrode

let down through a hole in the cover, and a negative

charge is given, so that increased readings of the

micrometer correspond to increased positive charges on

the attracting plate. When an experiment is to be

made the umbrella is put down, the disc brought to the

sighted position by the micrometer, and the reading

(which we call the first earth-reading) taken. The

umbrella is then raised and the body to be tested

connected to the electrode. The disc is again brought
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Mode of into the sighted position and a reading, D' say, obtained.
U
por?aWe

6
The body is then disconnected and a second earth-

Electro-
reading taken. The times at which the readings are

taken are noted. In consequence of leakage of the

charge of the jar the second earth-reading may differ

from the first, and the earth-reading for the time at

which D' was taken is to be estimated from the two

earth readings. Let this reading be denoted by D, and

the difference of potentials between the body and the

case by F. We have

V=m(D'-D} (3)

where m is the average value, in absolute units of

potential, of a scale division for the range between D
and D'. This value depends on the elasticity of the

spring suspension of the trap-door and lever, the area

of the trap-door, and the scale of graduation adopted ;

and does not depend on the potential of the jar or on

the electrification tested, except in so far as the small-

ness of the attracting plate causes the electric field

between it and the trap-door to deviate sensibly from

uniformity at the greater distances. The constant m,

can be determined of course by an experiment with a

known difference of potentials, and this ought to be

done for different parts of the scale. The range of the

instrument is 15 turns of the screw, or about 5,000

volts potential ;
that is approximately the difference of

potentials between the poles of a battery of 5,000

Daniell's cells arranged in series.

The portable electrometer has certain faults, which

are, however, mostly due to its smallness of size. The
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capacity of the jar is not large enough to prevent the Sources of

potential of the jar from being sensibly affected by the Use of

electrification of the attracting plate ;
the suspension is

Portable

affected by change of temperature; the wire guards meter,

surrounding the aluminium lever do not sufficiently

protect it from electric influence
; and, as already

stated, the plates are not large enough to ensure that

the value of a division of the scale may be the same

in every part of the scale.

These sources of error, except that due to tempera-

ture, have been corrected in a large instrument on the

same principle, and on the whole similar in construction,

which Sir William Thomson has made and called the

Standard Electrometer. For a detailed description of

this instrument the reader is referred to Sir W.
Thomson's Reprint of Papers on Electrostatics and

Magnetism.
Sir William Thomson has modified an arrangement Long

of the portable electrometer and enlarged its size so ^ctro-
that a reliable instrument with a range from about meter.

4,000 volts to 80,000 volts is obtained
;
that is, begin-

ning at a little under the superior limit of the potential

measured by the portable electrometer, it has a range
of about sixteen times that of the latter. This he has

called a Long-Range Electrometer. The constant of

the instrument, m of (3) above, is found in the same

way as that of the portable electrometer.

The attracting plate is above the guard-plate and

disc as in the portable electrometer
;
but the former

plate is fixed and the latter movable by a micrometer

screw from below. The step of the screw is the same
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Long as in the other instruments, ^V of an inch, but the

Electro- range is 200 turns. The upper plate is connected with

meter. ^e electrified body to be tested and the guard-ring to

earth, or a second body with whose potential that of

the tested body is to be compared. The mode of using

the instrument is thus idiostatic.

To prevent sparks the attracting plate, though plane
on its lower surface, is turned over on its upper surface

into a thick rim. The guard-plate is made no thicker

than is necessary for stiffness, and to prevent danger of

sparks between it and the upper plate projects fully an

inch all round beyond the latter. No Leyden jar is

required as the use is idiostatio, but a glass shade, to pre-

vent dust and shreds which might tend to discharge the

upper plate, is permanently fixed over it with an insulated

electrode passing through it to the attracting plate.

Divided The well-nigh perfect form of Symmetrical Electro-

Electro-
me^er which we have in Thomson's Quadrant Electro-

meter, meter had its beginning in the Divided Ring instrument

illustrated in Fig. 52. A vertical wire carrying on one

side a light horizontal needle is suspended from a fixed

point. The wire passes through the centre of two flat

semi-circular pieces of metal, which lie in a horizontal

plane so as to form a metallic circle complete with the

exception of a small space at each extremity of a

diameter. These spaces insulate one semicircle from

the other. Supposing the needle charged with positive

electricity and made to rest in equilibrium above one of

these spaces when the two semicircles are put in con-

ducting contact, the arrangement is symmetrical about

the needle. If one semi-circle be then charged with
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Divided

Ring
positive the other with negative electricity, the needle

will be repelled from the positive and attracted toward
Electro

the negative semicircle. If then the wire be brought meter,

back and maintained in the symmetrical position by an

applied couple, this couple gives a measure of that

due to electric forces tending to deflect the needle, and

if the potential of the needle remains constant, differ-

ences of potential established between the semicircles

can be compared.

I

FIG. 52.

It was an obvious but important step to convert the Quadrant

two semicircles into four quadrants by a pair of openings meter
1
" "

along a diameter at right-angles to the other pair, to

put each pair of opposite quadrants into conducting

contact, and to make the needle symmetrical about the

suspension wire. Thus supposing one pair of quadrants
to be charged positively and the other pair negatively,
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Quadrant one end of the needle is attracted by one of a pair of

quadrants, and repelled by the adjacent quadrant of the

other pair. The other end of the needle is attracted

INDUCTION PLATE

FIG. 53.

by the remaining quadrant of the first pair, and repelled

by the remaining quadrant of the other pair, which is

adjacent. These actions conspire to give a couple

turning the needle about the suspension wire.
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In the final form of the quadrant electrometer, which Final

is represented in Fig. 53, the four quadrants of the flat- Quadrant

ring are replaced by four quadrants of a flat cylindrical ^*J"
box made of brass. These are shown separately in

Fig. 54. Each quadrant is supported on a glass stem

projecting downwards from a brass plate which forms

the cover of a Leyden jar, within which the quadrants

and needle are enclosed. For three of the quadrants Arrange-
. . ment of

the stem passes through a slot in the cover and is Quadrants,

attached to a brass piece which closes the slot from

FIG. 54.

above. Thus each of the quadrants can be moved out

or in through a small space. The stem of the fourth

quadrant is attached to a piece above the cover which

rests on three feet. Two of these feet are kept by a

spring in a V groove, parallel to which the piece

carrying the quadrant with it can be moved by a

micrometer screw turning in a nut fixed to the movable

piece. The spring which keeps the feet of the movable

piece in their groove presses outwards as well as down-

wards, and so keeps the same sides of the nut and
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Arrange- screw threads in contact, to the prevention of "lost
merit of

Quadrants.
time." The details of the instrument will be easily

made out by means of Figs. 55 and 56. The former

FIG. 55.

shows a vertical section of the instrument, the latter

the suspension-piece and mirror.

A plate rather less in area than the upper surface of

a quadrant, but of nearly the same shape, is supported
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by a glass stem from the cover above a quadrant The In-

adjacent to that attached to the micrometer, and is pi

C

ate.

U

furnished with an insulated electrode passing through
the cover. Sufficient length is given to the insulating

stem by attaching it to the roof of a cylinder, closed

at the top, erected over an opening in the cover.

Within the box formed by the quadrants and about The

midway between the top and bottom, a needle of sheet an̂ ^
aluminium of the form shown by the line drawn, partly Suspen-

full, partly dotted, across the plan of the quadrants on

the left in Fig. 54, is suspended horizontally from two

pins c, d (Fig. 56), carried by a fixed vertical brass' plate

supported on a glass stem projecting above the cover of

the jar. The needle is attached rigidly at its centre to

the lower end of a stiff vertical wire of aluminium,
which passes down through an opening in the middle of

the cover.

To the extremities of a small cross-bar at the top Details of

of the aluminium wire are attached the lower threads

of a bifilar made of two single silk-fibres. The upper
ends of these fibres are wound in opposite directions

round the pins c, d, each of which has, in its outer

end, a square hole to receive a small key, by which

it can be turned round in its socket so as to wind up
or let down the fibre. By this means the fibres can

be adjusted so as to be as nearly as may be of the same

length ;
and as the whole supported mass of needle,

&c., is then symmetrical about the line midway between

the fibres, each bears half the whole weight. The pins

c, d, are carried by the upper ends e, /, of two spring

pieces which form the continuations of a lower plate
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Details of screwed firmly to the supporting piece. Through e, f,

pension"
an(^ working in them, pass two screws a and b, the

points of which bear on the brass supporting plate

behind. By the screw a the end e of the plate e,f, can

be moved forward or back through a certain range, and

FIG. 56.

thus the pin c carried forward or back relatively to d

similarly d can be moved by the screw b. Thus the

position of the needle in azimuth can be adjusted.

The distance of the fibres apart can be changed by
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serewin o- out, or in, a conical plug shown between the Details of

the Sus-

SpringS e, /. pension.

The aluminium wire carries between its upper end

and the needle a small concave mirror of silvered glass,

to be used with a lamp and scale to show the position

of the needle. The mirror is guarded against external

electric influence by two projecting brass pieces, which

form nearly a complete cylinder round it. The part of

the wire just above the needle is protected by the tube

shown at the bottom of Fig. 56. This tube extends

down below the needle a little distance, and is cut away
at each side to allow the needle free play to turn

round.

The interior coating of the Leyden jar is formed The
Levden

by a quantity of sulphuric acid which it contains, and jav .

which also serves to preserve a dry atmosphere within

the jar, the exterior coating by strips of tinfoil pasted

on its outer surface. The acid has been boiled with

sulphate of ammonia to free it from volatile impurities

which might attack the metal parts of the instrument.

The jar itself is enclosed within a strong metal case of

octagonal form, supported on three feet, with levelling

screws. The line joining two of these feet (which are

in front) is, when level, parallel to the axis of the

needle if the latter is properly adjusted.

The needle is connected with the inner coating of

the jar by a thin platinum wire kept stretched by a

platinum weight at its lower end, which hangs in the

acid. The wire is protected from electrical influence by
a guard-tube forming a continuation of the narrower

guard-tube, partly shown in Fig. 56, and therefore

VOL. I. U
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extending from below the quadrants to a short distance

above the acid, and connected also by a platinum wire

with the acid.

The Sub- The supporting plate in Fig. 56 carries the disc of an

Gaug2
idiostatic gauge of the kind described in p. 269 above.

Electro- The height of the disc is adjustable by means of a fine

screw and jam-nut below it. The supporting plate,

with the suspension and disc of the gauge, &c., is

enclosed within an upper brass case, called the lan-

tern, which closes tightly the central opening of the

cover. The top of the lantern is the guard-plate

of the gauge, and carries the aluminium trap-door

and lever with sighting plate and lens as already

described.

A glass window in the lantern allows light to pass to

the mirror, and the suspension to be seen. A small

opening in the glass, closed when not in use by a screw-

plug of vulcanite, enables the operator to adjust the

suspension without removing the lantern.

Electrodes, The principal electrodes of the quadrants are brass
Ct

rods cased in vulcanite, and are arranged so as to be

movable vertically. Each is terminated above in a

small brass binding screw, and is connected below by a

light spiral spring of platinum with a platinized contact

piece, which rests by its own weight on a part of the

upper surface of the quadrant, also platinized to ensure

good contact. They are placed one on each side and in

front of the mirror. One is in contact with the quadrant
connected below to the micrometer quadrant, the other

to the quadrant connected to that below the induction

plate.
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Ail insulated charging-rod descends through the Electrodes,

lantern, and carries at its lower end a projecting spring

of brass. When the rod is not in use the spring is not

in contact with anything ;
but \vhen the jar is to be

charged the rod is 'turned round until the spring is

brought into contact with the supporting-plate, which,

as stated above, is in contact with the acid of the jar.

The potential of the jar is maintained constant by a

replenisher in the manner already described for the

absolute electrometer. A spring catch keeps the knob

of the replenisher, which is on the upper side of the

cover, in such a position when not in use that the

carriers are not in contact with any of the springs.

On the upper side of the cover are screws, three in

number, by which the cover is secured to a tightly

fitting flat ring collar below it, to which the jar is

cemented, and to which the case is screwed
;
two screws,

one on each side, which fix the lantern in its place ;
a

cap covering an orifice communicating with the interior

of the jar ;
two binding screws by which wires can be

connected to the case
;
and a knob similar to that of the

replenisher, which, when turned against a stop marked
"
contact," connects by an interior spring the quadrant

below the induction plate with the case, and when

turned in the opposite direction to an adjoining stop

marked " no contact," insulates that quadrant from the

case. Two keys, for turning the pins a, b, c
} &c., are kept

let down outside the case through holes in the pro-

jecting edge of the cover. The cover also carries a

small circular level, set so as to have its bubble at the

centre when the cover is levelled by an ordinary level.

U 2
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When this has been done the accuracy of construc-

tion of the quadrants ensures that they are also level.

The level has a slightly convex bottom, and is screwed

down with three screws, so that when the instrument

is set up for use, a final adjustment, to show hori-

zontality of the quadrants, can easily be made by

turning the screws.

Adjust- Full instructions for setting up and adjusting the
me

the quadrant electrometer are sent out with each instru-

Quadrant- ment by the maker, and are therefore available, if kept,

meter :

as they ought to be, beside it in the case. We shall

Adjust- SUppose therefore that the detached parts have been
raent of r

.

r
.

theNeedle. put into their places, the acid poured into the jar,

and the instrument set up and levelled; but as a

quadrant electrometer is now part of every well-

equipped physical laboratory, and is used over a wide

range of electrical work, we shall describe here the

principal adjustments.

The two front quadrants are pulled out as far as

possible, to allow the operator to observe the position

of the needle, which should rest with its plane horizontal

and midway between the upper and under surfaces of

the quadrants. If it requires to be raised or lowered,

the operator winds or unwinds the fibres by turning the

pins c, d, to which they are attached. The suspension

wire of the needle should pass through the centre of

the circular orifice formed in the upper surface of the

quadrants, when these are symmetrically arranged. If

the wire is not in this position the pins a, b, are turned

so as to carry the point of suspension forward or back

until the wire is adjusted, and then one pin is carried
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forward and the other back, without altering the position

of the wire, until the black line along the needle is

parallel to the transverse slit separating the quadrants.

The scale is placed at the proper distance to give a Ad just-

distinct image of the wire across the line of divisions

in front of the lamp flame, then levelled and adjusted
so that, when the image is at rest in the centre, the

extremities of the scale are at equal distances from

the needle.

When the best relative positions of the instrument "Hole,

and the stand for the lamp and scale have been ascer- p^' ^
tained, these are fixed by the "

hole, slot, and plane
"

fixing

arrangement adopted by Sir William Thomson, to allow ^1^-1?
any instrument supported on three feet or levelling

ment.

screws to be removed at pleasure, and replaced without

readjustment in its original position. A conical hollow,

or better, a hole shaped like an inverted triangular

pyramid, is cut in the table so as to receive the point

(which should be well rounded) of one of the levelling

screws, without allowing it to touch the bottom. A
V-groove, with its axis in line with the hollow, is cut

for the rounded point of another levelling screw, and

the third rests 011 the plane surface of the table. If it is

desired to insulate the electrometer case it is supported
on three blocks of vulcanite cemented to the table;

and in one of these the hollow is cut, in another the

V-groove.
When the jar is being charged, the main electrodes, Method of

the induction plate electrode, and one of the binding
ch^ng

screws on the cover, are kept connected by a piece of Electro-

fine brass or cupper wire. The charging electrode is
n
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Method of turned round so as to bring the spring at its lower end

the
ng

in* contact with the supporting brass piece, and a
Electro-

positive charge is given to the jar by means of the small
meter-jar. % J /

electrophorus which accompanies the instrument. The

cover of the jar is tapped during the process to release

the balance lever from the stop, to which it may be

adhering. When the lever rises the charging rod is

turned so as to disconnect the spring, and the charge is

then adjusted to the normal amount (determined by the

distance of the attracting disc from the trap door) by
the replenisher.

The spot of light may in the process of charging have

moved from its position for no electrification, and must

be brought back by moving out or in the quadrant
carried by the micrometer screw.

Leakage of In ordinary circumstances the leakage of the jar will
a

and cause the hair to fall down in twenty-four hours about
Remedies. hatf the breadth of the lower black spot. This loss of

charge from the jar is made good by the replenisher;

but if the leakage is considerably greater, the main stem

should be washed by means of a piece of hard silk

ribbon (to avoid shreds) with soap and water, then with

clean water, and finally carefully dried. Shreds and

dust on the needle and quadrants may tend to discharge

the jar, and anything of this kind should be removed by

carefully and lightly dusting the needle and quadrants

with a clean camel's hair brush. The jar is selected

for its high insulating power, but if the acid has in

careless handling of the instrument been splashed over

the interior surface there may be considerable leakage

over the surface of the jar to the case. This can be
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remedied by removing the acid and carefully washing Leakage of

the jar. The replenisher may also cause leakage of
Jar^uses

the jar through a deterioration of insulating power of Remedies,

the vulcanite sole-plate which connects the inductors.

Such a deterioration with lapse of time is not un-

common in ebonite, and is a consequence of slow

chemical action at the surface. A nearly complete
cure can be effected by removing the piece and washing
it carefully by prolonged immersion in boiling water,

and then re-covering its surface with a film of paraffin.

The insulation of the quadrants is now tested. One Method of

pair of quadrants is connected to the case and a charge insulation
'

producing a difference of potentials exceeding the of Quad-

greatest to be used in the experiments is given to the

insulated pair by means of a battery, one electrode of

which is connected to the electrometer case, while the

other is connected for an instant to the electrode of the

insulated quadrants ;
and the deflection of the spot of

light is read off. The percentage fall of potentials pro-

duced in thirty minutes or an hour is obtained merely

by taking the ratio of the diminution of deflection which

has taken place in the interval to the original deflection.

If this is inappreciable the quadrants insulate satis-

factorily. In any case, for satisfactory working the rate

of loss of potential shown by the instrument should not

be greater than that of the body tested.

If the insulation is imperfect the glass stems support- Remedy

ing the quadrants should be washed by passing a piece Leakage,

of hard silk ribbon well moistened and soaped, then

with clean water to remove the soap, and dried by tl'e

same piece of ribbon well dried and warmed. If this
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does not succeed, the fault probably lies in the vul-

canite insulators of the electrodes, which should be

well steeped in boiling water, then re-covered with

clean paraffin and replaced. Care must be taken if

this is done not to bend the electrodes.

Adjust- The final adjustment of the tension of the threads

T^s?onof ^ eo
i
uality is now niade. One pair of quadrants is con-

Threads, nected to the case, and the other pair insulated. The

poles of a single Daniell's cell are then connected to the

electrodes, and the extreme range of deflection produced

by reversing the battery, either by hand or by a con-

venient reversing key, is observed. One side of the

instrument is then raised by screwing up that side by
one or two turns of one of the front pair of levelling

screws, and the range of deflection again noted. If the

range is greater the fibre on that side is too short, if

the range is smaller the fibre is too long (see p. 245

above) ;
and the length must be corrected by turning

one or other of the pins to which the fibres are sus-

pended. The pins can be reached by the aperture in

the window of the lantern ordinarily closed by the

vulcanite plug ;
and to prevent discharge of the jar the

key with vulcanite handle should be used to turn them.

The black line on the needle will require readjustment

by the screws after each alteration of the suspension.
Hctero- The ordinary method of using the quadrant electro-

8

o/the
86 meter is heterostatic, since the jar is kept at a constant

Instru-
potential, generally much higher than any potential

which the instrument is used to measure. The shape
of the needle is such that for most practical purposes

equation (65) (p. 61 above) mny be regarded as giving
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accurately the couple deflecting the needle, when the Hetero-

quadrants are symmetrical about the needle and close. Of the

Hence for small deflections we have, as in (66), for the Instru-

meiit.

deflection D, in terms of the potentials V, Vv V
2
of

the needle and the two pairs of quadrants respectively,

the equation

Z> = e(Fl _^)(F-i-5) . . (4)

where c is a constant depending on the instrument and

the mode of reckoning of D. If V be, as it usually is,

great in comparison with V
l
or F"

2 ,
then

Fi
- F

2
= C'D (5)

where C' is the now practically constant value of

6,;r_(F1 + F
2)/2|.

If the angle of deflection 6 of the ray of light is not

a very small angle, the couple given by the bifilar, it is

to be remembered, is proportional to sin J0. Hence if

1} be the distance in divisions on the scale (supposed

straight and at right angles to the zero direction of the

ray) through which the spot of light is deflected, and R
the horizontal distance of the scale from the mirror in

the same divisions, we have tan 6 DjR, from which 6

can be found and hence J#. We have then

K sin \e = (Fa
- F

2) (F -

where K is a constant.

Equation (4) would be more nearly satisfied if the

central portions of the needle to well within the

quadrants were as much as possible cut away, leaving

only a framework opposite the orifice at the centre of

the quadrants to support the needle.



298 ELECTROMETERS.

Grades of

Sensitive-

ness.

The electrometer, when used heterostatically, admits

of a number of different grades of sensibility. These

are shown in the two following tables, where L denotes

the electrode of the pair of quadrants, one of which is

below the induction plate, E the electrode of the other

pair of quadrants, / the electrode of the induction-plate ,

an electrode of the case of the instrument, and C
the electrode of the conductor to be tested. LC denotes

that L is connected to C, EO that E is connected to 0,

ELC that EL and C are connected together, and so on,

(L] that the quadrants connected with L are insulated

by raising L, (E} that the quadrants connected with E
are similarly insulated, (EL} that both L and E are

raised. The disinsulator mentioned (p. 291 above) is used

to free the quadrants connected with L from the induced

charge which they generally receive when L is raised.

GRADES OF SENSITIVENESS.
A.

Inductor connected with quad-
rant beneath it.

FULL POWER

r RC-\

B.

Inductor connected as indi-

cated below.

FULL POWER
Inductor Insulated.

RO J L 10 J
DIMINISHED POWER.

LC I
J

GRADES OF DIMINISHED POWER.

/O 10

rz/tf-1

L oj

r /(7 I
U"J

(RL)
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Either of these grades of sensibility may of course also

be varied by increasing the distance of the fibres apart.

The quadrant electrometer can be made to give Gradua-

results in absolute measure by determining the con- Quadrant

stant G' of equation (50), by which the deflection must Electro-

be multiplied to give the difference V^ F
2

. This

can be done by observing the deflection produced by a

battery of electromotive force of convenient amount,

determined by direct measurement with an absolute

electrometer or otherwise. Different such electromotive

forces may be employed to give deflections of different

amounts and thus give a kind of calibration of the scale

to avoid error from non-fulfilment of condition of pro-

portionality of deflection to difference of potentials.

The quadrant electrometer may also be used idio- Idiostatic

statically for the measurement of differences of potential Quadrant

of not less than about 30 volts. The volt is the prac-
Electro-

tical unit of electromotive force, and is about T07 times

the electromotive force of a Daniell's cell. For its

definition see Vol. II. When it is so used the jar is

left uncharged, the charging-rod is brought into contact

with the inner coating of the jar, and joined by a

wire with one of the main electrodes, so as to connect

the needle to one pair of quadrants. The other pair of

quadrants is either insulated or connected to the case of

the instrument. The instrument thus becomes a con-

denser, one plate of which is movable, and by its change
of position alters the electrostatic capacity of the con-

denser. The two main electrodes are connected with

the conductors, the difference of potentials between

which it is desired to measure.
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meter.

Idiostatlc A lower grade of sensibility can be obtained by

Qvudrant connecting the needle through the charging-rod to the

Electro- electrode R, and using the induction-plate instead of

the pair of quadrants connected with L, which are

insulated by raising their electrode.

When the instrument is thus used idiostatically V
in equation (49) above becomes equal to Vv and

instead of (50) we have

(6)

that is, the deflection is proportional to the square of

the difference of potentials and therefore independent

of the sign of that difference. It is to the left or right

according to the electrode connected to the needle.

This independence of sign in the deflection renders the

instrument thus used applicable to the determination of

potentials in the circuits of alternating dynamo- or

magneto-electric generators. (See below, Vol. II.)

Modifica- The quadrant electrometer has been modified by
tions of

differen t makers. In a form made in Paris for M.
Quadrant . -, -,

Electro- Mascart, the needle is kept at a constant potential by
meter.

connected to the positive pole of a dry pile, the

negative pole of which is connected to the case, and the

replenisher is dispensed with.

In another form devised by Prof. Edelmann of

Munich, and suitable for some purposes as a lecture-

room instrument, the quadrants are longitudinal seg-

ments of a somewhat long vertical cylinder, and the

needle consists of two coaxial cylindric bars connected

by a cross-frame, and suspended by means of a bifilar.
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A glass vessel below contains strong sulphuric acid in

\vhich dips a vane carried by a platinum wire attached

to the needle.

For practical work Sir William Thomson has lately Sir W.

constructed a form of electrometer to be used idio-

statically, and has called it an electrostatic voltmeter, static

It is represented in Fig. 57, and may be described as an

air condenser, one plate of which, corresponding to the

needle of the quadrant electrometer, is pivoted on a

horizontal knife-edge working on the bottoms of

rounded V-grooves cut in the supporting pieces. This

plate by its motion alters the electrostatic capacity of

the condenser. The fixed plate consists of two brass

plates in metallic connection, each of the form of a

double sector of a circle, which are placed accurately

parallel to one another, with the movable plate between

them as shown in the figure. The upper end of the

movable plate is prolonged by a fine pointer which

moves along a circular scale, the centre of which is in

the axis. The fixed plates are insulated from the case

of the instrument
;
the needle is uninsulated.

Contact is made with the plates by insulated terminals

fixed outside the case. The two shown on the left-

hand side in the figure belong to the fixed plate, and a

similar pair on the right-hand side are in connection

with the movable plate through the supporting V-

groove and knife-edge. The terminals of each pair

are connected by a safety arc of fine copper wire con-

tained within a U~snaPe(i glass tube suspended from

the terminals, and the terminals in front in the diagram
which are separated from the plates by the arcs of wire
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Sir W.
^

are alone used for connecting to the conductors, or two
T
Eectr<>

S

P ( >mts of an electric circuit, the difference of potentials
static

Voltmeter.

FIG. 57.

between which is to be measured, and are therefore

called the working terminals.
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When a difference of potentials is established between Sir w.

the fixed and movable plates the latter move so as to Electro-

&

increase the electrostatic capacity of the condenser, and -static

,
. , . Voltmeter,

the couple acting on the movable plate in any given

position is, as in the quadrant electrometer when used

idiostatically, proportional to the square of the differ-

ence of potentials. This couple is balanced by that

due to a small weight hung on the knife-edge at the

lower end of the movable plate.

The scale is graduated from to 60 so that the Scale of

. ,. . . , ,.-. . Volt-
successive divisions represent equal differences of poten- meter.

tial. Three different weights, 32'5, 97'5, 390 milli-

grammes respectively, are sent with the instrument to

provide for three different grades of sensibility. Thus

the sensibility with the smallest weight on the knife-

edge is a deflection of one division per 50 volts, with

the two smaller weights, that is four times the smallest,

one division per 100 volts, with all three weights or

sixteen times the smallest weight, one division per
200 volts.

The electrostatic voltmeter is graduated as follows. Gradua-

A known difference of potentials is obtained by yj
means of a battery of from 50 to 100 cells with a meter,

high standard resistance in its circuit. An absolute

galvanometer or current balance (see Vol. II.) measures

the current in .the circuit, and the product of the

numerics of the current and the resistance gives that

of the potential-difference between the terminals of the

latter. These terminals are connected to the working
terminals of the voltmeter, and the deflections noted

with the smaller weights on the knife-edge.
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Gradua- For the higher potentials a number of condensers of

Volt- good insulation are joined in series and charged by an
meter,

application of the wires from the terminals of the re-

sistance coil to each condenser in succession from one end

of the series to the other. This is done so as to charge

each condenser in the series in the same direction, and

as the same difference of potentials, V say, is produced
between the plates of each condenser, the total difference

between the extreme plates is n V, if there be n con-

densers. A convenient large potential-difference can

thus be obtained with sufficient accuracy, and being

applied to the working terminals of the voltmeter is

made to give divisions for a series of different weights

hung on the knife-edge. These divisions correspond of

course to deflections for known potentials with one of

the weights on the knife-edge.

The divisions thus obtained are then checked by

using three instruments which have been dealt with in

this way. They are joined in series and a difference of

potentials established between the extreme terminals,

which is observed also by the third joined across the

other two. Thus by a process of successive halving

and doubling the scale is rilled up.

A description of Lippmann's capillary electrometer

will be given in Vol. II. in connection with the

Measurement of Electromotive Forces.



CHAPTER VI.

THE COMPARISON OF RESISTANCES.

WE give here some account of methods for the com-

parison of the resistances of conductors in which steady

currents are kept flowing. In most cases the conductor

to be compared is arranged in a particular way in con-

nection with other conductors, which are then adjusted

so as to render the current through a certain conductor

of the system zero. From the known relation of the

resistances of the other conductors the required com-

parison is deduced. In this and in other arrangements
the existence of an electric current has to be observed,

and in some cases the amount of the current must be

measured. It is therefore necessary, although the subject

of the measurement of currents belongs properly to the

electromagnetic part of this work, to describe shortly

the means adopted in the comparison of resistances to

detect, and, when required, to compare currents of

electricity.

The instrument used is called a galvanometer. Its Oersted's

action is based on the phenomenon observed by Oersted
^p^nd* k'

and explained by the electromagnetic theory of Ampere, of Galva-

that if a wire, along which a current is flowing, be held

parallel to a magnetic needle resting in equilibrium

VOL. I. x
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Oersted's

Discovery.

Principle
of Galva-

nometer.

under the action of magnetic force, it will be deflected

from its original position towards a position at right

angles to the wire. To fix the ideas, let the needle be

a thin straight longitudinally magnetized bar, in equi-

librium under the action of magnetic force with its

length horizontal, and free to turn round a vertical axis
;

and let the wire carrying the current be stretched parallel

and near to the needle above it or below it. The direction

in which the needle turns round is reversed if the wire,

supposed first placed above the needle, is then placed

below it : again it is reversed when the portion of wire

held near the needle is turned end for end without other

change of position. An augmented deflection is there-

fore obtained if the wire is bent round so that one portion
is above and the other below the needle, and a still

greater when the wire supposed covered with non-con-

ducting material, is wound closely into a coil of several

turns which is then placed with its plane parallel to the

length of the needle
;
for the effects due to the upper

and to the lower portions of the wire are then in the

same direction. A coil of wire thus placed relatively to

a magnetic needle suspended so as to be free to turn

round a fixed (generally vertical) axis is a galvano-
meter.

Galvanometers for ordinary testing purposes are

generally made by winding wire covered with silk, or

some other non-conducting substance, round a hollow

core or bobbin, symmetrical about a straight axis. A
magnetic needle, generally composed of two or three or

more small, and as nearly as may be equal magnets,

relatively fixed parallel to one another with their like
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poles turned in the same direction, and their centres in Testing-

a plane perpendicular to their lengths, is suspended nometers.

with its centre* at some convenient point (generally

the middle point) of the axis of the coil. The coil is

so placed and levelled that the needle, supposed at rest

under the action only of the magnetic force of the field

in which the apparatus is placed, has its length at right

angles to the same axis.

FIG. 58.

The form of galvanometer generally employed in the

measurement of resistances is the reflecting galvano-

* The magnetic axis and magnetic centre of such an assemblage of

magnets will be defined in the Chapter on Magnetism ;
for our present

purpose it is sufficient to say that we can adjust the galvanometer so

that the magnetic axis and centre may be as nearly as we please in

any required position.

x 2
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Thomson's meter invented by Sir William Thomson, one arrange
-

e

Qaiva
D
-

S
nient of which is shown in Fig. 58. For most purposes

noineter. the ordinary form of the instrument can be used. In

this a mirror of silvered glass to which the needle-

magnets are cemented at the back is hung within a

cylindrical cell about half a centimetre in diameter. The

ends of the cylinder are closed by glass plates from four

to five millimetres apart, held in brass rings which can

be screwed out or in so as to increase or diminish the

length of the cell. The mirror is hung by a piece of a

single silk fibre passed through a small hole in the

cylindrical surface of the chamber and fixed there with

a little shellac. The mirror is only of slightly smaller

diameter than the cylinder in which it hangs, so that in

this arrangement the fibre is very short, rendering it

necessary in cases in which deflections have to be read

off to allow for the effects of torsion. The cylindrical

chamber is screwed into one end of a cylinder of slightly

greater diameter which fits the hollow arc of the coil,

and is called the galvanometer-plug. When the plug is in

position the mirror hangs freely within its cell, with

therefore the point of suspension on the highest gene-
Method of rating line of the cylinder. Deflections of the needle

Defoe"-
8 are ^served either by the Poggendorff telescope method,

tions. or, and much more generally, by the ordinary projection

method described on p. 211 above.

Dead- The weight of the needle and mirror is under one grain,

Qalva.
and hence the period of free vibration of the suspended

nometer. system about any position of equilibrium is short. The
needle is also made to come quickly to rest by the small-

ness of the chamber in which it hangs. Since the mirror



ADJUSTMENT OF A GALVANOMETER. 309

nearly fills the whole cross-section of the cell, the air

damps the motion of the mirror to a very great extent

even when the cell has its largest volume. The mirror

may be made quite
" dead-beat

"
(p. 224 above) by

screwing in the front and back of the cell until the

space is sufficiently limited.

In instruments in which it is desirable to avoid effects Dea<l-B>Mt

of torsion the galvanometer coil is made in two lengths,

which are fixed end to end. with a narrow space between with Long
Fibre

them to receive the suspension pieqe. This piece forms

a chamber in which the needle hangs between the

two halves of the coil and gives a length of fibre which

at shortest is equal to the radius of the outer case of the

coil, and which can obviously be made as long as is

desired. The part of the hollow core at the needle is

closed in front and at back by glass plates carried by
brass rings. These can be screwed in or out by a key
from without so as to diminish or increase the size of

chamber, and thus render the needle system more or

less nearly
"
dead-beat."

The galvanometer is generally set up so that the Process of

deflections are read by the ordinary deflection method
"JfoJ^J?

(p. 211 above). It is only necessary to arrange that the nometer.

needles when no current is flowing in the wires shall

hang parallel to the plane of the coils. This is done as

follows. A straight thin knitting wire of steel is mag-
netized and hung by a single silk fibre of a foot or so

in length. This can easily be done by taking a sufficiently

long single fibre of silk and forming a double loop on

one end by doubling twice and knotting. In this double

loop, made widely divergent, the steel wire is laid
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Process of horizontally, and the single end of the fibre is attached

a Gafva- ^ a support carried by a convenient stand, which is

nometer. then placed so that the wire takes up a position in the

direction of the horizontal component of the magnetic
field where the needle is to be placed. A line can now
be drawn parallel to the wire on the table beneath it.

All that is necessary then is to place the galvanometer
so that the front and back planes of the coil are vertical

and parallel to this line, and adjust the lamp and scale

as described above.

It is sufficient for our present purpose to state that

if the needles be so small as in the Thomson reflecting

galvanometer, and torsion can be neglected, the current

in the coil may be taken as proportional to the tangent
of the deflection angle, and therefore if that angle be

not greater than three or four degrees the current may,
with an error not greater than ^ per cent., be taken as

proportional to the deflection simply. We shall discuss

the measurement of currents fully in later chapters.

Adjust- The galvanometer should be made as sensitive as

Field for P088^6 by diminishing the directive force on the needle

sensi- as far as is practicable without rendering the needle
' l y '

unstable. This is easily done by placing magnets near

the coil so that the needle hangs, when the current in

the coil is zero, in a very weak magnetic field. That

the field has been weakened by any change in the dis-

position of the magnets, made in the course of the adjust-

ment, will be shown by a lengthening of the period of

free vibration of the needle when deflected for an instant

by a magnet and allowed to return to zero. The limit

of instability has been reached when the position of the
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spot of light for zero current changes from place to place Adjust-

on the scale, and the intensity of the field must then be Yield for

slightly raised to make the zero position of the needle
r x 1-1 T-U blllt

-Y '

one of stable equilibrium.

Although not absolutely essential, except when accu-

rate readings of deflections are required, it is always

well, when the field is produced by magnets, to arrange

them so that the field at the needle is nearly uniform.

It may therefore be produced by two or more long

magnets placed parallel to one another at a little dis-

tance apart symmetrically with respect to the centre of

the needle above or below it, and with their like poles

turned in the same directions
;
or a long magnet placed

horizontally with its centre over the needle, and mounted

on a vertical rod so that it can be slided up or down to

give the required sensibility, may be used.

Sensibility is sometimes obtained by the use of astatic

galvanometers, but these are rarely necessary and are

more troublesome to use than the ordinary non-astatic

instrument. Such galvanometers will be described in

Vol. II

For the comparison of the resistances of conductors Resistance

other resistances the relations of which are known are Coils.

employed. These are generally coils of insulated wire

wound on bobbins which are arranged so that the coils

can be used conveniently in any desired combination.

Such an arrangement of coils is called a resistance box.

Figs. 59 and 60 show resistance boxes of different

forms. Construe-

In a resistance box each coil has a separate core,
tio

.

n of a

.. Resistance
which ought to be a brass or copper cylinder split longi- BOX.
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Construe- tudinally to prevent induction currents, and covered

lleshtance
w^ ^n ru^er or varnished paper for insulation.

Box. These cores are shown in Fig. 61. The metallic core

facilitates the cooling of the coil if an appreciable

rise of temperature is produced by the passage of a

current through it. After each layer of the coil has

been wound it is dipped in melted paraffin, so as to fix

the spires relatively to one another, preserve them

from damp, and insure better insulation. It is of

FIG. 59.

great importance to use perfectly pure paraffin, and

especially to make sure that no sulphuric acid is present

in it. Unless this precaution is observed trouble may
be caused not only by the action of the acid on the

metal of the conductor, but by the polarization effects

due to electrolytic action in the acid paraffin. Paraffin

which is at all doubtful should be well shaken up when

melted with hot water, to remove the acid.
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The wire chosen for the higher resistances is generally Material

an alloy of one part platinum to two parts silver.

This has a high specific resistance (p. 380 below),

combined with a small variation of resistance with

temperature. For the lower resistances wire of greater

thickness is employed on account of its greater con-

ductivity, which enables a greater length of wire to be

used and thus facilitates accurate adjustment.

FIG. GO.

Coils are now sometimes made of "platinoid," a

species of German silver which does not tarnish seriously

with exposure to the air and has a low variation of

resistance with temperature (see Table V.).

When a coil of given resistance is to be wound, a Winding

length of well-insulated wire of slightly greater resis-
of (

tance (determined by comparison at ordinary tempera-
ture by one of the processes to be described) is cut,

doubled on itself at its middle point, and wound thus
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Winding double on its core. This is done to avoid the effects of

induction (see 335 below) when the current is in a state of

ariation, as when starting or stopping. After the coil

has been wound its resistance is again measured, and if

good insulation has been obtained, it ought now to show

as lightly increased resistance, on account of the change

produced in the wire by bending. The coil is fixed

FIG. 61.

in position by two long brass or copper screws d, d,

Fig. 61, passing through ebonite discs in the ends of

its core, which fasten it to the cover of the box.

These should be sufficiently massive to give no ap-

preciable resistance. These screws are attached to two

adjacent brass pieces a, a, on the outside of the cover,

and have the ends of the wire of the coil soldered to

them so that the coil bridges across the gap shown
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in the figure between every adjacent pair of brass

pieces. The coil is now brought to the temperature at

which it is to be accurate and finally adjusted so that

its resistance taken between the brass pieces is the

required resistance.

Coils are made in multiples of the
" Ohm "

or practical The

unit of resistance. The ohm will be defined absolutely or pj^c-

in the second part of this work : it is sufficient at present
tical Unit

to say that the Legal Ohm as adopted by the International ance.

Congress of Electricians held at Paris in 1884 is equal
to the resistance of a uniform column of pure mercury
106 centimetres long and one square millimetre in cross-

section, at the temperature C. The mode of realizing

such a standard is described below, p. 384.

A series of coils are arranged in a resistance box in
Arrange-

some convenient order either in series or in multiple J?
6"*

.

of
r Coils m

arc. Fig. 62 shows a series arrangement suitable for Box.

many purposes. The numbers indicate the number of

ohms in the corresponding coils. The space between

each pair of blocks is narrow above and widens out

below, as shown in Fig. 62, to increase the effective

distance along the vulcanite from block to block. In the

adjacent ends of the brass pieces, between which is the

narrow gap, are cut two narrow opposite grooves, so as

to form a slightly conical vertical socket. This fits

a slightly conical plug, / in Fig. 61, which when

inserted bridges over the gap by making direct contact

between the blocks, and when not thus in use is held

in a hole drilled in the middle of the upper surface of

the block. The coil is short-circuited when the plug
is inserted, that is a current sent from one block to
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Box

arranged
in

Geomet-
rical

Progres-
sion.

the other passes almost entirely across the plug on

account of the much greater resistance of the coil. The

handle, /, of the plug is generally made of ebonite.

The plan of arranging a series resistance box which is

most economical of coils is a geometrical pro'gression with

common ratio 2. In such a box two units are generally

FIG. 62.

provided to enable the box to be conveniently tested.

The inconvenience of the arrangement is in the reduc-

tion of an}
r resistance which it is proposed to unplug

in the box to its expression in the binary scale of

notation. For example if the resistance 370 is to be

found on the box, this is expressed as 2 8 + 26+ 2 5 + 2 4
-f 2



RESISTANCE BOXES. 317

46

^3
Tl

5

or 101110010, and the corresponding plugs inserted,

namely the first plug beyond the units, and the fifth,

sixth, eighth beyond the units. The process of reduction

is performed as follows by dividing successively by 2,

and writing the remainders as successive figures of the

number from right to left in the order in which they
are obtained, ending with the last quotient, which is of

course 1.

370

185

1)2 1

i
-*- .

1

1

1

Hence 370 = 101110010 in the binary scale. It is

not however always necessary to go through this pro-

cess. Practice with a box on this principle leads soon

to readiness in deciding what coils are to be unplugged,
or what is the resistance of any set of coils which may
be unplugged. It is well to remember that any coil of

the series is greater by unity than the sum of all the

preceding coils of the series.

Figs. 63 and 64 show the arrangement of coils in a

resistance-box lately invented by Sir William Thomson,
in which the geometrical progression arrangement has

been adopted. The interior of the box is a copper

cylinder with projecting rings soldered round it so as to

Box

arranged
in

Geomet-
rical

Progres-
sion.

Sir

BOX.
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Sir "W. form recesses in which the coils are wound. The coils

Resistance*

5

are made of platinoid wire well insulated with silk,

Box. and are wound double in the usual way. An outside

cylinder of copper is screwed on round the rings, and

<

FIG. 63.

a rise of temperature in any part is rapidly equalized

by the surrounding copper case.

The pieces marked a, a, are copper or brass plates,

here shown straight, but in the actual instrument usually

FIG. 64.

thus circular rings. Between these plates are seen discs

6, &, b, &c., of gun metal, which carry tubes passing

down through the vulcanite top of the box as shown in
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the lower figure. The vertical stem of a knee-piece SirW.

passes through each tube, and the horizontal part fo^T
carries beneath it a spring projecting over the next disc. Box -

A coil is placed between each successive pair of tubes,

and is cut out by depressing the corresponding cam
lever d, which brings the spring underneath into contact

with the disc over which it projects. The contact

between the stem, each knee-piece, and its tube is

shunted over by a flexible spiral of copper ;
and the

piece is prevented from rising when the lever cam is

depressed by a split-ring round its lower end.

The flexible spirals are protected from damage by
over twisting by stops which prevent each knee-piece

receiving more than half a turn. In the Fig. the

pieces a, a are shown connected by the three resistances

r
i>
Tv r

s>
in series

>
but any combination of series and

multiple arc can be obtained by turning round the

knee-pieces so as to make contact with the terminal-

pieces a, a, when the cam levers d are depressed.
. Thus by turning these pieces so as to make contact

with a and a alternately, the whole series of coils can

be arranged in multiple arc.

The coils form a geometrical series from 1 to 4096

with a common ratio 2. The unit is duplicated for the

reason stated above.

The "Dial" form of series resistance box shown in "Dial

Fig. 59 above, is preferable to the ordinary forms for Re[ an

many purposes. It contains three or four or more Box.

sets of equal coils, each nine in number. One set

consists of nine units, the next of nine tens, the next

of nine hundreds, and so on. Besides these the box
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"Dial"
form of

Resistance

Box.
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sometimes contains a set of

nine coils each a tenth of a

unit. Fig. 65 is a plan of a

five-dial box. The sets of

coils are arranged along the

box in order of magnitude.

Each set is arranged in series,

and the blocks to which the

extremities of the coils are

attached are arranged in cir-

cular order round a central

block, which can be connected

to any one of the ten blocks

of the set surrounding it, by

inserting a plug in a socket

provided for the purpose. Each

central block, except the first

and last, is connected by a

thick copper bar inside to the

initial block of the succeed-

ing series of nine coils, as

shown in Fig. 65 by the

dotted lines. The ten blocks

of each set of coils are num-

bered 0, 1, 2, . . . 9, as shown.

Thus a current passing to one

of the central blocks passes

across through the bar to

the next series of coils, then

through the coils until it

reaches a block connected to

FIG. 65.
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the central piece by a plug, when it passes across to the

centre and then to the next series of coils. If no coil

of a series is to be put in circuit, the plug joins the

central block to the coil marked zero.

In a five-dial box the central blocks are marked Arrange-

respectively TENTHS, UNITS, TENS, HUNDREDS, THOU- Coils in*

SANDS, and the resistances are read off decimally at Dial Box -

once, Thus supposing the centre in the first dial to be

connected to the block marked 5, in. the second dial to

the block marked 7, in the third to that marked 6, the

resistance put in circuit is 67'5 units,

The advantage of the arrangement consists in the fact Advantage

that only one plug is required in each. dial whatever the
Arrange

resistance may be, and since the plugs when no coils are ment.'

included complete the circuit through the zeros, there

is always the same number of plug contacts in circuit,

instead of a variable number as in the ordinary arrange-
ment.

Besides the dial resistances there is generally in each Bridge

box a set of resistances arranged in the ordinary way,
Coils "

and comprising two tens, two hundreds, two thousands,

and sometimes two ten-thousands? fitted with terminals

to allow the box to be conveniently used as a Wheat-
stone Bridge, as described below. The extremities of

this series of resistances can be connected by means of

thick copper straps with the series of dial resistances.

Each pair of equal coils are sometimes wound on one

bobbin to ensure equality of temperature.
It is sometimes desirable to have a ready means of

varying the ratio of two resistances, or of increasing a

single resistance by steps of any required amount.

VOL. I. Y
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Resistance For this purpose a resistance slide is a convenient
Siides-

arrangement. A form devised by Sir William Thomson

is shown at CD in Fig. 66. Along a metallic bar r in

front of a series of equal resistance coils slides a con-

tact piece s by which r is put in conducting contact

with any one of the series of brass or copper blocks by

which the coils are connected. The figure shows a com-

bination of two slides used by Sir William Thomson

FIG.

and Mr. C. F. Varley for cable testing. Each resistance

in AB is five times that of each coil in CD, and there

is the same number in each, so that the whole resist-

ance of CD is twice that of each coil in AB. The

slider, S, of AB consists of two contact pieces insulated

from one another on the slider, and at such a distance

apart as to embrace two coils. The terminals of CD
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are connected to CC as shown in the figure, and there- Vernier-

fore in whatever ratio the resistance CD is divided by
the contact piece s, in that ratio is the joint resistance

of the two coils CC divided. CD thus forms a vernier

for AB. In the arrangement figured the resistance

CD is divided into the two parts 12 and 8, and there-

fore the sixth and seventh coils of AB which are

between the terminals of S are divided into two

FIG. 67.

similarly situated parts 12 and 8. Hence the whole

resistance between A and B is divided into the two

parts 56 and 44.

Fig. 67 shows a dial form of the double resistance

slide. The main coils are on the left, the vernier coils

on the right. Each slide may be detached and used

independently if required.
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Boxes.
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Boxes in which the coils in circuit are in multiple

arc were first made at the suggestion of Sir William

Thomson, and called Conductivity
*
Boxes, because the

conductance in circuit is obtained by adding the con-

ductances of the coils. Fig. 68 shows the arrangement.

Each coil is a resistance coil wound on a bobbin as

described above and has one extremity connected to a

massive bar a, the other to a brass block c, outside

the box, whic.h qan be connected by a plug to the

FIG. 68.

massive bar I. The resistance in circuit is obtained

at once by adding the conductances of the coils thus in

circuit, and taking the reciprocal of their sum. The

conductances of the coils are marked on the corre-

sponding blocks outside the cover.

This arrangement is very convenient for the measure-

* The word "Conductance" (see p. 204) is now being widely used

instead of "Conductivity," and we shall in this chapter and hence-

forth adopt the term.
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ment of low resistances such as one ohm and under, as

it gives a long gradation of fractions by combination of

the coils.

Sir William Thomson has proposed to call a box

arranged thus a Mho-Box, where "Mho" is the word
" Ohm "

read backwards to indicate that the box gives

conductances, that is reciprocals of resistances.

The resistance of almost all wires increases with rise Effect of

of temperature, and the box is generally adjusted to be Rlse of

correct at a convenient mean temperature which is ture cm

marked on the cover. The value of the resistance shown ^fc?

by the box at any other temperature is obtained when
the change of temperature can be ascertained from the

known variation of resistance with temperature. A
table of the variation of the resistances of different

substances with temperature is given at the end of this

volume.

The general internal temperature can be observed

by means of a thermometer passed through one of the

orifices which should be left in the side of the box to

allow free circulation of air. Local changes of tempera-
ture may sometimes be produced in the coils without

affecting appreciably the general internal temperature.

These changes cannot be accounted for, as it is impossible

to observe them with any accuracy, but can be avoided

by using only the very feeblest currents, and continuing
these for the shortest possible time.

The general internal temperature can also be measured Tempera-

by means of an auxiliary coil provided for the purpose, mined
6

by"

This is constructed of thick copper wire wound on an Auxili-

ebonite, and extends along the whole length of the box. Coil.
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Tempera- Since the variation of resistance of copper relatively

mhied by
*o that OI> tne wire f which the coils are constructed

an Auxili-
j s known, we can bv measuring the resistance of this

ary Copper
Coil. auxiliary unit by the box itself obtain a closely approxi-

mate estimate of the internal temperature.

The temperature variation may be made for all the

coils the same as the highest variation for any one, by

introducing into each a piece of copper (conveniently

at the bight after the coil is wound) just sufficient for

the purpose.
Process of In every case the blocks to which the coils are attached

Resistance should be pierced with a socket for special plugs with

Box.
binding terminals attached, by means of which any coil

in the box may be brought into circuit itself. This is

necessary for the testing of the box, which is done as

follows. In the case of the ordinary arrangement of coils

Fig. 59, each of the units is compared with a standard

unit, then the two units together are tested against each

of the 2s, then the 2s and a 1 are tested against the 5

and so on, until the 100s are reached. All the preceding
coils put together give 100, which can be tested against

each of the 100s, and this process is continued until the

box is completely tested. The process can be checked

by other possible combinations, and the whole of the

results, if necessary, put together by the ordinary
methods of combination.

If a dial box is to be tested the auxiliary unit,

if it has one, suffices for the comparison of each of

the units, then the nine units and the auxiliary

unit give 10 for the comparison of each of the nine

tens. These when compared give with the ten units
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100 for the comparison of each of the hundreds, Process of

^d so on. g
In the case of a box arranged in geometrical progres- Box.

sion with common ratio 2, and first term 1, the unit is

duplicated for the sake of comparison. Each unit having
been compared with a standard, they give together a

comparison of the next coil, which is 2, then that with

the two units give 4, with which the coil of 4 units can

be compared, and so on.

The actual methods of comparing coils are described

below (p. 353 ct seq.). It is to be remembered that in the

comparison of the coils of low resistance the connecting
wires (which should be in all cases short and thick)

must be taken into account.

In the use of a set of resistance coils it is important Care of

that the plugs be kept clean, and the ebonite top of the

box, especially between the blocks of brass, kept free

from dust and dirt. The ebonite may be freed from

grease by washing it with benzole applied sparingly by
means of a brush, and a film of paraffin oil should then

be spread over its surface. The plugs and their sockets

may also be freed from adhering greasy films by washing
in the same way with benzole or very dilute caustic

potash. The latter should not however be allowed to

wet the ebonite surface. If necessary the sockets may
be scraped with a round-pointed scraper. On no account

should the plugs or sockets be cleaned with emery or

sand paper.

It is frequently necessary to adjust a current to a

convenient strength by varying the amount of resist-

ance in circuit. When the amount of resistance in
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Rheostat, circuit need not be known, this can be done most

readily by means of a rheostat, or resistance coils in

series with a rheostat, an arrangement which has the

advantage of giving a continuous variation of the

resistance. A form of rheostat constructed by Sir

William Thomson is shown in Fig. 69. Two metal

FIG. 69.

cylinders are mounted side by side on parallel axes and

are geared so as to be driven at the same rate in the

same direction by a third shaft turned by a crank.

Along this shaft from end to end of the cylinder is

worked a screw, which when turned moves a nut along
a graduated scale at the top of the instrument. One of

the cylinders is covered with well varnished paper, the

other has a clean metal surface. A bare wire of

platinoid or other material is wound partly on one

cylinder partly on the other, and in passing from one
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cylinder to the other threads through a hole in the nut. Rheostat.

Thus if the cylinder be turned the relative amounts of

wire on the two cylinders can be varied at pleasure, and

the wire is laid on them helically in a regular manner.

The toothed wheel by which one of the cylinders is

turned is connected with the axle by means of a spring

previously wound up so as to give a couple tending to

wind the wire on the cylinder. The wire is thus kept

taut and the spires prevented from shifting on the

cylinder.

The course of the current is along the wire on the

paper covered cylinder, then to the bare cylinder.

Thus the resistance in circuit is regulated by the

amount of the wire on the former cylinder. A com-

parative estimate of this is given by the scale along

which the nut moves.

The arrangement of screw and nut for guiding the

wire above described seems to have been first used in a

rheostat constructed by Mr. Jolin of Bristol.

A simpler form of rheostat, first used by Jacobi, con- Jacobi's

sists of a single cylinder of insulating material round Rheostat-

which the wire is wound in a helical groove. A screw

of the same pitch as the groove is cut in the axle of the

cylinder, and works in a nut in one of the supports.

The cylinder, when turned, moves parallel to itself, so

that the wire is kept in contact with a fixed rubbing
terminal. Another rubbing terminal rests on the axle,

to which one end of the wire is attached.

The method of comparing resistances of most general
Wheat-

use is that known as Wheatstone's Bridge. The arrange- Bridge,

nient of conductors used is that shown in Fig. 34, with
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Wheat- a battery, generally a single Daniell's or Menotti's cell,

Bridge,
included in r

Q ,
and a galvanometer in r

5
. A much

higher battery power is however sometimes required,

especially in cable and other testing. The three con-

ductors whose resistances are rv r
z , r% are coils of a

resistance box provided with terminals so arranged that

connections can be made at the proper places to form

the bridge, for example as in Fig. 62, which shows

a resistance box fitted up as a Wheatstone Bridge.

TJ

FIG. 70.

It will be easy to make out in Fig. 70 the terminals

corresponding to A, B, C, D respectively of Fig. 34.

Fig. 60 above shows a so-called "Post-Office Re-

sistance Box "
in which the battery and galvanometer

keys are mounted on the cover, and permanently
connected to the proper points inside the box; and

Fig. 66 a Wheatstone Bridge arrangement of resist-

ance slides.

The resistance to be compared is placed in the position

BD, and convenient values of r
t
and r

2
are chosen,
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while r
3

is varied until no current flows through the Wheat-

galvanometer. The value of i\ is then found by (15) of

Chapter II., which since y5
is zero, may be written

If ?\ and r
2
are equal, r

4
is equal to r

s ,
and is read off

at once from the resistance box.

In the practical use of Wheatstone's Bridge we have Arrange-

generally to employ a certain battery and a certain B^dae for

qalvanometer for the measurement of a wide range of Greatest

I-M. -1.1 -f j Sensibil-
resistances

;
and it is possible it great accuracy is required ity.

so to choose the resistances of the bridge as to make the

arrangement have maximum sensibility. An approxi-

mate determination is first made of the resistance to be

measured. Call this r
4 . It has been shown independently

by Mr. Oliver Heaviside,* and by Mr. Thomas Gray,f Practical

that if the battery and galvanometer are invariable we
jn vari^bie

should make Battery

\/ r,

and Galva-

nonieter.

If the resistances of the battery and galvanometer are

at the disposal of the experimenter, then on the sup-

position that the resistance of the galvanometer may be

taken equal to r
5 ,
the most sensitive arrangement is that

in which each of the resistances is equal to r
4

.

* Phil Mag. vol. xlv. (1873), p. 114.

f Ibid. vol. xii. (1881), p. 283.
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Proof of To prove these results we may suppose that instead of (1)
Conditions we have

Of
r-l

Tn ,n.
Maximum c ' = ~

(
ll

)

Sensibil- 3 *

itv - where c is a constant nearly equal to unity. Substituting the

value of r3 ,
which (11) gives, in (25) of Chap. II., we get

Galvano-
meter Re-
sistance

Variable.

D (12)

where D has the form given to it by this substitution and is

therefore free from r2 . We have to find when this is a maximum,
on the supposition that r, r

b ,
r6 , E, and c are constants, or which

is the same but more convenient, when ."(1 <?)/y5 , (that is

D/r^t) is a minimum under the same conditions. Writing u for

Djr^r^ and calculating the values of

du du d^u d*u d^u

dr^ dr3 df-^ dr3
2

dr-^dr^

we find, by equating the first two differential coefficients separ-

ately to zero, that either rx = 0, and r
3
=

0, or r = V^5
r6 ,

and

r3
= \J T^Q

4 - Substituting these values of r^ and r3 in

the expressions for the three second differential coefficients, we
find that the latter pair of corresponding values gives positive
values to each of the expressions

d'-u

iff drjdr?
T

which is the condition for a minimum, while the first pair of

values gives neither a maximum nor a minimum.
Let now the galvanometer resistance be capable of variation.

We shall assume that the mass of wire in the galvanometer and
the channel in which it is wound remain constant. When this is

the case the electromagnetic force at the needle is, as will be

proved in Vol. II., proportional to the square root of the resist-

ance of the galvanometer. Hence for a given value of y6 the

deflection of the needle may be put equal to ayb vV6 where a is a

constant. Hence
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We have in this case to find when Z)/;y4 \//'5 is a minimum. Galvano

This can be put into the form (m + nr^lk4r6 where m
t n, k

}

In
?
ter Kc

do not involve r
&

. Equating the first differential coefficient of y
1

.

a

^
e

this quantity to zero, we get for a minimum rb mjn, or after

reduction r^
= ^(r4 -\- ^3) /fa + rz)- 1'his value of r

5
taken along

with the already found values of r^ and r3 gives maximum
sensibility to the bridge arrangement when the battery only is

kept constant.

Lastly, let the total area of the acting surfaces in the battery
be given, while the resistance may be varied. In this case we
have (p. 148 above) greatest sensibility when the resistance of the

battery is made equal to the external resistance. If balance is

nearly obtained, we may take as the external resistance between
A and B the value (rt + *s)(r3 + r*)l(r\ + rz + rs + r\)- ^ re

may be taken as the resistance of the battery alone (that is, if

the electrodes joining the battery to A and B be made so massive
that their resistance may be neglected) we have to arrange the

battery so that

^6 - ^
,

+^ +
.

r
*>- (14)

Simultaneous with this we have the three equations already

found, namety,

+ re), rb = rfa + r4)/fa + r
2).

From these it follows that

It is to be carefully observed that for a given available electro-

motive force in the circuit not susceptible of alteration, the

sensibility is greater the smaller re .

Unless in particular cases in which great accuracy is practical

necessary, any convenient values of r,, r9 will give results J**1..(?*
V- -i . Sensibility

sufficiently accurate lor all practical purposes; but in when Full

arranging the bridge with these the following rule

should be observed : of the resistances r
6 ,

r6 of the needed.

galvanometer and battery respectively, connect the

greater so as to join the junction of the two greatest of
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Practical the four other resistances to the junction of the two

sSiHty least. This rule follows easily from (15) of Chap. II.

when Full yor interchanging r
5
and r

6
we alter only the value

ment
U
not of D, and calling the new value D' we get

needed.

D'-i) = (r5 -r6)(r1 -r4)(r3 -r2)
. . (16)

The expression on the right will be negative if r^>r5

and rv r
3
be the two greatest or the two least of the

other resistances. Hence on this supposition the value

of D has been diminished, and therefore the current

through the galvanometer for any small value of

Vs~ r
i
r
^
increased by making r

6 join the junction of

rv r
3

to that of r
2 ,

r
4

. In cases in which the resist-

ances in the bridge are large, a galvanometer of high

resistance should also be used.

Arrange- In the practical use of the method the electrodes of the
nt

g

of
battery should be carried to the terminals of a reversing

key, so that the testing current may be sent in opposite

directions if desired through the resistances of the

bridge. Also a single spring contact-key, which makes

contact only when depressed, should be placed in r
5.

Mode of These keys are convenient when arranged side by side,

Operating. so ^hat ^ne operator placing a finger on each can depress

one after the other. A convenient form of wire rocker

with mercury cups, combining the two keys, may be

easily made by the operator. When the bridge has been

set up and a test is about to be made, the single key in

r
5

is first depressed to test whether any deflection of

the galvanometer needle is produced without closing

the battery circuit. If there is a deflection, this must

be due either to thermoelectric action in the galva-
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nometer circuit, or to leakage from the battery to the Mode of

galvanometer wires. The procedure in this case will be

stated presently. If there is no deflection, the operator

then opens the galvanometer circuit, depresses the key
which completes the battery circuit, and immediately

after, while the former key is kept down, depresses also

the galvanometer key. After the circuits have been

completed just long enough to enable the operator to

see whether there is any deflection of the needle, the

keys are released so as to break the contact in the

reverse order to that in which they were made. This

order of opening the circuits enables him to make a

second observation of deflection without its being

necessary to again send a current. It is easy to

imagine and construct a form of contact-making key,

which being depressed a certain distance completes the

battery circuit, and on being depressed a little further

completes the galvanometer circuit, and therefore on

being released interrupts these circuits in the reverse

order. This form of key is of use in the testing of

resistance coils in which there is considerable self-

induction. For general work, however, it is inconvenient,

as the reverse order of making the contacts may have to

be adopted. Again, in many practical operations, such

as cable testing, &c., the contacts have to be made after

different intervals of time in different cases.

The object of thus completing and interrupting the Effect of

battery circuit before that of the galvanometer is partly

to avoid error from the effects of self-induction. When
a current in a conducting wire is being increased or

diminished, an electromotive force, the amount of which
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Effect of depends on the arrangement of the conductor, is called

Induction. mto plav > so as to oppose the increase or diminution of

the current. The effect of this electromotive force is to

produce, therefore, a weakening of the electromotive

force of a battery for a very short time after the circuit

is completed, and a strengthening during the very short

interval in which the current falls from its actual value

to zero at the interruption of the circuit. Its value is

small when the wire is doubled on itself so that the two

parts lie along side by side, the current flowing out in

one and back in the other
;
but is very considerable if

the wire is wound in a helix, and still greater if the

helix contains an iron core. The electromotive force of

self-induction is directly proportional to the rate of

variation of the current in the circuit, and thus is

explained the bright spark seen when the circuit of a

powerful electro-magnet is broken.

Effect of If, then, one or more of the coils of a Wheatstone

dnctioiTin Bridge arrangement were wound so as to have self-in-

Wheat- duction, the electromotive force thus called into play

Bridge, would, if the galvanometer circuit were completed before

that of the batteiy, produce a sudden deflection of the

galvanometer needle when the battery circuit is closed.

All properly constructed resistance coils are, as has been

stated, made of wires which have been first doubled on

themselves and then wound double on their bobbins,

and have therefore no self-induction. The wire tested,

however, and the connections of the bridge have gene-

rally more or less self-induction, the effect of which,

unless the contacts were made as described above, might
be mistaken for those of unbalanced resistance. This
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mode of winding the coils also avoids direct electro-

magnetic effects on the coils on the galvanometer needle

when the coils are placed near it.

If on depressing the galvanometer key at first as Avoidance

described above a current is found to be produced by
ofJ^~

thermoelectric or leakage disturbance, and the spot of disturb-

light is therefore displaced, the operator keeping down

the galvanometer key depresses the battery key, and

observes if there is any permanent deflection of the spot

of light from its displaced position during the time that

the battery key is kept down. This is easily distin-

guished from the sudden deflection due to self-induction,

as that immediately dies away to zero as the current

rises to its permanent value.

If the sudden deflection of the galvanometer, as it

may be in the case of a dynamo or electro-magnet, is

too violent and long continued, the reversing key of the

battery should be used, the battery contact made first in

each case, and the mean of the results taken.

When comparing a resistance the operator first Mode of

observes the direction in which the mirror or needle

is deflected when a value of r
3 obviously too great is

used, and again when a much smaller value of r
s is

used. If the deflections are in opposite directions, the

value of r
3 ,
which would produce no deflection of the

needle, lies between these two values, and the operator

simply narrows the limits of r
3 ,

until on depressing the

galvanometer key no motion, or only a very small

motion, of the needle is produced. It may happen,

however, that the value of the resistance which is being

compared may be between two resistances which have

VOL. I. z
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Mode of the smallest difference which the box allows. Thus

continued, with a resistance box by which with equal values of

r
x
and r

2
he cannot measure to less than TV of an ohm,

he may either by making the ratio of r
l
to r

2 ,
10 to 1,

or 100 to 1, obtain the values of r4 to one or two places

of decimals. Any inaccuracy in the relation of the arms

of the bridge may be eliminated by reversing the

arrangement, that is, interchanging r
l
and r

2 ,
and

r3 and r
4 ,
and taking the mean of the results.

Whatever be the ratio of r to r
4,

if he can read the

deflections when first one and then the other value of

i^r



SLIDE-WIRE BRIDGE. 339

that introduced by Kirchhoff. In this an exact balance Kirchhoff's

is obtained by moving a sliding contact-piece along a

graduated wire which joins the two resistances rv r of

Fig. 70. A diagrammatic sketch of the arrangement
is shown in Fig. 71. S is the sliding-piece, A, B the

wire along which it slides. A, B is stretched in front of

FJG. 72.

scale a metre in length graduated to half-millimetres

and doubly numbered, from left to right and from right
to left. The coils a, c, d, b of the diagram have the

respective resistances rv r
2 ,
r
3 , r4. Fig. 72 shows a form

of the instrument manufactured by Messrs Elliott Bros.

FIG. 73.

Fig. 73 shows an easily-made and cheap form of wire T. Gray's

bridge devised by Mr. T. Gray, w, w is the wire, made
Bndse -

of platinoid or German silver, which is stretched above,

but not in contact with, a base-board, passes round the

insulating and supporting vulcanite block B from the

z 2
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P. Gray's

Bridge.

COMPARISON OF RESISTANCES.

mercury cup c
x
to the other c

5
. A vulcanite crossbar A

clamps the wire in position near the cups. If the wire

be long several such crossbars may be used. Each end

of the wire is soldered to a large mass of copper, bent as

shown in Fig. 74 so as to dip into a mercury cup
without any risk of contact of the mercury with the

soldered junction. The cups should be of copper, and

may conveniently be made of the form shown in the

figure, and fixed in holes in the wooden or ebonite

supporting-block. The ends of the copper pieces

FIG. 74.

dipping into them should be carefully squared and bear

against the copper bottoms.

The wire is divided into parts of equal resistance by
a process of calibration (p. 342 et seq., below) and marks

indicating these parts are made on a rule attached to

the base-board, along which the contact-piece slides.

A movable scale is used to subdivide the space between

two divisions.

On a plate of ebonite or well-paraffined hard wood

are fixed mercury cups c
2,

c
s ,

c
4,
made as just described.
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The auxiliary resistances rv r
4

of the bridge when T. Gray's

required are placed between c
x
and c

2 ,
c
5
and c

4 ,
while

the wires to be compared connect c
2
and c

3 ,
c
3
and c

4
.

Since the wire w, w can be made long, the auxiliary

resistances are not frequently required. When they

can be dispensed with, c
2
and c

4
are removed and c

3

placed in the socket A, and the wires to be compared
are then placed between c

3
and cv c

3
and c

5
.

This method of obtaining balance was used by
Matthiessen and Hockin in the very careful comparisons

of resistance made by them in their work as members

of the British Association Committee on Electrical

Standards
;
and it was found by these experimenters that

an alloy of 85 parts of platinum with 15 parts of iridium

formed an excellent material for the graduated wire.

This alloy, they found, did not readily become oxidized.

Platinum-silver alloy is however frequently employed.

The contact piece is generally a well-rounded edge
of steel with a slight notch to receive the wire. The

knob pressed by the operator bends a spring which

presses the contact piece with just sufficient pressure

against the wire. A turning bar can be put into

position to keep down the contact when desired. The

sliding piece carries a vernier which enables fractions of

a division to be read on the scale.

The method of testing by this instrument is precisely

the same as by the ordinary Wheatstone Bridge, except

that when balance has been nearly obtained in the usual

way, by varying the relation of the resistances r
1>

r.2,
r
s,

for a particular position of the sliding piece, an exact

balance is obtained by shifting the sliding piece in the
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Calibra-
proper direction along the wire. Supposing that the

Wire: resistance of the wire per unit of length has been
]

MattMes
>f determined f r different parts of the wire, and that the

sen and resistances of contacts have been determined (p. 357)
~LT 1

*

and allowed for, the value 'of r4 is at once found by

taking into account the resistances of the segments
of the wire AB on the two sides of the point, contact at

which gives zero deflection.

Calibra- The wire AB may be "calibrated" by one of the

following methods. The first is that which was em-
3 f

Ployed ^ Matthiessen and Hockin.* Let r^ and r
4 (a, b

sen and in Fig. 71) be such resistances that balance is obtained
Hockin. p

two coils, differing in resistance by say TV per cent. Let

r
x + a be the total resistance, including contacts between

C and P
}
and r

4 + ft that between D and P. Now alter

r^ by inserting a short piece of wire. This will shift the

zero point along the wire through a certain distance to

the left. Balance so as to find this point, which call

P
l ;

then interchange r
2
and r

3 ,
and balance again, and

call the second point thus found P
2

. Let z denote the

resistance between P and Pv z the resistance between

P and P
2 ,
x the resistance of the short piece of wire

added to rv and 7 the length of wire between P
1
and P.2.

We have plainly the two equations,

T + a + x z r + /3 +

r
t + a + x - z' =.r4 + /3 + z'

*
Reports on Electrical Standards, p. 119.
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from which we obtain for the resistance per unit of Mathies-
sen and
Hockin's
Method.

length between P, and Pv $&

The value of x is easily obtained with sufficient

accuracy from either of equations (17), as z is approxi-

mately known from the known resistance of the whole

wire. In this way the resistance per unit of length at

different parts of the wire can be easily found, and, if

necessary, a table of corrections formed for the different

divisions of the scale.

Professor Carey Foster has given the following method Carey

for the calibration of the bridge wire. The arrangement Method
is shown diagrammatically in Fig. 75. The battery

shown in Fig, 71 is removed, and two equal copper
bars are attached at C, D (Fig. 71), at right angles to

the bars of the bridge at those points. Between the

extremities of these is stretched a second slide wire.

Or the slide wire of a second bridge, from which all

other connections have been removed, may be connected

to C and D by wires from the end bars to which it is

attached. In place of the coils c, d of Fig. 71, and the

middle bar of the bridge is substituted a single Darnell's

or other cell. One terminal of the galvanometer is

connected to a sliding piece on the wire W, the other

to a sliding piece on the other wire, W. In place of r
t

and r
4
are substituted two small resistances, one simply

a piece of thick wire c, the other a resistance g,

equal to that of a convenient portion say from 80 to 100

millimetres of the bridge wire. The former of these has
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Carey been called the connector, the latter the gauge. They
Foster's . , , .

-,

Method. are connected to the bridge by mercury cups in the

manner described on p. 340 above, and some form of

switchboard is usually employed to effect the inter-

changes described below.

Supposing the gauge placed first on the left and

the connector on the right, the slide on W is moved

close up to the extremity B, and balance is obtained by

placing the slider on W at some point near D. The

gauge and connector are then interchanged, and balance

is again obtained by shifting the slider on W towards

the left to some point &.

e b

f d a

E

FIG. 75.

The gauge and connector are again interchanged, and

balance obtained by shifting the slide on W to the left,

and so on until both wires have been traversed almost

completely from end to end. The distance through
which the slider is moved at each interchange of the

resistance is read off, and gives, as we shall now show, a

determination of the average resistance per unit of

length over that portion of the wire. Let P and P be

points of contact on W and W when balance is obtained,

let the permanent resistances included with W, W
at the left-hand ends be denoted by a, I, and at the
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right ends by a', V respectively, the resistance of the Carey

connector by c, of the gauge by g, of the wire from
Method*.

A to P by z, of the whole wire by w, of the wire W
from A' to F by ',

and of the whole wire by w'. If

the connector be on the left and the gauge on the

right, we have by

c 4 n + z _ g 4 I 4 w z . .

a -H z
1

// 4 w z

and if the gauge and connector be interchanged so that

r receives a new value rv

g + a + z
l _

c 4 /> + w - z
l

a* + z
' V + w - z'

From these equations we get at once

g-c = z
l
-z (21)

that is, the steps along W have each a total resistance

equal to g c, a result evident without calculation at

all.

Again, supposing the gauge at first on the left, and

next on the right, the slider on W is shifted, and we get

the equations

a' 4 r V 4 w' - z'

g 4 a 4 r
~

b + c + w z

a' + r' V 4 w' - z',

c 4 a 4 r b + g + w z'

These give
a' 4 V 4 w'

,00 v

r, r' = (a - c)
- r- ,. . . (22)' a 4 b 4 c 4 9 4 w'
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Carey
Foster's

Method.

The quantities on the right-hand side are all con-

stants, and therefore the wire W is thus divided into

parts of equal resistance. From the known resistance

of the whole wire, which can be found as shown on

p. 354 below, the resistance of each part can be

found. The steps on each wire are thus steps of

equal resistance.

The following are the actual results obtained in the

calibration of the slide-wire of a bridges performed in

the Physical Laboratory of the University College of

North Wales by the method just described.

Parts of the wire of equal resistance

(=r).
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It will be noticed that the second reading in any line

of the first column is not exactly the same as the first

reading in the next line. This was caused through its

being difficult to balance by adjusting the contact on

the auxiliary wire. Balance was therefore obtained

after a step was taken along the auxiliary wire by

moving the slider through a short distance on the wire

which was being calibrated.

The value of r found as described below, p. 355 was

0452 ohm. From this the resistance of the part of the

wire between two readings of the scale is found as

shown in the table.

Carey
Fosters'

Method.

FIG. 76.

by
Bridge.

A modification of this method which works well in T. Gray's

practice and avoids some difficulties has been made by Method
Mr. Thomas Gray. The two wires W, W, are arranged

parallel to one another as in Fig. 76, and are connected

at the ends A, C and
,
D by two equal small resist-

ances of suitable amount g. The equality of these

resistances can be tested with great ease and delicacy

by connecting the battery at A, B, and balancing with

the galvanometer between a point on W and another
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T. Gray's on W'
t then transferring the battery contacts to C, D

Method and observing if the balance is disturbed. If it is not

by the resistances are equal. When the resistances have

been adjusted to equality, the battery is brought into

contact at A and D and balance is obtained by placing
one galvanometer terminal close to B on W, and the

other at b on W. The battery contacts are then trans-

ferred to B and C, and balance is obtained by shifting

the terminal of the galvanometer on W to some point
a while that on W is kept at b. The battery contact

is then transferred to A, D, and balance obtained by

moving the terminal on W so that the points of

contact are a, d, and so on.

The readings on the graduated scales are taken for

the successive points of contact, and divide each wire, as

will be shown presently, into steps each of resistance g.

The contact of the battery at A, D or B, C can be

made by means of two simple rockers Ky
K

} working
between mercury cups or ordinary metal contacts, or by
means of any simple key. This renders unnecessary

any mercury cup switchboard arrangement for trans-

ferring coils.

Thus the method has the great advantage that the

contacts are all permanent except those of the battery
and the sliders, no one of which of course introduces

any error.

Let contact be made by the battery at A and D, and

balance be obtained with the galvanometer at points a

and e on the wires W and W, then calling as before z,

z' the resistances of the wires between A and a, C and

e respectively, and w, w' the resistances of the whole
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wires, we have, neglecting (which will not affect the T. Gray's

result) constant resistances of connecting bars, &c., Method

w -z+ g = w' - z' Brid
y
ge>

z
'

z
1 + g

Let the battery now be transferred to B and C and

balance be obtained at d and e. Denoting the resistance

between A and d by z, z, we again have

'

+ 9

% + 9

Equations (23) and (24) give

+9
(25)

or the steps along W are steps of equal resistance. The T. Gray's

/ i * r -art Second
same can of course be proved for W . Method

Fig. 77 shows another arrangement devised by
by

Mr. T. Gray, which has also the advantage of having

permanent gauge contacts. A and C are joined by a

short thick wire or connector c, while B and D are

FIG. 77.

joined by a gauge g. The battery contact is made

alternately at B and D by a key Ky
and balance is

obtained by moving the galvanometer contact on W
and W alternately. This arrangement is rather

simpler to set up than the former but gives steps the
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T. Gray's resistances of which are in geometrical progression.

Method These though perhaps not quite so convenient as steps

by of equal resistance give the required calibration with

sufficient exactness; for if the increase in length of

the steps which takes place from one end to the other

prove inconvenient, the calibration may be repeated in

the reverse direction. According as the calibration of

W is to be begun at B or at A, and according as that

of W is to be begun at C or at D, the first contact of

the battery must be made at D or at B.

Let a and e, e and d, d and /, / and g, be four succes-

sive positions of the galvanometer terminals for which

balance is obtained, and let zv z2 ,
z
s
be the resistances

on W from A to a, A to d, A to g respectively, z\, z'
2 ,

the resistances on W from C to e, C to / respectively.

Then if the battery be connected to B for the contacts

a, e, we get for these successive positions the equations

w z
l + g __

w' z\ w z
2 _ w' z\ 4- g

Zj C -f Z\
'

Z
2

C + Z\

w - z2 + g w - z'2 w -Z w - z' + g

These give

*i- *
2 Q + g) (vf + g + c)

z
2

Z
B w(w' + c)

a constant ratio. An equation similar to (27) could of

course be found for two successive steps on W.
T. Gray s Mr. T. Gray has also suggested the following very

^Differe
by s^mP^e metno(i which is practically identical with that

tial Gal- previously used by Prof. Tait for the comparison of low
vanometer.

resistances
(
see below, p. 371). It has been found to give
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excellent results. The arrangement is shown in Fig. 78. T. Gray's
Tr, , TI , i i -j.i Method by

The wire Wto be calibrated is joined up in series with a Differen-

single Darnell or storage-ce.ll, with resistance *
just

enough to prevent an excessive current from flowing in

the circuit, if the cell is of very low resistance. It is

advantageous to use a differential galvanometer. A
pair of electrodes (not shown in the figure) from one

coil of the galvanometer are attached to terminals which

are fixed for the time in contact with the wire W at

two points close to one end, or at the two ends of a con-

venient gauge wire in the same circuit. The resulting

deflection is annulled by placing electrodes from the

<D
FIG. 78.

other coil in contact at other two points on the wire.

For the latter pair of terminals it is convenient to have

a sliding piece with two contacts, one for each terminal,

with index marks opposite the scale at a distance apart

nearly equal to that between the contacts. A part,

carrying one index mark, and the corresponding contact

making point, is made movable with a fine screw, so

that the distance between the contact pieces may be

increased or diminished by a small amount to enable

* Since this resistance need not be of known amount it may be that

of a convenient portion of a rheostat wire included in the circuit (see

p. 328 above).
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T. Gray's balance to be obtained. This double contact piece is

^rmferen^ simply nioved along by steps each equal to the dis-

tial Gal- tance existing between the contacts, which insures
er'

that the nearer point of contact with the wire for the

new position is coincident with the farther point of

contact for the last position, the words nearer and

farther being used relatively to the end of the wire at

which the calibration is begun. The farther contact is

the movable one, and this is adjusted for compensation
at each step. Plainly the wire is thus divided into

steps of equal resistance. The contacts may also be

made by fine wires, caused by light weights to press

on the wire which is being calibrated. For a simple

test of the uniformity of a wire, the contacts may be

simply slided along the wire, and the change in deflection

noted. The distance through which the adjustable

electrode would have to be moved in order to reduce

the deflection to zero for any step, may be inferred from

the deflection produced by transferring the movable

terminal once for all by the micrometer screw through
a measured distance along the wire.

By thus displacing the movable contact piece through
a small distance from the position for balance, and

observing the deflection, the sensibility of the method

can be ascertained and increased or diminished by

altering the resistance or the electromotive force in

circuit.

The theory of this method is obvious. The difference

of potentials between the ends ofthe movable electrodes

when balance is obtained is always in the same ratio to

the difference of potentials between the fixed electrodes



COMPARISON OF TWO NEARLY EQUAL COILS. 353

however the electromotive force of the battery may
vary; hence the distance between them for balance is

independent of the current flowing through the battery.

The same method can be used with an ordinary

galvanometer by bringing the spot of light back to the

zero position by means of a controlling magnet. The

electrodes are then shifted step by step, and any change
in the deflection is shown by the deflection of the spot

of light from zero.

In all these methods disturbance from thermoelectric

currents, due to accidental differences of temperature
at the surfaces of contact of dissimilar metals, is to be

avoided by using the reversing key in the battery

circuit, and balancing for both directions of the current;

and if there is any difference of position for balance,

taking the mean position as the correct one.

The slide-wire bridge may be used for the accurate

comparison of resistance coils with a standard, say for

the adjustment of single ohms with a standard ohm.

Fig. 71 (p. 338 above) shows the arrangement adopted.

i\ and r
4
are the resistances of the coils a, b to be corn-

pared, and are nearly equal. r
2
and r

s are the resist-

ances of the two coils c, d, and are each nearly equal to

?\ or ?*
4

. The connections are made by mercury cups as

already described. Balance is obtained with the contact-

piece somewhere near the middle of the slide-wire.

The coils r
lt
r
4,

are then interchanged and balance again

obtained. By (21) above we have

Modifica-

suitordin-

air Gal-

Precaution

electric

"

Compari-

v siide-

S

wire

where zv z
2
are the resistances of the wire from A to

VOL. I. A A
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Cornpari- the point of contact in the two cases. If p be the
S

bySMe-
S
resistance per unit of length for the whole wire, sv s

2

wire the distances (reduced, if necessary, by calibration, as

shown above, to distances along a wire of uniform

resistance p per unit of length) measured along the

wire from A, we have

r
l -r^p(s1

-s
2) .... (28)

These results are evidently free from any uncertainty

as to the resistance of the junctions of the slide-wire to

the copper bars at its ends, and from any error due to

want of correspondence between the index mark on the

sliding-piece and the point of contact.*

If a separate experiment be made with a coil of

accurately known resistance rv just a very little less

than that of the whole wire, and a second conductor

of resistance r so small that it may be neglected, the

value of p may be obtained from the equation

P' ...... (89)

If the coils compared are too unequal to allow balance

to be made on the wire, a series of intermediary coils

may be obtained, so as to give a gradual descent from

one coil to the other.

Method of The resistance of the wire between any two readings

Rttdfftaruje
mav a^so ^e determined by the following method, which is

* The resistance of a coil may be accurately adjusted to any required
value by first making it slightly too great, and then joining it in

multiple arc with a thin wire cut so as to give as nearly as possible the

required correction. If the observed resistance be r4 ,
and that required

r
l9 the resistance of the correcting wire is r^Jfa - rx ).
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due to Mr. D. M. Lewis. The total resistance of the wire Method of

is approximately found by measuring it with an ordinary

bridge consisting of a post-office set of coils or other

available form of resistance box. Two coils are then

made, the resistance of each of which is less than unity

by a quantity which is nearly equal to, but not greater

than, the total resistance of the wire. These can be

also made by means of an ordinary resistance box.

Let Rly
jft2 be the as yet not accurately known resistances

of these coils. Each is tested as follows in the slide

wire bridge against a unit coil, a standard ohm for

example. The unit coil is first placed in the position a

of Fig. 71, and one of the two resistances, El say, is

placed in the position &. The connections should be

made by mercury cups as already described. In the

positions marked c, d are placed permanently two coils

of nearly equal resistance. The magnitudes of these

need not be known, but should not be greater than one

or two units. Balance is obtained with the slide S at

a point near the end B of the slide wire, and4he reading
on the slide scale is taken. The coil H^ and the unit

are then interchanged, and balance obtained with the

slide near A. The difference of the two readings gives

the length of wire intercepted between them, and this

must be equal in resistance to 1 Er
The other coil R

2 is now substituted for ^ and two

readings for which balance is obtained taken in the

same way. These give a length of the wire the resist-

ance of which is 1 R2 .

The two resistances are now put together in series

and tested against the unit in precisely the same way,

A A 2
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Method of and give between the two readings taken a length of

Resistance wire of resistance R
1 + R2

1.

w-
1

!

de Now from a previously made calibration of the wire

the resistances of the three portions of the wire thus

observed can be obtained in terms of the resistance

of the calibration-step, and three equations are thus

available for the determination of the three unknown

quantities R^ R2,
and r, the resistance of the step used

in calibration, as in p. 346 above. The following table

gives the results of this process applied to the slide%ire

the calibration of which is given above.

Positions of the



COMPARISON OF LOW RESISTANCES. 357

Substituting this value of r in the first two equations

we find -Rj and R2
. This can be used, as shown at p. 346

above, to find the resistance of the portion of the wire

between any two readings of the scale.

An accurate comparison of two nearly equal resist- Compari-

ances, for example a unit with its copy, can be obtained ^earN
by making the r

2
and r

3
to be compared occupy the Equal Re-

positions c, d, of Fig. 71. Balance is first obtained with

r
2
and rB in one pair of positions, then they are inter-

changed and balance again obtained. Assuming that

the permanent resistances are included in rv r, r
2 ,
r
3 ,

and giving zv z2 the same meanings as at p. 345 above,

we have

r
2 _ r

i + zi _
r
4 + w z2

r
3

~
r4 + w -

Zj

"
r
: + z

2

r + r + w -f z z

i\ r + w -
(zl

-
and therefore

w - z -

Hence the greater ^ + r
4
the greater z

t
z
z

. Thus

by choosing a pair of resistances as nearly equal as

possible, and sufficiently great, r2 and r
s may be com-

pared to any needful degree of accuracy.

The permanent resistances, a, /3 say, corresponding to Measure-

the coils a, b of Fig. 71, may be estimated by the following
m^ f

method, by which two low resistances can be measured Low Re-

when the ratio of two others is accurately known. Let
s

the resistances r2 ,
r
3
of c, d in Fig. 70 have the known

ratio /A. We shall suppose r
x
and r

4
to be so low
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Measure- resistances that, with a value of p differing consider-

two ably from unity, balance can be found on the wire.

Low Re- Balance is obtained with the coils in the positions c, d,
sistances.

.

shown in Fig. 71
;
then r

2
and r

3
are interchanged,

and balance is again obtained. We have

W ~

From these equations we obtain

Ifthick copper pieces be substituted for the coils a, b of

Fig. 71, their resistances, if the connections as is under-

stood are made with proper mercury cups, may be taken

as zero, and a and /3 are approximately given by (31).

The values of a, @ thus obtained may be used for the

correction of the values of rv r found as just described.

This correction will not be appreciably affected by the

unknown permanent resistances corresponding to the

coils c, d, if r2 ,
r
B are taken moderately large so that the

actual ratio may be taken as equal to their known ratio.

Compari- Neither of the arrangements of Wheatstone's Bridge

low Resist described above is at all suitable for the comparison of

ances. the resistances of short pieces of thick wire or rod, for

example, specimens of the main conductors of a low

resistance electric light installation, the resistances of

which are so small as to be comparable with, if not less

than, the resistances of the contacts of the different

wires by which they are joined for measurement. To

obtain an accurate result in such a case, we must
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compare, directly or indirectly, the difference of poten-

tials between two cross-sections in the rod which is

being tested, with the difference of potentials between

two cross-sections in a standard rod, while the same cur-

rent flows in both rods, in a direction parallel to the axis

at and everywhere between each pair of cross-sections.

Sir William Thomson has so modified "Wheatstone's Thomson's

Bridge, by adding to it what he has called secondary

conductors, as to enable it to be used, with all the con- Secondary
Conduc-

venience of trie ordinary arrangement, for the accurate tors.

comparison of the resistance of a foot or two of thick

Battery

copper conductor with that between two cross-sections

in a standard rod. The arrangement is shown in Fig.

79. CD are two cross-sections, at a little distance from

the ends of the conductor to be tested, and AB are

two similar cross-sections of the standard conductor.

These rods are connected by a thick piece of metal, so

that the resistance between B and G is very small, and

the terminals of a battery of low resistance are applied
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Thomson's at the other extremities of the rods as shown. The
B
with

6
secti ns BC are connected also by a wire BLC, and the

Secondary sections AD by a wire AMD, in each case by as good

tors

UC ~

metallic contacts as possible. BLC and AMD may

very conveniently be wires, along which sliding contact-

pieces L and M can be moved, with resistances R, R, R, R
of half an ohm or an ohm each, inserted as shown in

the figure. The sections A, D are so far from the ends

of the rods, and the wires AMD, BLC are made of so

great resistance (one or two ohms is enough in most

cases), that the current throughout the portions of the

conductors compared is parallel to the axis, and the

effect of any small resistance of contact there may be

at A, B, C, D is simply to increase the effective resist-

ance of BLC and AMD by a small fraction of the actual

resistance of the wire in each case. The terminals of

the galvanometer G- are applied at L and M, and the

circuits of the galvanometer and battery are com-

pleted through a double key as in the ordinary

bridge. A reversing key is inserted in the battery

circuit as in other cases, to enable the comparison to be

made with both directions of current.

Let the resistances A M, DM be denoted by rv r
s ;

BL, CL by a, I, AB, CD by r
z ,
r
4 ,
and BC by s. Suppose

r
l
and r

3
to be varied by moving the sliding piece at M

till no current flows through the galvanometer. To find

the relation which must hold among the resistances

when this is the case, we may suppose the point L con-

nected by a bar of zero resistance, with the cross-section

of E, which is at the same potential as L. Call this

cross-section K. The resistance of the portion of BC to
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the left of K is asI(a -f ),
and of the portion to the Thomson's

right bs/(a + &).
The resistance between B and KL E

$*
e

is therefore {a
2
s/(a + &)}/{

+ as/( +
&)}>

or asl(a + l> + s\ Secondary

and similarly that between C and KL is &s/( + Z> + s). tors.

Hence by (1) we have

or

,

a -f b
(ar*

-
IT,} . r . (32)v

Now s has been supposed very small in comparison
with a + &, and a and 5 can be easily chosen so as to

make a?*3 lr
: approximately equal to zero. Hence

equation (4) reduces to

"'..'. (33)

the formula found above for the ordinary Wheatstone

Bridge.

The apparatus illustrated in Fig. 80 is convenient for Practical

the carrying out of this method in practice. On a
AP^taa

massive sole plate of iron, P, are mounted two vertical Thomson's

guide-rods of copper, A, A, and parallel' to these the

rods to be compared, viz., a standard rod 0, and the

rod to be tested Or C, C
1
are .supported with their

lower ends in two mercury cups cut in a single block

of copper. This block corresponds to the piece U in

Fig. 79. The upper ends of C, C
1
are fixed in screw

blocks of copper, t, t, to which also are attached the

terminals of a constant battery B of low resistance. A
reversing key K is interposed between t, t and the
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Practical battery. A scale D graduated along its two edges
pp

fo*
us

nearly fills the space between the rods C, Cr
Thomson's

Bridge. ^
1

FIG. 80.

A pair of resistance coils, r, r, are fixed to the sole

plate, and have one terminal of each connected by a

strip of copper, which also carries the terminal screw T.
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The other terminals of these coils are fixed to two Practical

copper sliders, $
2 ,
$
3 ,

which move along, but are in-
APParatus

sulated from, the guide-rods, and carry contact pieces Thomson's

c, c, each of which is bevelled off to a knife-edge on

a level with its upper side. This knife-edge is pressed

against the corresponding rod by springs s, s, which are

insulated so as not to touch the rods. The coils r, r

are attached directly to the contact pieces c, c. Thus

, r T r S
3 , corresponds to the partial circuit BELRC

of Fig. 79.

Near the upper ends of C, Cl
is a similar arrangement

of sliders, S, S1
with spring contacts and attached coils,

R, R. These coils are connected by a copper strip

which carries the terminal Tr The coils R, R are

attached to the upper ends of the guide-rods A, A, and

through these to the sliders S, Sr The guide-rods are

so thick that no appreciable change is made in the

ratio of the resistances of the parts of the partial

circuit SRT
1
RS

1
on the two sides of T

l by varying the

positions of the sliders. This partial circuit corresponds
to ARMED of Fig. 79.

Each pair of coils, ?', r and R, R, may be wound on a

single bobbin with advantage. The arrangement is

thereby rendered more compact, and there is less risk

of error from difference of temperature between the

bobbins, or of thermoelectric disturbance between their

terminals.

Between T and 2\ is placed the galvanometer G,

which is provided with a simple key &, placed for

convenience in the actual arrangement beside the

reversing key K.
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Practical In the use of the instrument the rods to be compared

for are placed in position, and the sliders on the rod of

^ower resistance are placed so that their upper edges,

and therefore their knife-edges, are opposite the lowest

and uppermost divisions of the scale. The lower contact

piece on the other rod is placed with its upper edge

opposite the lowest division of the scale on that side.

The upper contact piece on the same rod is then shifted

until no current flows through the galvanometer.
Balance is obtained for both directions of the current,

and the mean position of the slider taken, to eliminate

error from thermoelectric disturbance,

A number of standard rods of different thicknesses

are provided with the instrument in order that nearly

equal ratios may be obtained over a wide range of low

resistances.

FIG. 81.

The following method was used for the same purpose

by Messrs. Matthiessen and Hockin in their researches

on alloys. AB, CD, Fig. 81, are the two rods to be
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compared. They are connected in circuit with two Matthies-

coils of resistances r, s, which have between them a H C ]$S

graduated wire WWt
as in Kirchhoffs bridge. SS' are Method.

two sharp knife-edges, the distance of which apart can

be accurately measured, fixed in a piece of dry hard

wood or vulcanite, and connected with mercury cups on

its upper side. This arrangement is placed on the

conductor AB, so that the knife-edges making contact

include between them a length SS' of the rod. TT' is

a precisely similar arrangement placed on CD. One

terminal of the galvanometer is applied at S, and the

resistances r, s adjusted so that a point P on the wire

which gives balance is found for the other terminal.

The terminal of the galvanometer is shifted to $', and a

second point P found by varying the resistances of the

coils from r
lt

s
l
to r\, s\ in such a manner as to keep

the sum r 4- s constant. Similarly balance is found for

TT' with values r
2 ,

s
2 , r'

2 ,
s'

2 ,
for the resistances of the

coils, fulfilling the condition that the sum r + s is the

same as in the former case. Let a, I, c, d, k denote the

resistances between L and S, L and S', L and T, L and Tr

,

L and M respectively ; a, ft, 7, S the resistance between

W and P in the four cases, K the resistance of the whole

wire WW. We have by (1)

k a s
1 + K a

and therefore
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Matthies- Where R = r + s + K,
sen and
Hockin's , -,

Method, similarly

Therefore

J^f
*-'! + *-?. . . . (35 )

In the same way we get

2 2 ' y

and combining the last two equations we get for the

ratio of the resistances of the conductors between the

pairs of knife-edges

^a = S r. + 0-a
a G r

2
r
2 + o 7

Method of The following method of comparing resistances

Compari-
*s m principle the same as Thomson's Bridge with

son of secondary conductors, and Matthiessen and Hockin's
Potentials.

, , , ., , -, -,.,

method described above, as, like them, it consists in

comparing the difference of potentials between two

cross-sections near the ends of the conductor to be

tested with the difference of potentials between two

cross-sections in a standard conductor, when the same

uniform current is flowing in both. It is, however, more

readily applicable in practice, and is very useful for a

great many purposes, as for example, in the testing of

the armatures or magnet coils of machines, in the esti-

mation of the resistances of contacts, and in the deter-
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mination of the specific conductivities of thick copper Method of

wires or rods. All that is required is a small battery, a
compari-

suitable galvanometer of sufficient sensibility, and son
?
f

two or three resistance coils of from ^ ohm to 1 ohm.

These coils may very conveniently for many purposes be

made of galvanised or tinned iron wire of No. 14 or 16

B.W.G., wound round a piece of wood J inch thick, from

8 to 10 inches broad, and from 12 to 18 inches long, with

notches cut in its sides, at intervals of a quarter of an

inch, to keep the wire in position. To avoid any

electromagnetic effect which may be produced by the

coils if they happen, when carrying currents, to be

placed near the galvanometer, the wire should be

doubled on itself at its middle point, the bight put
round a pin fixed near one end of the board, and the

wire then wound double on the board, the two parts

being kept far enough apart to insure insulation. Re-

sistance coils made in this way are exceedingly useful

for electric-lighting experiments, as the thickness of the

wire and its exposure everywhere to the air prevent
undue heating by strong currents, or, if there is much

heating, obviate the risk of damage. For the battery a

single cell, as for example a gravity-Daniell, or, if the

battery is to be carried from place to place, two her-

metically-sealed chloride of silver cells, which may be

joined in series or in multiple arc as required, may very

conveniently be used. Sir William Thomson's graded

potential galvanometer* (see Vol. II.) is the most
* That is a high resistance galvanometer in which the needle system,

or magnetometer, can be placed with its centre at different distances

from the centre of the coil to give different degrees of sensibility, and
further provided with one or more magnets to intensify the magnetic
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Method of convenient instrument (described below) for manyprac-

ConTari-
^ca^ PurPoses J

ku* when very great accuracy is aimed at,

son of as when the method is used for the measurement of the

specific conductivity of short lengths of thick metallic

wires by comparison with a standard, a sensitive re-

flecting galvanometer of resistance great in comparison
with that of the conductor between the points at which

the terminals are applied should be employed, and the

battery should be of as low internal resistance as

possible.

The galvanometer is first set up and made of the

requisite sensibility either by adjusting, as described in

p. 310 above, the intensity of the field in which it is

placed, or, if it is a graded galvanometer, by placing

the magnetometer at the position nearest the coil, and

dispensing with the field-magnet.

The conductor whose resistance is to be compared, and

one of the coils whose resistance is known, are joined in

series with the battery. It is advisable to have this

circuit at a distance of a few yards from the galvano-

meter, so that accidental motions of the wires carrying

the current may not have any sensible effect on the

needle. One operator then holds the electrodes of the

galvanometer so as to include between them, say, first

the wire which is being tested, then the known resist-

ance, then once more the wire being tested, in every

case taking care not to include any binding screw con-

nection, or other contact of the conductors. The known

resistance should, when great accuracy is required, be so

field at the needles when required. Sir William Thomson's Graded

Galvanometers will be described in Yol. II.
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chosen that the readings obtained in these two opera- Method of

tions are as nearly as may be equal. CorrTari-

Let the mean of the readings for the first and third son
<?
f

operations be V scale divisions, for the second V
;
let r

denote the known resistance, and x the resistance to be

found.

Since by Ohm's law the difference of potentials be-

tween any two points in a homogeneous wire, forming

part of a circuit in which a uniform current is flowing,

is proportional to the resistance between those two

points, we have,

(38)

The resistance of a contact of two wires whether or

not of the same metal may be found in the same

manner, by placing the galvanometer electrodes so as

to include the contact between them, and comparing
the difference of potential on its two sides with that

between the two ends of a known resistance in the

same circuit. Care must however be taken in all

experiments made by this method, especially when the

galvanometer circuit includes conductors of different

metals, to make sure that no error is caused by thermal

electromotive forces. To eliminate such errors the

observations should be made with the current flowing

first in one direction and then in the other in the battery

circuit.

The following results of some measurements of the Practical

resistance of a Siemens D
2 dynamo machine, made on

ExamPle -

May 4, 1883, in the Physical Laboratory of the University

VOL. I. BE
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Practical of Glasgow, may serve to illustrate this method. An
iron wire coil, of half an ohm resistance, was joined

to one of the terminals of a standard Daniell, and short

wires attached to the other terminal of the cell and the

free end of the coil were made to complete the circuit

through the armature, by being pressed on two diametric-

ally opposite commutator bars, from which the brushes

and the magnet connections had been removed. The
electrodes of the galvanometer, which was one of Sir

William Thomson's dead-beat reflecting galvanometers
of high resistance, were applied alternately to the same

commutator bars, and to the ends of the half ohm, and

the readings recorded. The following are the results,

extracted from the Laboratory Records, of three con-

secutive experiments :

EXPERIMENT I.

Onpratirm Reading on Deflection of
Scale. Spot of Light.

Galv. zero read 214
Electrodes on J ohm 857 643

armature 597 383

EXPERIMENT II.

Galv. zero read 214
Electrodes on armature 607 393

I ohm 874 660
armature 607 393

EXPERIMENT III.

Galv. zero read 214
Electrodes on ^ ohm 874 660

armature 607 393

J ohm 872 658

The first experiment gives for x the value, 383 x '5/643,

or *298 ohm. The other two experiments, although
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their numbers are different, give very nearly the same Practical

result, which agrees closely with a measurement made ExamPle-

about eight months before, by the same method, with a

graded potential galvanometer.
In the ordinary testing of the armatures of machines

by this method, the circuit of the battery may be com-

pleted through the brushes
;
but if the machine has

been wound on the shunt system, care must be taken

to previously disconnect the magnet coils. In every

case the galvanometer electrodes must be placed on the

commutator bars directly.

Prof. Tait * has used a differential galvanometer (see

below, p. 374) for this method of determining low resist-

ances. The conductors to be compared were arranged
in series, so that the same current flowed through both.

The terminals of one coil were then placed at two

points on one conductor, the terminals of the other

coil at two points on the other, such that the galva-

nometer deflection was zero. The difference of poten-
tials between the points of each pair was therefore the

same in the two cases. Hence the lengths of portions

of the two conductors of equal resistance were obtained.

The following zero method, due to Mr. T. Gray, is Potential

founded on the same principle. The arrangement of ^^d

apparatus is shown in Fig. 82. One terminal of a Double-

battery of one or two low resistance cells is attached to

a stud on a thick copper bar P
t
the other terminal to a

metallic axis round which the copper bar h turns. The

bar h makes contact at its outer end with a bare wire

and a bare rod bent round into concentric circles- with

*
Trans. E.S.K, vol. xxviii. 1877-8.

B B 2

arc.
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Potential centre at the axis of the bar, and having a pair of
Method. . ,

with remote extremities connected, with mercury cups or

Double-
binding terminals, and the other pair of extremities

free as shown. To one of these terminals is connected

one end of the bar to be tested, to the other one

end of the standard bar. The other end of one of

these bars, say the standard, is connected to a mercury

cup S, which is in line with, but is insulated from,

a row of mercury cups or a mercury trough cut in

a copper bar placed parallel to P. Between this bar

FIG. 82.

and the trough are stretched a series of parallel wires

all of the same material and length and as nearly as

possible of the same resistance; and a single wire, of

the same resistance, material, and length, connects the

bar P and the cup S with which the standard bar is in

contact. These wires may be conveniently straight rods

of platinoid, an eighth of an inch in diameter, and six

feet long, soldered at one end to the bar P, and at

the other to stout well-amalgamated copper terminals

dipping into the mercury cups or trough. The wires

may be made of the same resistance by means of

a slide wire bridge, or by the method described

below.
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The cup S and the terminals T are now brought to Potential

one potential by turning the bar h round on the circular ^t]J

wire until a sensitive galvanometer, /, joining them Double-

shows no deflection. This galvanometer is then left

connected, and by means of a second sensitive galvano-

meter, g, two pairs of points a, d and c, d are found

between which in each case no current flows when they
are connected by a wire. Each pair of points are there-

fore at the same potential. Hence if we denote by r:

the resistance of the standard between b and d, by r2

that of the other rod between a and c, and by n the

number of wires joining P and T, we have

(39)

A differential galvanometer (p. 374 below) with two

independent pairs of terminals may be employed for this

method. One coil may be made to join a, &, the other

c, d, or one coil may be made to join &, d, and the other

a, c. In the former case either the effect on each coil

must be made zero, or care must be taken to connect the

proper terminals to a, & and c, d. The resistance of the

galvanometer coils except when the current in each

coil is made zero, must be so great as not to cause any

sensible alteration of the potentials at the points at

which the terminals are applied.

The wires joining P to S and T may be tested for

equality as follows. Two nearly equal wires are made

to join P to S and P to T, and h is placed so that the

galvanometer / shows zero current. The wire joining

P to T is then removed and another put in its place.
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If the current in / still remains zero for the same

position of h the latter wire and the former are of the

same resistance. If not the necessary correction is

made (see footnote p. 354) and the comparison repeated.

Early Before the invention of the Bridge Method resist-

of

6

Con?-

S
ances were in general compared by a process of substi-

paring Re- tution
; by varying the resistance in a circuit including

ees '

the resistance to be measured by known amounts
;
or

by means of a differential galvanometer. In the first

the resistance to be compared was placed in the circuit,

of a galvanometer and battery, and the deflection of

the galvanometer noted. The unknown resistance was

then replaced by a variable and known resistance, which

was adjusted until the former deflection was reproduced.

The unknown resistance was then taken as equal to the

adjusted value of the variable resistance. This method

as well as the second involved the assumption that the

electromotive force and resistance of the battery re-

mained the same in both experiments. This assumption
cannot in general be made with safety if accurate results

are required. These two methods are now seldom

or never used, and we shall not here further discuss

them.

Method by The method by differential galvanometer is similar,

tialGalva-
^u^ does no^ involve the assumption just referred to.

nometer. A differential galvanometer is an instrument with two

distinct coils each with a pair of terminals of its own.

Sometimes the two coils have a common terminal, but

this arrangement serves no purpose and renders the

instrument inapplicable in many cases. The coils are

in general arranged so as to have equal resistance, and
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so as to have as nearly as possible equal magnetic Method by

effects on the needle for all positions of the latter. tial

l

Thus in such an instrument when equal differences of

potential are established between the pairs of terminals

so as to produce currents in opposite directions through

the coils, the needle shows no deflection.

To determine an unknown resistance r2 it is joined as

shown in Fig. 83 to one of the terminals t, t of a coil

FIG. 83.

of the galvanometer. The other end of the resistance

and the other terminal of the coil are connected re-

spectively to the terminals a, b of a battery B.

Another resistance r
lt

is connected in a similar manner

to the terminals s, s of the other coil of the galvanometer,

and the terminals a, b of the battery. Thus the battery

current flows through the two circuits b 8 s a, b t t a,

so that the magnetic effects produced at the needle

are opposed. The resistance r is adjusted until no de-

flection is produced. If the resistances of the galvano-

meter coils including the connecting wires on each side

of a, b are equal, ^ is equal to r
z

. It is better however

to avoid any error from resistance of connecting wires
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by replacing r^ (which may now be an unknown but

conveniently variable resistance such as that given by a

rheostat) by such a known resistance r\ as does not

disturb the equilibrium. Then r
2
=

r\. This result is

evidently independent of the electromotive force and

resistance of the battery.

Sensibility To find the sensibility of this method let glt g2
be the

Differen-
resistances of the coils, r the resistance of the battery

tial Galva- and wires common to both circuits, rp r2 the remaining

Method, parts of the resistances of the respective circuits, ylt

y2
the currents in the coils, m the constant which

multiplied into ^ gives the deflection produced by the

coil of resistance glt
n the corresponding constant for

the other coil, then if a be the deflection, we have

If we denote the denominator of this value of a by

D, we may write the equation

-r = m(g.2 + r
2)
-

n(gl + rj . . . (40)

Hence if a be accurately zero

Suppose, after adjustment has been made as nearly

as possible to zero deflection, another resistance r\ to be

substituted for r
lf
then calling D

r

, a, E' the new values

of D, a, E, we have by (41)

TV '

-r = ?%2 + *a)
-

n(gl + r'J . . (40a)
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Hence by (40) and (40a) Sensibility

D D' of

n(r' - TO =
TT a - wa . . . (42) Differen-E E tial Galva-

nometer

Here a and a are so small as not to be observable, Method.

and hence to the degree of accuracy to which each

deflection is equal to zero r\ = rv whether E be equal

to E' or not.

By first adjusting so that a is apparently zero, then

putting TI out of adjustment by a known amount, and

observing the corresponding deflection a, the sensitive-

ness of the method can be calculated by

and E' can be calculated from the known values of the

other quantities. If then the smallest observable de-

flection be known, then E' being taken as constant the

corresponding error is approximately known.

In most differential galvanometers g = g^ and

m = n. In such cases (40a) becomes, the accents being

dropped,

fa + g) fo + g)a
nE

Hence if r r
l
= $r where r is a small quantity, we

have

= nE . Br
(

(r + g) (2r + r, + g)

or if r the resistance of the battery be small

,.-...... (4o)
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Equations (44) and (45) give the sensibility of a

galvanometer so adjusted.
Best Value If it be possible to vary the resistance of the coil,

Resistance keeping the volume of the conductor constant, then the

of Gal- resistance of each should be made as nearly as possiblevariometer * x

Coils. J of the resistance to be measured. For let I = length

of wire in each bobbin, a its cross-sectional area, p its

specific resistance (p. 380 below), v = volume of wire,

then v la, g = Ip/a
= I

2
p/v. The value of n is propor-

tional to the length of wire through which the current

flows, and may be written kl. We get for (44)

HE . Sr

Let

where g = l'
2
p/v. a will be a maximum when u is a minimum.

We have

and this satisfies the condition for a minimum, viz. d*u/dl
2 > 1.

Hence a is a maximum when

(46)

If r be small in comparison with rv a is a maximum
for g = IT.

A cell or battery of small resistance is generally

available, but it is not generally possible to vary g to
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any required degree. Differential galvanometers can

however be made with their coils in sections, each

provided with a pair of terminals so that they can be

joined in any possible combination of series or multiple

arc.

When the resistances to be compared are small they Method by

should be placed across the terminals of the coils of
[jJiGiil-

the galvanometer as shunts, and the two shunted coils variometer

joined in series with the battery, but in such a way that LOW RG_

the currents produce opposite effects on the needle, sistances.

Let 7 be the whole current in the circuit, and as before

7i> 72 be the currents through the coils of resistance gv

#2 ,
and let a in this case be the deflection. Then

a =
mry-( nj^

But

7 PI 7 7*2 _ E"' 7 '

2 :

"

riffi rs+ff*
and therefore

a = Emri(r* + ff*)
~ nr*(ri + ft)

(47)

where

D' = rjftfo + g + rtf&ri + ^) + r(r^ + ft) (ra + g.

If a = 0, m/n = r
2(rx + ft)/^^ + ft). Hence if

m =
7i, ft

=
ft, we have r

2
= r

x
.

To compare when m = n and gl
=

g%
=

g, the sensi- Compara-

bility of this method with that of the last, we have if
^buity^f

1"

r
2

r
l
= 3r, a small quantity Method.
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This method is more sensitive than the last if D'Jg < D,
that is if r < g.

The sensibility of the method may easily be found as

in the former case.

Measure- jn or(}er that the conducting powers of different
ment of

i

Specific substances may be compared with one another, it is

5:st "

necessary to determine their specific resistances, that is, the

resistance in each case of a wire of a certain specified

length and cross-sectional area. We shall here define

the specific resistance of any substance at any given tem-

perature as the resistance between two opposite faces of

a centimetre cube of the material at that temperature.*
This resistance has been very carefully determined for

several different substances at ordinary temperatures by
various experimenters, and a table of results is given
below (Table V.).

To measure the specific resistance of a piece of thin

wire, we have simply to determine the resistance of a

sufficiently long piece of the wire by the ordinary

Wheatstone Bridge method described above, and from

the result to calculate the specific resistance. Let

the length of the wire be / cms., its cross-section

s square cms., and its resistance R ohms. Then the

specific resistance of the material would be Es/l ohms.

The length I is to be carefully determined by an accu-

rately graduated measuring-rod ;
and the area s may be

found with sufficient accuracy in most cases by direct

* The reciprocal of this (called below the specific conductivity) may
be advantageously called the .electric conductivity of the substance, if

the word conductivity be set free by the adoption of the word con-

ductance for the reciprocal of the resistance of a given conductor.
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measurement, by means of a decimal wire gauge Measure-

measuring to a hundredth of a millimetre. If, how- spec-mc

ever, the wire be very thin, the cross- section may, if the Resist-

density is known, be accurately obtained in square

cms. by finding the weight in grammes of a suffi-

ciently long piece of the wire (from which the insulat-

ing covering, if any, has been carefully removed), and

dividing the weight by the product of the length and

the density. Very thin wires are generally covered

with silk or cotton, which may very easily be removed,

without injury to the wire, by making the wire into

a coil, and gently heating it in a dilute solution of

caustic soda or potash. The coating must not in any
case be removed by scraping.

If the density is not known, it may be found by Correc-

weighing the wire in air and in water by the methods ^made
described in books on hydrostatics. All the weights, in

,. ., . ?. Weighing,from 1 gramme upwards, ordinarily used in weighing
are made of brass, and hence when conductors of nearly

the same specific gravity as brass are weighed in air,

the correction for buoyancy may be neglected. The

weighing in water however must be corrected both for

expansion of water with rise of temperature and for the

weight of air displaced by the weights. For a tem-

perature of 13C. these corrections are as follows. For

expansion of water an increase of loss of weight in water

of '059 per cent
;
for buoyancy of air a diminution of

apparent weight in water of *0143 per cent. Care

should be taken in weighing to prevent air bubbles

from adhering to the sides of the specimen; and the

water used for weighing should first have been carefully
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boiled to expel the air contained in it. All error of

this kind may be avoided by boiling the water with

the specimen in it, and then allowing both to cool

together.
Measure- If the wire be thick, and a sufficient length of it to
ment of , ., , . .

Specific
render possible an accurate measurement of its resist-

ance by the ordinary bridge method is not conveniently
Thick available, one of the methods of comparing small

Rod
r

resistances described above (p. 358 et seq.) is to be used.

The most convenient in many cases is that just

described (p. 366 et seq.} in which the resistance between

two cross-sections of the bar to be tested is compared
with that between two cross-sections of a standard rod

of pure copper. The cross-sections should, if the dis-

tance between them be not thereby made too small, be

chosen so as to make the two resistances nearly equal.

If we put V for the number of divisions of deflection

on the scale of the potential galvanometer, when the

electrodes of the galvanometer are applied to the

standard rod, at cross-sections I cms. apart ;
V that when

they are applied to the rod being tested, at cross-sections

I' cms. apart, then we have for the ratio of the resist-

ance of unit length of the standard to the resistance of

unit length of the wire tested at the temperature at

which the comparison is made, the value VI'I VI. If

s and s
r

be the respective cross-sectional areas, which in

this case are easily determinable by measurement with

a screw-gauge, and we assume that the temperature at

which the measurements of resistance are made is C.,

we get for the ratio of the specific resistances at C. the

value Vis'I VI's, and therefore also for the ratio of their
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specific conductivities VI'sj Vis'. This last ratio multi- Measure-

plied by 100 gives the percentage conductivity at C. of
specific

the substance as compared with that of pure copper. If, ?
t

d
r

u ~

f

as will generally be the case, the temperature at which Thick

the experiments are made be above the freezing-point,
W
^
re

d
r

the value of 100 VI'sj V'ls', may be taken as the percen-

tage of the specific conductivity of pure copper at the

observed temperature possessed by the substance, and

this, if the wire tested is a specimen of nearly pure

copper, will be nearly enough the same at all ordinary

temperatures.

If in experiments by this method the electrodes are

applied by hand to the conductors, the operator should,

especially if the electrodes and the conductors tested

are of different materials, be careful not to handle the

wires, but should hold them by two pieces of wood in

strips of paper passed several times round the wires, or

by some other substance which conducts heat badly, so

that no thermal electromotive force may be introduced

into the circuit of the galvanometer (see above, p. 337).

He may conveniently make the galvanometer contacts

by means of two knife edges fixed in a piece of wood

which can be lifted from one conductor to the other

without its being necessary to handle the galvanometer
wires in any way. This will besides render any measure-

ment of the length of the conductor intercepted be-

tween the galvanometer electrodes unnecessary, as

I is equal to I'. We have then for the percentage

specific conductivity of the substance the value

100 V's'lVs.

As an example of this method we may take the
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Practical following results of a measurement (made in the

Physical Laboratory of the University of Glasgow)
of the specific conductivity of a short piece of thick

copper strip. The specimen was joined in series

with a piece of copper wire of No. B.W.G. of very

high conductivity, in the circuit of a Daniell's cell of

low resistance. The electrodes of a high resistance

reflecting galvanometer applied at two points 700 cms.

apart in the copper wire gave a deflection of 153'5

divisions, when applied at two points 500 cms. apart in

the strip 270 divisions. The weight of the wire per
metre was 443 grammes, of the strip per metre 186*3

grammes. Hence the specific conductivity of the copper

strip was 96 '6 per cent, of that of the wire against

which it was tested.

Realiza- The accurate realization of a standard ohm, as de-

Mercury
nned on p. 315 above, involves the determination of

Standard the specific resistance of mercury, an operation which

requires great care and considerable experimental skill.

The tube to be used must be very nearly uniform in

internal cross-sectional area, and must be filled in a

vacuum with perfectly pure mercury. Any deviation

of the cross-section from uniformity can be sufficiently

nearly allowed for by considering the mercury column

as made up of a number of short columns each of cross-

section equal to the mean cross-section of that part of

the tube. The mean cross-section for each of a suffi-

cient number of such short columns must therefore

be determined as accurately as possible by a process of

calibration. This is effected by moving a short column

of mercury from one position to another along the tube,
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and measuring the length which it occupies in each

position.

A tube is chosen and is fixed against a finely graduated Calibra-

scale. In order that the tube if accidentally disturbed Tube.

may be replaced a mark is made upon it, and the position

of this on the scale carefully observed and noted
;
or one

end of the tube is made to rest against a piece projecting

from the bar to which the scale is attached. If great

exactness is desired the scale is engraved on a rigid bar

along which move two reading microscopes with cross-

wires. By means of these the positions of the ends of

the mercury column can be found. For many purposes
it is sufficient to read off the positions of the ends of

the column by the eye, assisted if need be by a lens, and

parallax may be avoided by using a scale graduated on

a slip of silvered glass.

Let the column of mercury be approximately l/n of Calcula-

the whole length of the tube where n is a sufficiently ^J^
great whole number, and let the column be moved in tions from

each case from one position to the next through a dis-

tance as nearly as may be equal to its whole length, so tion -

that n measurements of length are made in the length
of the tube. Let r

, r^ denote the readings of the ends

of the column in the first position, r'v r
2,
the readings

of the ends in the second position and so on,

rv r
2 , r^, ... rn-i being nearly coincident with

r'v /2 ,
r'

s ,
. . . r'n _i respectively, while r0} rn coincide

with the ends of the tube. Now let ^ + e
lt
r
2 + e

2 , &c.,

be the lengths of the columns of uniform section equal

to the mean section of the tube which would have

volumes equal to the lengths rv r
2, &c. of the actual

VOL. I. C C
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Calcula- tube. It is the value of the corrections ev e
2 ,

&c. which

Correc- it is the object of the experimental process to discover.

tions from Since the successive portions of the tube occupied by
Results of

i i L_ '

Calibra- the column of mercury are equal in volume, we have
tion.

or fo Q correc teci length of the portion of the tube

corresponding to the ith position of the column

Ti + ei - n_i - d-i = I (48)

where I is a constant. Hence putting Bv 8
2 , &c. for the

uncorrected lengths r
x

r
,
r
2

r
x , &c., we get by sub-

tracting e
l
= 8

l
from each of the equations of which

(48) is the type, the series of equations

. . . . (49)

The terminal corrections e and en are of course zero.

Adding, we find

!
= - B

l (50)n

where 2 denotes summation for all values of i from

1 to n.

In the same way we get

e
2
= - 8

2 (51)n v '

and so on.

If the values of e
l}

e
2, &c., be plotted on any convenient,

scale as ordinates of a curve, the abscissee of which are

the corresponding distances measured along the tube



CALIBRATION OF A TUBE. 387

from one end, the curve will give the correction to

be used for any other distance measured along the

tube.

This determination is generally sufficient; but if Control

necessary it can be extended as follows : The calibration tkms

is performed with a column of double the former length,

which is moved along the tube after each observation

through a distance equal to half the length of the column.

This gives n 1 measurements of length. The same

process is then repeated with a column of three times

the original length, which is moved after each observation

through the same distance as before. This gives n 2

observations. Then a column of four times the original

length is used and so on, until finally a column n 1

times the length of the original column is employed,
with which of course only two observations are

made.

From the original set of observations we get, if d'
{ Process of

denote the excess of the observed length of the column ,9?1 '

in the i
ih

position over that in the (i l)th, Results.

C ~ e = C ~

.-1

. . (52)

In the same way putting d"i for the excess of the

observed length of the double column in the iih position

over that in the (i
-

l)th, we get from the second set of

observations c c 2
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Process of !-= 3
-

, + ^
bining

e
2

e
l
= e

3 + d"
2

Results.
. . (53)

and so on, the number of equations diminishing by one

each time until we get finally from the two last sets of

observations

1
- = en~l ~ en-2 + ^(n- 2)

) /R.N

,
2
_,

i
= ew ~6ra . 1 + ^- 2 )

j

and

e
x
_ e

o
= en

- en _! -f ^-D . . . (55)

Adding all the first equations of the sets (52) &c., then

adding all the second equations of the sets and sub-

tracting from the sum the first equation of the first set
;

next adding all the third equations of the sets and sub-

tracting from the sum the second equation of the third

set, and the first of the second set, and so on, we' get

successively the equations

(56)

n e
2 e^

=
2
-

n (es
- e

2)
= S^3

- d\ d\

where

%di = d'
2 + d"i + &c.

By means of these equations ev e
2,

e
3,...en_i can be at

once calculated.
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We give here as an example a short account of an Measure-

accurate determination of the specific resistance of
me

t

1

J1

t

e

of

mercury made by Lord Rayleigh and Mrs. Sidgwick.* Specific
J / i ,. -11 i Resistance

Some account of other determinations will be given in Of

connection with the subject of the Realization of Units Merci"y.

of Resistance in Vol. II.

The resistances of columns of mercury contained in

tubes which had been carefully calibrated were measured

by Carey Foster's method as described above. The

comparison coils were British Association standards,!

preserved in the Cavendish Laboratory, and every care

was taken to obtain an accurate result. It was assumed

that the resistance R of the column is given to a

sufficiently close approximation by the equation J

r&
(57)

faxE = r
\
-

J s

where dx is an element of the length of the tube, r the

specific resistance of mercury, s the cross-sectional area

of the mercury column at the element dx. The value

of R was calculated by evaluating the right-hand side

of this equation from the results of the calibration as

follows. Let X be the length of the tube occupied by
the calibrating column when the middle of its length

was at the element dx, then we have for the area of the

*
Phil. Trans. K. S., Part I. 1883.

t That is standards constructed according to the determination of

the ohm made by the British Association Committee and described in

their 18ti4 report. This ohm is here referred to as the
"
B. A. unit."

Its value is about 1'12 per cent, smaller than the legal ohm. See

Realization of Units of Resistance in Absolute Measure, Vol. II. below.

See Lord Rayleigh's Theory of Sound, Vol. II. 308.
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Measure- section near this element C/\, where C is a constant.
m

the Putting therefore s = C/\, denoting the whole length of

Resistance
t^ie co^umn by ^> an(* tne number of points at equal

of distances apart along the length L, at which the cross-

5Ury'

sectional area has been thus found by n, we get by
summation

where 2(\) denotes the sum of the n values of X.

But if M be the mass of mercury contained in the

length of the tube

where p denotes the density, and S(l/\) the sum of the

reciprocals of the n values of X. Hence eliminating C
between these two equations and solving for r, we get

MR <tf

If the tube had been truly cylindrical the value of r

would have been Mfi/pL
2
. The factor ft

2

/2(X)2(-)
is

the correction for conicality of the tube, and is a

numerical quantity a little less than unity.

The tubes used were placed horizontally, and were

fitted at each end with hollowed out L shaped pieces of

ebonite which formed wide terminal cups. Each end of

the tube was fitted air-tightly into the ebonite socket

with a short length of thick rubber tubing thrust in a

little way, so as to leave room for a caulking of paraffin
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wax, which was run, in a melted state, into the mouth Measure-

of the socket. These cups were filled with mercury
me

t

"
le

and connected with the resistance balance by means of Specific
, ,, , , Resistance

well amalgamated copper rods. The tube was kept at Of

by being immersed in a trough containing melted Mercury-

ice. The temperature of the mercury in contact with

the copper rods it was ascertained was not higher than

5 or 6, and as ice was piled up round the cups, it was

estimated that the temperatures of the parts of the tube

within the cups, and therefore not directly exposed to

the ice-bath, were not higher than 2.

The cups were so large in section that they might be

supposed of infinite extent in comparison with the tube,

and an addition of '82 of the diameter * was made to

the observed length to correct for the influence of the

cups.

The ends of the tube were rounded to a convex form

so that the length of the bore could be measured. This

was done by adjusting to the ends reading microscopes,

fitted with micrometer screws by which the distance

between could be varied by an amount known to the

TTFOTJTF f an incn
, reading off on a brass rule substituted

for the tube the length to the nearest number of whole

divisions, and determining the fractions of divisions at

the ends by means of the micrometers.

The tubes were carefully cleaned by passing through
them in succession sulphuric acid, nitric acid, caustic

potash, distilled water, and finally air dried by chloride

of calcium. The calibration was performed by a short

*
See above p. 165, and Lord Rayleigh's Theory of Sound, Vol. II.

307.
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Measure- thread of clean mercury, which was moved to the suc-

the cessive required positions by air blown through a

Specific chloride of calcium tube
;
and measured in some cases

Resistance .

of by substituting an ivory scale under microscopes ad-

Mercury.
j usted to the ends of the column, in others by placing a

scale alongside the tube and reading the length off by
means of a magnifying glass.

The determination of the mass of mercury contained

in the tube, was found by weighing a thread of mercury

nearly as long as the tube. The length of this column

was found as follows. After the resistance had been

measured the greater part of the mercury was retained

in the tube, and the ends of the column pressed flat

with flat-headed vulcanite pins fitted into the ends of

the tube. The length of the column was obtained by
the microscopes, and the temperature by a thermometer

lying alongside the tube. The mercury was then blown

out of the tube and weighed. By comparing the

length of the column with the actual length of the tube

the whole quantity of mercury contained in the tube at

was found with sufficient accuracy.

Experiments were made with four tubes, and the

mean value obtained for the resistance at of a column

of mercury 1 metre long and 1 square millimetre in

cross-section was ;95412 B.A. unit (see footnote, p. 389

above). Previous measurements made by Werner,

Siemens, and Matthiessen gave '9536 B.A. unit and

'9619 B.A. unit respectively for this resistance. It

will be noticed that the value just stated lies between

these, but much nearer to the former. Messrs. Siemens

Brothers for a long time used the resistance of a
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column of mercury specified as above as the unit Measure-

of resistance, and standard units were issued by them t^e

to experimenters. One of these examined by Lord
R
Sp?c.

ific

Rayleigh gave '95365 B.A. unit for its resistance at Of

the temperature 167 at which it was stated to be MercuiT-

correct.

For two of the tubes used in these experiments com-

parisons were made of the resistance at with that in

water at the temperature of the room, which was about

13 C. It was found that the mean difference of resist-

ance for 1 per unit of the resistance at was "000861.

This is of course the change of resistance of the contents

of a certain glass tube, and not to be confounded with

the temperature variation of the specific resistance of

mercury.

Standard ohms have been made in mercury, by using Forms of

tubes bent so that the requisite length is obtained in a standard

compact form, but they are not very convenient in use,
Ohm -

and are of course liable to breakage. A copy of the

standard ohm can however be easily made when the

resistance of a column of mercury of definite cross-

section and length has been accurately found. Figs. 84

and 85 show such copies. Fig. 84 is the usual form of

the standard. It is made of platinum-silver wire,

wound within the lower cylinder. The space within up
to the top of the wider cylinder is filled with paraffin-

wax. The ends of the coil are attached to two thick

electrodes of copper rod, bent as shown and kept in

position by a vulcanite clamp. The ends of these when

the coil is used are placed in mercury cups in the

manner already explained, and should always, before the
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Forms of coil is placed in position, be freshly amalgamated with

Standard mercury. The lower cylinder up to the shoulder is

Ollln -

placed in water when the coil is in use, and the tem-

perature of the water is ascertained by means of a

thermometer in the hollow core of the cylinder. The

variation of the resistance of the coil with temperature
is known, and hence its resistance at any observed

temperature can be obtained. Of course care must be

FIG. 84.

taken not to expose the standard to too strong currents,

and to keep the temperature as near as possible to the

normal temperature at which the standard is given as

correct.

Fig. 85 shows a form of the standard constructed by
Messrs. Elliott and Co. according to a suggestion made

by Professor Chrystal. A thermoelectric couple, of

which one junction is within and close to the coil, and
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the other outside the case, is used to determine the Forms of

temperature of the coil. In the form in which the gt^ard
instrument is now made the external junction is not Ohm.

brought out through the bottom of the case as shown,

but the wire is brought out at the top of the case, and

then joined to a wire of the other metal which is

entirely outside and attached to one of the binding

FIG. 85.

screws. The external junction is of course placed in

water the temperature of which is measured, and the

thermal current is observed by means of a galvanometer

connected to the terminals. This gives the difference

of temperatures between the junctions and therefore

the temperature of the coil.

The measurement of a very high resistance such as Measure-

that of a piece of insulating material cannot be effected yery

by means of Wheatstone's Bridge, and recourse must High Re -

J 1-1-1 sistaiice.

be had in most cases to electrostatic methods in which

the required resistance is deduced from the rate of loss

of charge of a condenser, the plates of which are con-
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Method by nected by the substance in question. If, however, the

meter. resistance of the material be not too great, and a large

well insulated battery of from 100 to 200 cells, and a

very sensitive high resistance galvanometer are avail-

able, the following method is the most convenient.

First join the galvanometer, also well insulated, and the

resistance to be measured (prepared as described below,

p. 401, to prevent leakage) in series with as many cells

as gives a readable deflection, which call D. Now join

the battery in series with the galvanometer alone, and

reduce the sensibility of the instrument to a suitable

degree by joining its terminals by a wire of known

resistance, and, to keep the total resistance in circuit

great in comparison with the resistance of the battery,

insert resistance in the circuit. Let E and B denote

respectively the electromotive force and resistance of the

whole battery, G the resistance of the galvanometer, S
the resistance joining its terminals in the second case,

E the resistance introduced into the circuit of the

galvanometer in that case, and X the resistance to be

found
;
we have for the difference of potentials between

the terminals of the galvanometer in the first case the

value,

where m is the factor by which the indications of the

galvanometer must be multiplied to reduce them to

volts. In the second case the resistance between the

galvanometer terminals is SG-/(S+ 6r),and therefore the

difference of potentials between them is,
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Method by
Galvano-

w 7) (fil^ meter -=
' ' (

n
6r

Hence combining equations (60) and (61) so as to

eliminate E and m, and solving for Jf, we get,

-
(Z? + (?) (62)

If X be great in comparison with the remainder of

the resistance in circuit the term (B + 67) may be

neglected.

This method was used by Mr. T. Gray and the author Determin-

for the determination of the specific resistances of

different kinds of glass. The specimens of glass were Resistance

in the form of thin, nearly spherical flasks about 7 cms.

in diameter, with long narrow and thick walled necks.

The thin walls of the flask were brought into circuit by

filling it up to the neck with mercury, and sinking it to

the same level in a bath of mercury, then joining one

terminal of the battery to the external mercury by a

wire passed down the long neck, and the other to the

mercury in the bath without. This mercury bath was

an iron vessel contained in a sand bath which could be

heated to any required temperature. A well insulated

galvanometer (constructed by aid of a grant from the

Government Research Fund to a special design de-

scribed in Vol. II.) of high resistance and great sensi-

tiveness was included in the current. A battery of over
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Determi- 100 Daniell's cells was used, and after a reading of the

Specific galvanometer in one direction had been taken and

^Glass*
recorded, w^h tne corresponding temperature of the

glass, the coatings of the flask were connected together
until the next reading was about to be taken. For this

the current was reversed, and the deflection taken as

before, and so on. The "electric absorption" (see p. 435

below) was thus reversed between every pair of readings,

and it lasted in most cases about three minutes. The

resistances were therefore those existing after three

minutes' electrification. The result for the glass of

highest insulation tested, which was lead glass of

density 3'14, was a specific resistance at 100 C. of

about 8400 x 1010 ohms. The resistance was halved

for each 8'5 or 9 rise of temperature.

A modification of this method for which one of

Sir W. Thomson's Graded Potential Galvanometers or

Voltmeters (see Vol. II.) is very suitable, may be used

for the determination of the insulation resistance of the

conductors in an electric light installation.

Determin- The conductors are disconnected from the generator
"

Insrala- and both ends from one another. They are then joined
tion Re- a^ one end by the potential galvanometer in series with
sistance." _ _

J
., . i ,,,,,

a battery of as many cells as gives a readable deflection

with the magnetometer in the position of the greatest

sensibility. The number of divisions corresponding to

this deflection is read off, and the number of divisions

which the battery gives when applied to the galvano-

meter alone is then observed. Call the latter number V
and the former V \

and let E divisions be the total

electromotive force of the battery. Let the resistance
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of the battery which may be determined by the method Determin-

described below (p. 414) be B ohms, the resistance of !f$.
the galvanometer G ohms, and the insulation resistance tion Re-

. . , sistance.

to be found R ohms
;
we have plainly,

- u . /Y >

-
T? , r< i T?

Jj -7- Cr -O ~T~ (JT -}~ -LI'

Therefore,

R=($+ff)ifrt -l\. . . . (62)

If B be small in comparison with G we may put

M = G*^ (63)

A shunt-wound generating machine giving sufficient

electromotive force may be used instead of the battery,

and in this case R is found by equation (63).

The insulation resistance for unit of length is found

from this result by multiplying by the length of either

of the conductors.

This method is applicable to the measurement of the

insulation resistance of cables or telegraph lines, but for

details the reader is referred to the manuals of testing

in connection with these special subjects.

In the case of insulating substances the method just

described requires the use of so powerful a battery that

it is quite inapplicable except when the specimen, the

resistance of which is to be measured, can be made to

have a large surface perpendicular to the direction of the
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Determin- current through it, and of very small dimensions in that

"
Insula- direction. Such a case is that of the insulating covering

tion Re- of a submarine cable in which the current by which
sistance.

'

. _
*

the insulation-resistance is measured flows across the

covering between the copper conductor and the salt

water in which the cable is immersed.

In general, therefore, in the determination of the

insulating qualities of substances which are given in

comparatively small specimens it is necessary to have

recourse to the electrometer method mentioned above

(p. 395), of which we shall give here a short account.

Measure- The most convenient instrument for this purpose is
m
High

f a
Sir William Thomson's Quadrant Electrometer. For a

Resistance full description of this instrument, and a detailed
by Method ,

*
- , ., ~., T- -,

of account ot the mode ot using it, see (Jnap. V. above.

Leakage, ^e electrometer, having been carefully set up according
to the most sensitive arrangement, and found to be

otherwise in good working order, is tested for insulation.

One pair of quadrants is connected to the case according

to the instructions for the use of the instrument^ and a

charge producing a potential difference exceeding the

greatest to be used in the experiments is given to the

insulated pair by means of a battery, one electrode of

which is connected for an instant to the electrometer-

case, the other at the same time to the electrode of the

insulated quadrants, and the percentage fall of potentials

produced in thirty minutes or an hour by leakage in the

instrument is observed. If this is inappreciable, the

instrument is in perfect order. For practical purposes
the insulation is sufficiently good when the same battery

being applied to charge the electrometer alone as is
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applied to charge the cable, or condenser formed as Measure-

described below, there is not a more rapid fall of
m<

High

*

potentials without the cable or specimen than with it
;

Resistance

by Method
for there can then be no error due to leakage. of

An air condenser, well insulated by glass stems var- Leakage -

nished and kept dry by pumice moistened with strong

sulphuric acid, is adjusted to have a considerable

capacity, and its insulated plate is connected to the

insulated quadrants of the electrometer and the other

to the electrometer-case to which the other pair of

quadrants is also connected. A charge producing as

great a potential as in the former case is given to the

condenser and electrometer thus arranged, and the fall of

potentials observed by means of the electrometer. If

the loss in a considerable time be also inappreciable,
the condenser insulates properly, and its resistance may
be taken as infinite.*

The specimen of material to be tested is now placed so Arrange-

as to connect the plates of the condenser. The manner Specimen

in which this is to be done of course depends on the form n .

lth

Condenser.
of the specimen. If it is a flat sheet, it may be covered

on each side, with the exception of a wide margin all

round, with tinfoil, and thus made to form itself a small

condenser which is to be joined by thin wires in multiple
arc with the large condenser. The edges and margins

* A condenser of any other kind, such as those used in cable testing,
the insulating material between the plates of which is generally paper
soaked in paraffin, may be used instead of an air condenser, but as the

resistance of the latter may, if the glass stems be well varnished and

kept dry, be taken as infinite, and there is besides no disturbance from

the phenomenon called electric absorption (see p. 425 below), it is

preferable to use an air condenser if possible.

VOL. I. D D
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Arrange- of the sides of the specimen should be carefully cleaned

Specimen
a]Qd dried, and covered with a thin coating of paraffin

with to prevent conduction along the surface between the two
Condenser. . ,. ., . .. . T .

tinfoil coatings, when the condenser is charged. It is

advisable, when possible, to coat the whole surface in-

cluding the tinfoil with paraffin, and to make the con-

tacts with the tinfoil plates by means of thin wires also

coated with paraffin for some distance along their length

from the tinfoil. The plate condenser thus formed

should be supported in a horizontal position on a block

at the middle of the lower surface. The upper coating

is made the insulated plate.

If the specimen be cup-shaped, as, for example, if it be

in the usual form of an insulator for telegraph or other

wires, the hollow may be partially filled with mercury,
and the cup immersed in an outer vessel containing

mercury, so that the mercury stands at nearty the same

level outside and inside. The lip of the cup down to the

mercury on both sides is to be cleaned and coated with

paraffin, as before, to prevent leakage across the surface.

A thin wire connected with the insulated plate of the

condenser is made to dip into the mercury in the cup,

and a similar wire connected with the other plate of the

condenser dips into the mercury in the outer vessel.

Strong sulphuric acid may, on account of its drying

properties, be used with advantage instead of mercury
as here described, when the substance is not porous and

is not attacked by the acid.

In every case in which, as in these, the insulating

substance and the conductors making contact with it

form a condenser of unknown capacity, the condenser
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used in the experiment must be arranged to have a Arrange
-

capacity so great that the unknown capacity thus added Specimen

to it, together with the capacity of the electrometer, -,

vv
,

itl1

/ ' Condenser.

may be neglected m the calculations.

The condenser, if it has been disconnected, is again

connected as before to the electrometer. One electrode

of a battery of from six to ten small Daniell's cells in

good order, is also connected with the electrometer

case, and the other electrode is brought for a short time,

thirty seconds say, or one minute, into contact with the

insulated plate of the condenser at any convenient

point, such for example as the electrode of the electro-

meter connected with the insulated pair of quadrants.

The battery electrode is then removed, and the condenser

and electrometer left to themselves.

The condenser has thus been charged to the potential

of the battery, which will be indicated by the reading on

the electrometer scale at the instant when the battery is

removed. The deflection of the electrometer needle

will now fall, more or less slowly according to the insu-

lation resistance of the condenser with its plates con-

nected by the material being tested. Readings of the

position of the spot of light on the electrometer scale

are taken at equal intervals of time, and recorded, and

this is continued until the condenser has lost a consider-

able portion, say half, of its potential.

The resistance of the insulating material is easily Theory of

calculated from the results in the following manner. Method

Let V be the difference of potentials between the

plates of the condenser at any instant, Q the charge of

the condenser at that instant, which may be taken as

D D 2
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Theory of
proportional to the deflection on the electrometer scale,

Method, and G its capacity (p. 46). We have Q = CV, and

therefore dQ/dt
= CdV/dt . But - dQ/dt is the rate of

loss of charge, that is, the current flowing from one plate

to the other, and this is plainly equal by Ohm's law to

VjE. Hence - dQ/dt = V\R, and therefore

Integrating we get,

log V -r TYT,
= A, .... (65)

where A is a constant. If V be the potential differ-

ence t seconds after it was V
,
we get by putting t =

in (65) A =
log V . Hence (65) becomes

and

If F = i F ,
we have 22 = */log J.

If the condenser have a resistance so low as to add

materially to the rate of discharge, an additional experi-

* It is to be remembered that the logarithms to be here used

are Naperian logarithms. The Naperian logarithm of any number

is equal to the ordinary or Brigg's logarithm multiplied by

2-302585.
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ment must be made in the same way to determine the Theory of

resistance of the condenser alone, with its plates con-

nected only by its own dielectric. Let Rc denote the

resistance of the condenser, determined by equation

(66) from the results of the latter experiment, and

Hi the resistance of the specimen; by equation (10)

(p. 15) I/fi = IfEi + I/RC ,
and therefore

If C has been obtained in C.G.S. electrostatic units

of capacity, it may be reduced to electromagnetic units

by dividing by the number of electrostatic units of

capacity equivalent to the electromagnetic unit, that is

(see Vol. II.) by 9 x 1020
nearly.

When an air condenser is used, its capacity can gene-

rally be obtained approximately by calculation from the

dimensions and area of the plates. For example, if

two parallel plates of metal, placed at a distance d

apart, very small in comparison with any dimension of

either surface, have a difference of potentials V, and

there be no other conductor or electrified body near,

we have seen above (p. 57) that the capacity on a

portion of area A near the centre of either plate is

A/4f7rd. Hence in the example below, we have for the

capacity of the disk of area A the value A/^Trd, if we

neglect the non-uniformity of the electrical distribution

near the edge.

If C has been taken in absolute C.G.S. electro-

magnetic units of capacity (see Vol. II.), we obtain R
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Theory of from (66) in cms. per second,* which may be reduced
TjHflkaO'P

**

Method. to ohms by dividing by 10 9
.

When a condenser such as one of those used in sub-

marine telegraph work is used, the capacity of which is

known in microfarads,! then since a microfarad is 1/10
15

O.G.S. electromagnetic units of capacity, we have for R
in ohms the formula

log

Example
^ne fo^^g are results actually obtained in tests of

of a specimen of insulating material made in the form of

Method? an ordinary telegraph insulator. An air condenser con-

sisting of two horizontal brass disks, the distance of

which apart could be regulated by means of a micro-

meter screw, was joined with the insulator made into

a small condenser with mercury inside and outside,

as described above. The lower disk was of considerably

greater diameter than the upper, which had a diameter

of 12 '54 cms., and the distance between them was ad-

justed to be 1 cm. The upper disk was connected to

the insulated pair of quadrants, and the lower to the

electrometer case. Calling A the area of the upper

plate, and d the distance between them, we have,

neglecting the effect of the edges of the upper disk, for

the capacity of this condenser the value Aj&Trd in

C.G.S. electrostatic units. Hence in the actual case

C 9'828. The interior surface of the insulator

* In the electromagnetic system of units a resistance has the

dimensions of velocity. See Vol. II.

t See Yol. II., also the Note in the Appendix to the present volume.
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covered by the mercury was so small, and the thickness Practical

of the material so great, that, even allowing the material
X
O

P

to have a high specific inductive capacity, the capacity Leakage

of the condenser which it formed was small in com-

parison with that of the air condenser. The experiment

gave, when the condenser and insulator were joined as

described, V = 251, FT
= 100, t = 5640 seconds.

Hence,

5640
-r = 623,

9-828 x 2-303 x los,~

in seconds per centimetre (C.G.S. electrostatic units of

resistance). As the condenser was not insulating per-

fectly, a separate test was made for it alone, with the

results V = 239, Vl
= 182, t = 6120. Hence

6120

9-828 x 2-303 x log,

and therefore by (67)

623 x 2286

2286 - 623
857,

in seconds per centimetre.

Multiplying this result by 9 x 1020
(the approximate

value of v2
,
see Yol. II.), to reduce to electromagnetic

units, we get for the resistance of the insulator 7712 x

1020 cms. per second, or 771 x 1012 ohms.

The determination of the resistance of an electrolytic

liquid is attended with serious difficulty in consequence
of the polarization in general produced at the surfaces

Measure-
ment

of Battery
Resist-

ance.

Resistance

of

Electro-

lytes.
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Resistance of electrodes in contact with them. This polarization

Electro- involves in certain cases what has been called a transi-

lytes. ^OQ resistance at the separating surfaces produced by
the presence of the ions or of air, or of both, at these

surfaces, and an alteration of the resistance of part of

the liquid column due to change in the condition of the

liquid near the electrodes. Further it involves an

electromotive force opposed to that producing the

current, which must be taken account of in most of

the ordinary methods of comparing resistances, and

this cannot in general be done with accuracy. For

example, if V be the difference of potentials between a

pair of electrodes in contact with an electrolyte, 7 the

current through the electrolyte, and E the electromotive

force of polarization, we have

r=yR + K ..... (69)

Thus we cannot find R (which after all might not be

the true resistance of the electrolyte) by finding V
and 7 alone

;
we must find also E. But the value of E

depends to a certain extent on the value of 7, and on a

variety of other circumstances, such as the size and

nature of the electrodes, which render the determination

of R by any process of this kind exceedingly difficult.

Polariza- "j^g electromotive force of polarization consists in a

Capacity,
finite difference of potentials at each electrode. This

causes the electrode to act as the plate of a condenser,

of which the capacity may be called the polarization

capacity of the electrode. This is considerable even for

an electrode of very small surface, on account of the
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thinness of the stratum at the surface within which the

difference of potentials exists.

The disturbance from polarization is however small Non-pola-

when the liquid is a solution of a metallic salt, and the

electrodes are composed of the metal in question. The

resistance can then be determined with fair accuracy

by the Wheatstone's Bridge, or other ordinary method

which may be applicable, if precautions are taken to

eliminate any transition resistance which there may be

at the plates. It has been found that electrodes of

ordinary zinc amalgamated with mercury produce no elec-

tromotive force of polarization when placed in contact

with sulphate of copper and zinc solution. This fact

has been made use of by Beetz,* Paalzow,t and others

for the determination of the resistance of zinc sulphate

solutions of various strengths. In the experiments of

Beetz which were made with great care, the liquid was

boiled with the electrodes in position to expel air from

the plates and so prevent transitional resistance.

Paalzow also determined the resistances of solutions of Paalzow's

other salts by placing the liquid to be experimented on

in tubes communicating at their extremities with porous

clay cylinders filled with the same liquid and standing
in wide glass vessels containing amalgamated zinc

electrodes of large surface immersed in zinc sulphate

solution. The polarization at the junctions of the two

liquids was slight, and, with the resistance of the porous

cylinders, was eliminated by observations with columns

of different lengths.

*
Fogg, Ann. cxvii. (1862), p. 1.

t Ibid, cxxxvii. (1869), p. 489.

UNIVERSITY
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Ewingaml
r

Determinations of the resistance of zinc sulphate

gregor's
and copper sulphate solutions of different strengths

Expert- have been made by Professors Ewing and Macgregor
*

by the Wheatstone Bridge method. Two arms of the

bridge were made of large resistance, the liquid column

(contained in a narrow tube with wide ends, in which

were placed platinum electrodes), and the variable re-

sistance were placed in the other two, and a dead-beat

galvanometer with a very light mirror and needle used

to test for balance. Thus only feeble currents of short

duration were sent through the liquid column.

All the reliable experiments on sulphate of zinc agree

in showing that for this substance there is a strength

for which the specific resistance is a minimum. At

temperature 10 C. this strength is by Ewing and

Macgregor's experiments approximately that which

/corresponds to density T298.

Horsford*s Another method for the elimination of polarization

Wiede
was ^rst use(^ ^ Wheatstone f and more lately by

mann's Horsford and by Wiedemann.J A measurement was

made of the apparent resistance for one length of

the liquid column, then the column was shortened by

moving the electrodes closer together, and the current

through the column restored to its former value by

adding wire resistance. The amount of resistance thus

added gave the resistance of the portion of the column

removed from the circuit. The state of the electrodes

cannot however here be taken as absolutely the same in

*
Trans. R.S.E. vol. xxvii. (1873), p. 61.

t Phil. Trans. R.S., 1843
; Scientific Papers, p. 122.

$ Pogg, Ann. xcix. (1856).
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any two experiments. In Wiedemann's experiments

the electrodes were silver for silver solutions, copper for

copper solutions, and platinum in other cases.

A method preferable to any of these consists in an Method of

application of the potential method described above so^of
1

for the measurement of wire resistance. Contact is Potential!.

made by means of platinum electrodes at two cross-

sections of the liquid column at a definite distance

apart, while a steady current is kept flowing along the

column. The difference of potentials between these

electrodes is measured by means of a suitable electro-

meter, and compared with that between two points in a

wire of known resistance through which the same

current is flowing. The effect of any electromotive

force independent of the current may be eliminated

by taking the observations for both directions of the

current.

It is here necessary that the capacity of the part

of the electrometer charged by the contact be small in

comparison with the polarization capacity (p. 408 above)

of the electrodes, otherwise the charging current would

give a sensible polarization effect at the electrodes.

The capacity of the quadrants of a quadrant-electro-

meter is sufficiently small to avoid any serious error

from this cause with electrodes of ordinary platinum
wire.

Since the value of the electromotive force of polariza-

tion is small when the value of the current is small it

is possible to use a high resistance galvanometer instead

of an electrometer in this method. It is necessary

however to have the current exceedingly small; and
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Method of therefore if a sensitive electrometer is available it is

Compari- . .

son of preferable to use it.

Potentials. ^his method seems to have been first used by Branly
*

in some measurements of the Electromotive Force of

Polarization, but it has occurred to and been used by
several other experimenters.

Some other methods of determining the resistance of

an electrolyte, which involve electro-magnetic consider-

ations, will be given in Vol. II.; and the subject of

Polarization will be more fully considered in connection

with the Determination of Electromotive Forces. The

foregoing sketch may be supplemented by a reference

to Wiedemanu's Lehre von der MeJctricitdt, Bd. I,

. 563 608, in which will be found a very full account

of experiments and results.

Battery- We shall now consider very briefly the measurement

of the resistance of a battery. This term is not perfectly

definite in meaning, as there is reason to believe that the

resistance as well as the electromotive force of a battery

depends to some extent on the current flowing through
the battery, and further the resistance and the electro-

motive force, and possibly also. the polarization of the

battery are affected by differences of temperature. But

the information which in practice we generally require

from the test, is really what available difference of

potentials can be obtained with a certain working
resistance in the external circuit. This could be

obtained at once by connecting the terminals of the

battery by this resistance, and measuring the difference

Rend. Ixxiv. (1878), p. 528.
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of potentials by means of a quadrant electrometer or a Battery-

potential galvanometer. If we call this difference of

potentials F", and the electromotive force of the battery

when on open circuit E, then putting R for the external

resistance we may write

where r is a quantity the definition of which is simply
that it satisfies this equation. If the battery had the

same electromotive force E, when generating the current

C, as when on open circuit, then r would be the effective

resistance of the battery ; but, although this is not the

case, we may without being led into error still speak of

it as the resistance of the battery for the current 7. In

fact, the value of r, thus found for a particular value of

E, does actually enable us to calculate from the known
electromotive force for open circuit, with a moderate

degree of approximation in the case of a constant

battery, and also, but less surely, in the case of a

secondary battery, what available difference of potentials

will exist between the terminals of the battery when
connected by other and somewhat widely differing

values of R, and therefore also to find what arrange-
ment of a battery it will be best to adopt in any given
circumstances. So far as this practical result is con-

cerned, the numerous methods which have been devised

for the determination of the resistance of a battery
before any sensible polarization (which requires time to

develop) has been set up are, though interesting in
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Battery- themselves, of no practical value, and we shall not here
Resistance.

describe any of them.

From equation (70) we have

r^R ...V. (71)

To determine r therefore we have simply to measure

with a potential galvanometer the difference of potentials

which exists between the terminals of the battery when

on open circuit, or connected only by the galvanometer

coil, the resistance of which we suppose to be very great

in comparison with r, and again to measure in the same

way the difference of potentials when the terminals are

connected by a resistance R, also small in comparison

with that of the galvanometer.*

If the galvanometer scale be graduated so that readings

are proportional to the tangents of the corresponding

angles, we have, if D be the deflection in the first case,

and D' the deflection in the second case, the equation

(78).

Instead of a potential galvanometer a quadrant
electrometer may be employed if the battery is not

too large, and the same formula applies when D and

D' are taken proportional to the tangents of the angles

through which the mirror is turned.

A resistance coil, which may be of German silver

*
If the battery consist of a large number of cells, it may be divided

into sections and so tested, or each cell may have its resistance measured

separately.
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wire, constructed as described in p. 367, should be used Battery
-

Resistaucc.

for the resistance connecting the terminals, and if the

current passing through it be considerable its resistance

should be determined when the current is flowing.

This may be done by including in its circuit a current-

galvanometer, and determining the current 7 through
the wire in amperes,* when Fis read off in volts * on the

potential instrument. The resistance of the wire with

that of the current-galvanometer is in ohms F/^y, and

this is to be used as the value of E in equation (72).

If a galvanometer of high resistance be not available,

an approximate, test can be made by means of a sensitive

galvanometer of low resistance. The battery and gal-

vanometer are joined in series with a resistance E, and

again with a resistance E'. Let D and D' be the de-

flections, which must have a difference comparable with

either. Then, supposing E and r to be the same in

both cases, and putting G for the resistance of the

galvanometer we have

where m is a constant.

Therefore we find

_ a (73)

Mance has shown how to determine the resistance of Mance's

a battery by means of Wheatstone's Bridge. The ^f^he

battery is placed in the position BD of Fig. 70 above, Resistance

and a key is connected between B and C. The resist-

*
See Vol. II., also the Note in the Appendix to the present volume.
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Mance's ances rp r
2 ,

r
s
are adjusted until the depression of the

for the key produces no alteration in the galvanometer de-

crfa

1S

Celi

Ce ^ec*i n ' The galvanometer and the key, with their

respective connecting wires, are then conjugate con-

ductors (p. 159 above) ;
and it is easy to show that the

resistance of the battery is then r^r^r^. The needle of

the galvanometer is kept nearly at zero by means of a

small magnet during the adjustment of the resistances,

so that it is as sensitive as possible to any alteration of

current produced by depressing the key.

This method is so troublesome as to be practically

useless, chiefly on account of the variation of the

effective electromotive force of the cell produced by
alteration of the current through the cell which takes

place when the key is depressed. Prof. O. J. Lodge
*

has discussed the method, and shown how it may be

improved by inserting a condenser in series with the

galvanometer between G and D. Still it is inconvenient

and gives no information which may not be obtained

more easily in another way, and we shall therefore not

enter into further detail regarding it.

Thomson's Sir William Thomson f has however shown how the

tor the same mode of operating may be made to give the

Resistance resistance of a galvanometer when there is no other

Galvano- galvanometer available. The arrangement of Fig. 70
meter.

s varie(j by placing the galvanometer in the position

BD of Fig. 70, and a key in the position there shown as

occupied by the galvanometer. The deflection of the

galvanometer produced by depressing the battery key is

*
Phil. Mag. 1877, p. 515.

t Proc. U.S. Vol. xix. (Jan. 1871).
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nearly annulled by means of a magnet, and the resist- Thomson's

ances r
lt r

2,
r
3
are adjusted until no alteration of the f ? the

galvanometer deflection takes place when the key in

CD is depressed. When this is the case C and D are at Galvano-

the same potential, since the addition of the conductor meter -

CD does not disturb the current distribution in the

network
;
and we have for the resistance i\ of the

galvanometer

r
i
= ~~ T

3-

VOL. I. E E



CHAPTER VIII.

COMPARISON OF CAPACITIES AND MEASUREMENT OF
SPECIFIC INDUCTIVE CAPACITY.

SECTION I.

COMPARISON OF CAPACITIES.

Measure- THE determination of the electrostatic capacity of a

Electro-

f condenser is effected by a process in which its charge at

static a given potential is compared with that required to
apaci y'

charge a standard condenser to the same potential.

The standard condenser is generally one of which the

capacity can be found by calculation from the dimen-

$ions and arrangement of the instrument, or which has

been itself compared with such a condenser.

Different There are three forms of standard condenser, the
Forms of

capacity of which can be determined with accuracy by
Standard f , . m
Con- calculation from the geometrical arrangement. There

denser.
are__

1. Spherical Condensers.

2. Guard-ring Condensers.

3. Cylindrical Condensers.

Faraday's ^e simplest form of spherical condenser consists of
Form of .

r
.

r
,

Spherical two spherical conducting surfaces concentric with one

denser
ano*ner an(* separated by a dielectric. Such a condenser
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was used by Faraday in his experiments on Specific Faraday's

Inductive Capacity, and is shown in Fig. 86. An outer
Spherical

brass shell B is supported on a base-piece as shown in Con-

the figure, and is fitted above with a tubulure r, filled

by a long plug of shellac b. The internal brass ball A
is supported in a position concentric with the outer

FIG. 86.

shell by a thin stem passing up through the shellac

plug and terminating in a knob a. The support below

is perforated so as to form a tube by which the space
between the spheres can be filled with dry air or any

gas. A stopcock r enables this passage to be closed.

EE 2
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This condenser was not used by Faraday for the

measurement of capacities in absolute measure, but two

of them were employed in the manner described at

p. 452 below for the determination of specific inductive

Thomson's capacities. An absolute condenser on this principle

Spherical
nas however been constructed by Sir William Thomson,

Con- an(j is shown in section in Fig. 87. The radius of the

internal sphere was 4'511 centimetres, of the inner sur-

FIG. 87.

face of the external shell 5*857 centimetres. The inner

shell was supported in its place by three pieces of

vulcanite, of which one is shown in the figure, and

communication was made with the interior con-

ductor by a wire passing through the centre of a

circular orifice cut in the outer shell. Calculating

the capacity of this condenser by (56) Chap. I. above

we get k = 63'264 centimetres. It was found however
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that "255 centimetre had to be added to this number to

correct for the effect of the support and the conducting

wire. It is difficult to make the surfaces of such a

condenser truly spherical, and to fix them so accurately

in their places as to enable the capacity to be calculated

with sufficient exactness, and comparisons of this con

denser with others showed that this value of the

capacity was probably too low. A preferable condenser Thomson's

is therefore Sir William Thomson's guard-ring form of
rjng^on-
denser.

FIG. 88.

the parallel plate condenser. This is shown diagram-

matically in section in Fig. 88. (An actual instrument

constructed by Dr. J. Hopkinson is shown in Figs. 101,

102 below.) The guard-ring E forms as it were part

of a cylindrical metal box nearly closed by the disc D
which the ring surrounds. This box and disc are sup-

ported on a glass stem well covered with clean shellac,

and a separate glass stem within the box insulates the

disc D from the ring. A wire passing through a hole
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Thomson's in the cylindrical wall of the box makes contact with

ring Con- the electrode of the disc. The other plate of the
denser.

C0ndenser is formed by the large disc P above. This

plate is carried by a glass stem mounted in a socket at

the extremity of a fine screw working in a fixed nut

above. By turning the micrometer head of this screw,

the distance of P from the opposite disc can be altered

by any required amount. The condenser and its sup-

porting framework are mounted on an iron sole-

plate, round which is cut a circular groove to receive

a protecting glass cover; and to enable a dry atmo-

sphere to be maintained about the insulating stems,

fragments of pumice moistened with strong sulphuric

acid are contained in a lead tray placed on the

sole-plate.

Mode of The manner of using the condenser is as follows :

Guarcl- The guard-ring and disc are connected together and

ring Con-
charged to the potential required, while the opposite

plate is kept at zero potential. The disc is next dis-

connected from the guard -ring, which is then brought

also to zero potential. The charge which was formerly

on the disc remains upon it, and since the distribution

was very nearly uniform the capacity can be calculated,

and therefore the charge on the disc, from the previously

existing potential. The effective area of the disc may
be taken as the arithmetic mean of the actual area

of the disc and that of the opening in the guard-

ring. If S be this mean area we have by (61), p. 57

above,

8
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and therefore for the charge Q upon the disc when the

condenser is charged to potential V

-.
4>7Td

A cylindrical condenser of variable capacity has also Thomson's

been invented by Sir William Thomson, and used by Cylindri-

Messrs. Gibson and Barclay in their determinations of

the specific inductive capacity of paraffin described

A
m

im

FIG. 89.

FIG. 90. FIG. 91.

below. The instrument is represented in longitudinal

section in Fig. 89, and in cross-section through (7 and

A in Figs. 90 and 91. The essential parts are two

circular cylinders of brass aa, lb of the same diameter,

supported, with their axes in line and a gap between

their adjacent ends, on vulcanite pieces cc, dd, attached
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^SSSkr'
8 * a s le"pla*e hh- The lengths of these cylinders were

Cylindri- 26'58 centimetres and 35*3 centimetres respectively, and

Denser"
*ne^r common diameter 4'9674 centimetres. These

dimensions were determined by a measurement of the

volume of water contained by the tubes and an accurate

determination of their lengths. A third brass cylinder ee

was supported coaxially within the other two, on four

vulcanite feet near one end resting on the inner surface

of the outer cylinder. The length of this cylinder was

36*6 centimetres, and its diameter (found by winding
fine wire round the cylinder, measuring the length of a

certain number of turns, and allowing for the thickness

of wire and the spiral arrangement) was 2*303 centi-

metres. This last cylinder is loaded so as to rest stably

on its supports, and can be slided backwards or forwards

in the direction of its length so as to alter the relative

lengths of it enclosed within the two tubes aa, bb. A
vertical arm g projects upwards through a slot cut in

the tube ~bb, and carries an index which moves along a

graduated scale kk. This scale was graduated into

360 divisions, each 1/40 inch or '0635 centimetre

nearly.

A cylinder of metal II fastened to the base of the

instrument surrounds the other tube aa, to protect it

from external influence, and the whole is enclosed

within an outer case mm.
In the use of the instrument the tube II, the internal

cylinder ee, and the outer cylinders II,mm were connected

to earth, while aa was insulated and charged. The

theory of the instrument is given at p. 61 above.

According as the capacity of the condenser was to be
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increased or diminished, ee was slided towards the left

or right, and the amount of change of capacity was
Cylindri-

given by using the displacement I, measured on the c

ê^"
scale klc, in the formula

i

log?
(1)

where r'= 2'4837, r = 11515. The capacity when I = one

scale division = '0635 centimetre, was therefore '0413

centimetre.

This instrument has been modified so as to give it Secon(l

. lorm 01

greater range by adopting the arrangement shown in Sliding

Fig. 92. Here both ee and II, (I and c of the figure) are o^
movable, so as to alter the capacity of aa.
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diminished. This diminution of potential is only

tion." partly due to conduction through the dielectric or

to want of proper insulation. Part of it is due to a

change produced in the dielectric medium when the

condenser is charged, which requires time to bring
it about, and is called electric absorption from the

original idea that it was caused by the penetration of

part of the electric charge into the substance of the

dielectric. A further charge is necessary to restore the

former potential, and if this be given by a second short

application of the original charging battery, a second

fall of potential not so great as the first will be produced
from this cause, and so on for a third, fourth, fifth, &c.,

short application. Thus if the condenser be charged

by a long-continued application of the battery, it will

take a considerably greater charge than if the same

potential had been produced by an instantaneous or

short-continued application. Similar results are ob-

tained when a condenser is discharged. If it has been

charged by a long contact with the charging battery, or

has been left to itself for some time after charge by a

short contact, and is then discharged by a short con-

tact, it will be found immediately after to be at zero

potential, but after some little time it will be found

again to have acquired a potential of the same sign as

before, and can be again discharged. In this way three

or four or more discharges can be obtained before its

plates are permanently reduced to zero potential. These

discharges after the first constitute what is Called the

residual charge of the condenser.

The phenomena of residual charge have been a good
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deal investigated of late years. Kohlrausch *
first Residual

pointed out the close connection between the pheno-

mena of residual charge and the slow working out of

subpermanent strain shown by many elastic substances,

and called by German physicists Mastische Nach-

wirkung.-\ It has been found for example by Dr.

Hopkinson that if a Leyden jar be charged positively

by an application of a battery continued for a long

time, say a week, then negatively for a shorter time,

say a day, then positively for a very much shorter time,

say a few minutes, the residual discharge will be alter-

nately positive and negative. This behaviour is closely

analogous to that of a wire which has been held twisted

for different intervals in successively opposite directions.

Dr. Hopkinson has also found that mechanical agitation

of the dielectric such as that produced by tapping the

jar has a marked effect in accelerating the residual

discharge.

Attempts have been made with fair success, notably

by Clerk-Maxwell, to account for electric absorption by

imagining the dielectric to be heterogeneous, in the

sense of being made up of different imperfectly insu-

lating substances, such that the ratio of the specific

inductive capacity to the specific conductivity is not the

same for the different media.

* Kohlrausch has shown that the instantaneous discharge is indepen-
dent of the residual charge, and that for a given jar left to itself for a

given time after charging, the residual charge is proportional to the

initial potential.

t Pogg. Ann. 91, 1854. See also on this subject Encyc. Brit. Art.
'

Electricity,' by Prof. Chrystal : Ayrton and Perry, Viscosity of

Dielectrics, Proc. R.S. 1878.
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Residual Jt might appear from the preceding that owing to the

existence of electric absorption the capacity of a con-

denser is an indefinite quantity, depending on the time

of charge or discharge. This is not the case however,

as it has been found by several experimenters that for

ordinary condensers, provided the time of charge or

discharge do not exceed an interval of a quarter or

half a second, the charge required to produce a

potential V, or which is withdrawn in annulling a

potential V, are sensibly the same and independent

of the duration of the contact. This is called the

instantaneous charge of the condenser, and the capacity

of a condenser is defined as the amount of the instan-

taneous charge required to produce unit potential at its

insulated coating, while the other is at zero. The

methods of comparing capacities described below will

not therefore (except in the case of cables which

require a sensible time to acquire throughout the same

potential) involve any ambiguity.

In the investigation of the specific inductive capacity

of paraffin referred to above, the capacities of two con-

densers were compared by an instrument invented by
Thomson's Sir William Thomson, and called by him a platymeter.

meter" This instrument is represented in Fig. 93. A brass

cylinder cc, 22'94 centimetres long, and 5'1 centimetres

in diameter, is supported by vulcanite pieces dd, and

coaxial with it are placed in symmetrical positions, and

insulated by the vulcanite supports ee, two equal shorter

cylinders of thin brass, each 7 '68 centimetres in length

and 8'6 centimetres in diameter. p,p' thus form corre-

sponding plates of two nearly equal cylindrical con-
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densers, of which the opposite plates are furnished by
the cylinder cc. The whole is enclosed within a metal

case mm, through which pass insulated by plugs of

paraffin the electrodes qq of p, p' }
and the electrode n

of cc.

The platymeter was used with the sliding condenser
Compari-

in the following manner for the determination of the ^ son^of
Capacities.

capacities of other condensers. The cylinder aa of the 1. Method

sliding condenser was connected to p' t
the insulated

plate of the condenser to be measured to p, and the

other plate and cylinders &&, ee to the case of a quadrant

electrometer arranged for heterostatic use. The inner

cylinder cc of the platymeter was connected to the

electrode of the insulated pair of quadrants. We shall

denote the condenser to be measured and the sliding

condenser by A and B, their respective capacities by

C, C', and the nearly equal capacities oip,p' respectively
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Compari- by c, e'. Now suppose a positive charge given to A, and

Capacities,
the electrodes of the electrometer connected for an

*b ^la^
d

instaufc to reduce the potential of the cylinder cc to zero,

meter, and p and p' then connected so as to share the charge
on A and p with B and p'. Assuming the action be-

tween p and cc to. be equal to that between p' and cc,

that is, the two sides of the platymeter to be precisely

equal, it is plain that the resulting potential of cc must

be positive, zero, or negative according as the capacity
C -f c is greater than, equal to, or less than C' + c'. It

is plain also that, under the same conditions, the

potential of cc must be negative, zero, or positive when
B is the positively charged conductor, or positive, zero,

or negative, if B be negatively charged. In Gibson

and Barclay's experiments one conductor was positively,

the other negatively charged, as this gave more marked

effects without increased risk of breaking down of

insulation.

The capacity of the sliding condenser was adjusted
so that when A was connected to p' no alteration in the

potential of oe was produced by putting pp in contact

after charging. On the assumption that c = c', this

gave C = C*.

Compari- It was found however that when A and B were

Capacities
intercnanged without alteration of their capacities the

by connection of p with p disturbed the potential of cc.

Platy-
The two sides of the platymeter were therefore not

meter,
exactly equal. But in order that the potential of cc

should be unaltered after the two condensers are put
into contact, it is only necessary that their capacities
should be adjusted so as to be in the ratio of the
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capacities of the sides of the platyrneter with which Com
J
n -

mi SOU f Tw
they are respectively in contact. I he capacity 01 the Capacities

sliding condenser in the interchanged arrangement was
Im

b
ê fect

therefore altered until the effect of making contact was Platy-

rendered zero. Calling the new capacity C'v we have

the two equations

c
C_

c C\
c'

==

G"' I'

~~

C'

and therefore

C^'JifOl (2)

As an example we may take the measurement of the Example :

capacity of the sliding condenser when the index was ^JJfJp
1-

at a given position of the scale. This was done by Sliding

comparing it with the spherical condenser already de-
Spherical

scribed. The sliding condenser was adjusted so that Con-

when connected to the side p of the platymeter, and

the spherical condenser to p' t
the potential of cc remained

unchanged when after the system was charged as de-

scribed,p and p
f were put into contact. The reading on

the scale of the sliding condenser was then 211. The

condensers were then interchanged and the same opera-
tions repeated, and the reading 183 was obtained on the

sliding condenser. A second pair of experiments gave
211 and 186 as the readings.

Now the capacity of the sliding condenser per scale

division was found, p. 425, to be "0413 centimetre.

Hence taking the value 63*519 centimetres for the

capacity of the spherical condenser, its capacity in

terms of that corresponding to a scale division of the

sliding condenser taken as unit was 1538. Calling the
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Example: capacity of the sliding condenser when the slide was at

son of

1

zero, A, we have for the total capacities of the sliding

Sliding condenser in the first pair of experiments A -f- 211 and

Spherical A -f 183, and in the second pair ^4 + 211 and ^4 + 186.
Condenser. gence taking the arithmetic mean instead of the

geometric, we have approximately

A = 1538- 198 = 1340,

and for the capacity in C.G.S. units

-0413 = 14-04.

2. Caven- The following method given by Maxwell for the

Method-
comParison f the capacities of two guard-ring con-

densers, is a modification of a method used by Cavendish

for the approximate comparison of two parallel plate

condensers of the simpler form. The reader can easily

make a diagram for himself by drawing diagram-

Compari- matically two guard-ring condensers side by side. Let
S

Guard
W

*^ ^' ^ denote respectively the small disc, guard-ring

ring Con- with metal backing, and large disc of one condenser,
densers. ^ ^ ^ tlie correspon(}ing parts of the other con-

denser. The following operations are performed while

B is kept connected to C', and B' to (7, all connections

being made with wires of negligible capacity.

1. A is connected to B and C', and with the electrode

J of a Leyden jar or a large battery, and A' is connected

to B' and C, and with the earth.

2. A, B, Cf

are insulated from J.

3. A is insulated from B and C', and A' from B'

and (7.

4. B and C' are connected with B' and C and with

the earth.
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5. A is connected with A'. Compari-

6. A and A are connected with the electrode of the

insulated quadrants of an electrometer or with a sensi- rin8 Con-
densers.

tive electroscope.

By this process A and A are charged to equal and

opposite potentials, and if their capacities are equal the

resulting potential after operation 5 is performed will

be zero, and the electroscope will show no deflection.

By adjusting therefore one of the condensers until this

result is obtained the capacity of the other condenser

can be found in terms of that of the first. Thus the

effect of putting a slab of some insulating substance

between the plates of one of the condensers can be

determined by performing this process before and after

the introduction of the slab. All the operations here

described can be performed in rapid succession by a

properly arranged and well insulated key.

If the condensers be not guard-ring condensers this

method can yet be applied with accuracy in any case in

which A and A may be regarded as surrounded by the

other plates C and C '. For example A may be the

insulated cylinder aa of a sliding condenser, and A
the internal surface of a spherical condenser, or with

sufficient accuracy the interior coating of a Leyden jar.

It is only necessary in the above operations to regard B
as coincident with (7, and B' with G.

The following method is practically that used by 3. Fara-

Faraday in his determination of specific inductive Method.

capacity. Two condensers have their plates, which are

usually uninsulated, connected to earth, and one of the

other plates is charged to a potential which is observed

VOL. I. F F



434 COMPARISON OF CAPACITIES.

Faraday's by means of an electrometer. The insulated plate of

Method. ^e Other condenser is then brought into contact with

the charged plate by means of a fine wire, and the

diminished potential is observed by the electrometer.

If one of the condensers is an air condenser, that should

be the condenser first charged, and the contact with the

insulated plate of the other should be made only for an

instant and then broken. This avoids the phenomenon
referred to above as electric

"
absorption

"
which takes

place in solid dielectrics. Calling Cv C
2
the capacities

of the condensers, c that of the part of the electro-

meter charged by being put in contact with the con-

denser, V the potential before and V that after the

sharing of the charge, then since the charge remains

constant we have

+ c)
= F'(0! + O

t + c) . . . (3)

If c is negligible as it generally is this gives

Faraday compared the potentials F, V by bringing a

carrier ball into contact with the knob of the condenser

before and after the discharge, and comparing by the

torsion balance the charges carried off in the two

cases (see below p. 452).
Elimina- If the capacity c of the electrometer is not neg-

Capacity ligible, then if it be supposed independent of the
of Electro-

deflection, another equation may be found with which
meter. ...

to eliminate it, by first charging the electrometer to

some potential F, and then sharing the charge with
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the condenser of capacity (7L so as to give a potential

V. This gives

vc = V'(C\ + c).

Hence substituting in (3) above we get

We shall now describe some methods of comparing 4. Thom-

capacities which are useful in cable testing, and in the
son

^uii

lls

determination of the capacities of condensers in cable Method.

work generally.

The first of these methods, which is due to Sir

William Thomson, requires three condensers of known,

one of them of variable, capacity, besides the condenser

the capacity of which is to be measured. Let the four

condensers be called A, B
y C, D, their capacities be

denoted by Cv C\, C
z ,

C'
2 ,
and let C be the variable

condenser and D that of which the capacity 0'
2

is to be

found. (A figure may be made by the reader.) The

insulated plates of A, C are first connected together

and brought to some convenient potential by giving
them a charge from a Leyden jar, or by applying one

terminal of a battery the other terminal of which is

connected to the earth. They are then disconnected,

the charged plate of A put in contact with the insulated

plate of B, and that of C with the insulated plate of D.

An electrometer of which both pairs of quadrants are

insulated, has one electrode connected to A and B, and

the other to C and D, and C is varied in capacity, if

need be, until both pairs of condensers are brought to

F F 2
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Thomson's; the same potential, which will of course be the case

wnen tne deflection of the electrometer has been re-

duced to zero. We have if V be the potential of A and

C before contact with B and D, and V the common

potential after the adjustment has been made

v,_ vc

or

ffs-^e* ...... (6)
2

A well insulated and sensitive galvanometer with

insulated key may be arranged instead of an electro-

meter between the pairs of charged plates, and the

criterion of equality of potentials will then be zero

deflection of the galvanometer needle when the key,

previously kept raised, is tapped down after the opera-
tion described above. The use of a galvanometer has

however the disadvantage that the whole series of

operations must be gone through at each discharge.

This is not necessary when an electrometer is used, as

then only potentials are compared without discharge.
If D be a condenser of great capacity, such as a long

cable with the further end insulated in air, time must
be given for the condenser to become charged through-
out to the same potential, and a corresponding time for

the equalization of the potential of D with that of G
when these condensers are put in contact. The time

generally allowed for a long cable is twenty to thirty
seconds and about the same for equalization.

In order to ensure accuracy the condensers C
lt
C

2 ,
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C\, C\ should be all, if possible, nearly equal. In any

case Cl
should not be small in comparison with C\, nor

G! in comparison with <7
2

.

The next method is also due to Sir William Thomson 5. Thorn

and is much used in cable testing. The arrangement S
8

econ
s

d

of apparatus is shown in Fig. 94.

A battery of, say, twenty Daniell's cells, insulated by

having for the outer containing vessel dry vulcanite or

earthenware pots supported on a dry table or board, has

Null
Method.

its terminals connected through the reversing key K, to

the extremities of the series of resistances a, l>. These

resistances are connected at equal intervals as shown

diagrammatically with pieces of metal, which form a

set of contact pieces, along which a slider carrying a

binding- screw can be moved as in the instrument

described above (p. 322), and so the resistance between

the slider and the extremities of a, &, varied. A
wire attached to the slider is connected to earth, to

which are also connected the uninsulated coatings of
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Thomson's the condensers G and L to be compared. G is here
S
Nu?l

d
supposed to be the standard or known condenser, L a

Method, cable with its remote end free in air. The terminal a

of the resistance slide is connected with the insulated

coating of the condenser L, the terminal b with the

insulated coating of G through the insulated key K.

This key besides being capable of giving these con-

nections, can also be made to disconnect the resistance

slide from the condensers, and to put the insulated

coating of the condensers into contact. By being

brought into contact with a and b the respective con-

densers are charged to the potentials of those points.

Now since the slide is at zero potential, if V^ be the

potential of A, E^ the resistance between A and the

slider, and R
2
the resistance between the slider and &,

the potential at 6 will be F2 where

Hence the potential of the condenser L is F2 and

that of G is Fp and these potentials are proportional to

the respective resistances E^ Ez
. By means of the key

K the condensers are brought to one potential, and

this is zero if V& = - F
2Oj. To test whether the

potential is zero, the key JT
2

is depressed and connects

the insulated coatings of the condensers to earth

through a sensitive galvanometer G-. Any difference

of potentials between the coatings and the earth is

thus annulled and gives rise to a current through the

galvanometer. The slider is adjusted until no current
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is thus produced through the galvanometer. We have

then

r, _ s, _ g,'

V,
~

S, C\'

or

(8)

For accuracy -R
2
and R

l
should be somewhat high

resistances so as to ensure an exact knowledge of their

ratio, and C
1

should be as nearly as possible equal

to Cp
When a cable is tested sufficient time must be given Applica-

in charging to enable it to acquire the same potential Cable.

throughout, and for the discharge of one condenser

into the other; and the tests are repeated with the

battery reversed on the slide to eliminate the effect of

any existing charge in the cable. It is usual also to

make a number of tests and take the mean result.

Instead of a more or less elaborate key K arranged
to perform all the operations quickly and conveniently,

a system of two pairs of cups 1, 2, 3, 4 arranged in the

square order

1 2

may be cut in a slab of paraffin and filled with mercury.

The terminals of a, b are connected to 1, 2, the insulated

plate of the condenser to 4, and that of C to 3. By a

connecting bridge of wire held by an insulating handle,
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Applica- 1 and 3 are connected, and in the same way 2 and 4, so

Cable? as to charge the condensers. These connections are

then removed, and 3 and 4 connected so as to discharge

one condenser into the other. Then by means of the

key J
2 ,

or by another mercury cup, connected by a

wire bridge with 3 or 4, the condenser coatings are

connected with earth through the galvanometer.

Plainly in this case also an electrometer may be used

instead of the galvanometer. One pair of quadrants is

connected to earth, the other pair through the key Kz

to the condensers.

6. De The following method of comparing capacities, which

Method *s ^ue * -^r - de Sauty of the Eastern Telegraph

Company, is convenient for the comparison of the

capacities of condensers in which electric absorption

does not come into play. The arrangement of the

apparatus is shown in the diagram, Fig. 95. K is a

key which when depressed puts into contact with the

point of junction of two variable resistances R
lt

J?
2,
one

terminal a of a battery, the other terminal b of which is

connected to the earth. The other extremities (7, D, of

these resistances are connected to the insulated coatings

of the condensers G
I}
C

2 ,
which are to be compared.

The other coatings of these condensers are connected to

earth. C and D are connected likewise through a

sensitive galvanometer G. When the key K is not

depressed it joins A directly through a wire to the

earth. E, Ez
are adjusted so that neither in charging

the condensers by applying the battery to A, nor in

lischarging by allowing the key to connect A directly

to earth, does any current pass through the galvano-
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meter. (If any influence of electric absorption is De Sauty'j

sensible, the ratio of resistances which gives zero

galvanometer current when charging will not generally

be the same for charge as for discharge.) When no

deflection of the galvanometer needle takes place, the

potential at C and D must throughout the discharge

have been the same at each instant, for the condensers

FIG. 95.

could not discharge in such a way as to give a current,

first in one direction, then in the other, through the

galvanometer, and so keep the needle at rest. But if

7t
be the current through Rl

and y2
the current through

Ry V the common potential of C and D, C
lt
C
2
the

capacities of the condensers connected with Rv R
2

respectively, we have

7i d

F ffFg,)
JL
~

<ft
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De Sauty's and therefore

that is the products of Rv JR2 into the time rates of

variation of the charges of the corresponding condensers

are equal at each instant. This can only be the

case if

E
l
C

l R<fiy
or

0,
=
!^ ...... (9)

This result may be seen more easily as follows. Let

n equal condensers have their insulated coatings joined
to A by wires of equal resistance in the manner shown

for two condensers in Fig. 93. Then plainly the

charging or discharging current in each wire will be the

same at each instant, and the insulated plates will

always be at one potential. No change will be caused

by joining the insulated coatings in two groups by
wires of zero capacity, so as to make the groups virtually

two condensers, of capacities equal in each case to the

sum of the capacities of the separate condensers of the

group, and connected to A by wires of resistances in-

versely as the capacities. By making n sufficiently

large, and the capacity of each condenser sufficiently

small, the capacities of the groups may be made of

any required value and nearly enough in any ratio

commensurable or incommensurable.
7. Direct Another method, which we shall again refer to later
Deflection

Method, as a method of obtaining the capacity of a condenser
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in absolute units, is frequently employed to obtain Direct
. n . n ,1 *i* . j Deflection

rapidly a comparison of the capacities of two con- Method.

densers. It is called the Direct Deflection Method.

One of the condensers is charged to a measured poten-

tial and then discharged by connecting it to earth

through a "
ballistic

"
galvanometer, that is a galvano-

meter (see Vol. II.) the needle system of which has a

considerable moment of inertia. Fig. 96 shows the

FIG. 96.

arrangement of apparatus with a form of charge and

discharge key, the contact pieces of which are mounted

on ebonite pillars to ensure high insulation. The spring

lever L is provided with two platinum contacts opposite

to the platinum pieces S^ S2
. When depressed it makes

contact for charge, when released it connects the plates

of the condenser through the galvanometer. If the

duration of discharge is, as it generally is, short, and

means are taken, for example, by depressing the key
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Direct immediately after the discharge contact, to disconnect

Method!
1

the galvanometer immediately after the first discharge

so as to avoid any effect of residual discharge due to

electric absorption, the discharge may be regarded as

having wholly taken place before the galvanometer
needle has moved from zero. The total deflection of

the needle from zero is observed. By placing the

galvanometer between the battery and Si, the deflection

produced by charging can be observed. If there is

leakage this latter deflection will obviously be greater

than the former
;
and if the leakage be not too great

the mean of the two deflections with the same battery

may be taken as giving the capacity of the condenser.

The other condenser is now charged to a potential V
and discharged in the same manner through the gal-

vanometer and the deflection again observed. V and

V should if possible be chosen so as to make the two

deflections nearly equal, in order to eliminate the

damping effect which the needle experiences to dif-

ferent degrees in deflections of different amounts. If

an instrument for comparing the potentials V, V is not

available, they may be produced by applying to the

condensers one terminal of a well-insulated battery, the

other terminal of which is connected to the earth, and

varying the number of cells until equality of deflections

is nearly obtained. If the battery be composed of

similar cells in good order, the potentials may be taken

as proportional to the number of cells applied to

produce them. For a rough determination it is con-

venient of course to charge both condensers by the

same battery, and thus to the same potential, and to
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take the capacities as proportional to the galvanometer

deflections produced.
The capacity of a large condenser, such as a long 8. SirW.

submarine cable with its conductor insulated, may be Method

compared with that of a relatively small condenser by of Com-

the following method, which is due to the late Sir W. Large with

Siemens. Let the large condenser be charged to any
a

^
maU

convenient potential V by means of a battery. If the

capacity be G the charge is VG. Now let the large

condenser be connected to the insulated coating of the

small condenser, the capacity of which we shall suppose
to be c. The common potential of the two condensers

will now be VC\(G + c). Now disconnect the small

condenser and discharge it, and again connect it to the

large condenser, disconnect and discharge as before.

The potential will now be VC*\(C 4- c)
2
. Thus after

n applications in this manner of the small condenser to

the large, the potential of the large condenser will be

VCn
f(G + c)

n
. The deflection on a ballistic galvano-

meter produced by the nth discharge of the small

condenser is now noted. The small condenser is then

charged, by the same battery as that used to charge the

large condenser, and therefore to the same potential V,

discharged, and the deflection noted. If Dn) D be these

deflections we have

D_ _ (C+cY_

and therefore
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Sir W.
^

The comparison by this method must be made as

Method^of rapidly as possible in order that the effect of any leak-

Comparing age Of the large condenser may be made as small as

with a possible. On the other hand the theory of the method

Condenser Proceeds on the assumption that the potential of the

condenser at each discharge is brought throughout to

the same value, and this cannot be done in a long cable

unless a sufficient time of contact is given at each dis-

charge. There is further the difficulty of correcting the

deflections for air damping, &c. The method therefore

cannot be regarded as an accurate one for the cable

application.

It is easy, when the ratio C/c is approximately

known, to investigate the best value of n to use to give
results as little as possible affected by errors in the

observation of D, Dn , but on account of the inaccuracies

inherent in the method for most practical purposes, it is

of little importance to use that value.

9. Sir W. The arrangement described above (p. 400) for the de-
Siemens' . . r , . , . . ,

'
-

Method termination or a high resistance gives also a means of

Determining ^e capacity of a condenser. For let the

through coatings of the condenser be connected by a very high
3" known resistance E as described, and let a difference of

potential V between the coatings be produced by apply-

ing a battery. Let V be observed by means of an

electrometer, the insulated quadrants of which are kept
connected to the insulated coating of the condenser.

As the charge diminishes by conduction through the

resistance, the electrometer shows a diminishing de-

flection which is observed at accurately noted instants

of time. If F
,
V be the potentials at the beginning
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and end of an interval of t seconds, the capacity of Sir w.

the condenser, and R the resistance connecting the Method

coatings, we have D
t 1 through

G =
~P 1

-
Fo ..... (11) High Re-^ logLo sistance.

Values of F
, F, for different values of t are given by

the observations, and enable a mean value of G to be

obtained free to some extent from errors of obser-

vation.

The resistance R must of course be very great in

order that the whole charge may not be so quickly lost

as to prevent the potentials from being observed before

and after a sufficiently long interval of time. If the

condenser be not a perfectly insulated air condenser,

the actual resistance of the dielectric layer between its

coatings may be taken advantage of, and will in general

be convenient for the purpose. To determine it we use

an auxiliary condenser of known capacity C', and re-

sistance R', which has been determined by some method,

for example, the method of p 405 above. The insulated

coating of this condenser is joined to that of the con-

denser to be measured, so that the capacity of the joint

condenser becomes the sum of their separate capacities,

and the resistance between their coatings RR'I(R + R'\

The condenser thus formed is charged and the potential

at different instants of time observed as before. Thus

if F ', V be the potentials before and after an interval

of t' seconds, we have

/-i 9\
'
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This equation with (11) suffices to determine C
and E.

lO.Method We give lastly here a method of measuring capacities,

^essive"
wnicn was used by Dr. Werner Siemens, and is of

Charge importance in the determination of Specific Inductive

Discharge. Capacities. Fig. 97 shows the arrangement of the

apparatus. JBis a battery of a number of well insulated

constant cells, of which one terminal is connected to

FIG. 97.

earth, and the other terminal to the contact piece a.

A sensitive galvanometer G- has one terminal connected

to the contact piece b, and the other connected to earth.

The pieces a and b are so arranged that a commutator,

represented diagrammatically by K, connected perma-

nently with the insulated coating of the condenser A,
makes contact alternately with a and 5. The con-

denser is charged when a is in contact, discharged
when I is in contact. This is easily managed by means

of a rotating cylinder carrying contact pieces which are
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pressed on by springs represented by a, I, or by some 10.

other suitable mechanical arrangement. The commu-

tator is made to give a constant and large number n of c
^
a
j?

e

and Dis

discharges, say from 40 or 50 per second upwards, ihus charge.

if the battery remains constant, a constant mean current

is produced through the galvanometer. Let JE be the

electromotive force of the battery, and C the capacity

of the condenser, then on the supposition that we may
suppose the condenser completely charged or discharged

at each contact, we have for the mean current nEC.

If n be sufficiently great this will give the same deflec-

tion as a continuous current of the same amount.

After this deflection has been observed, the circuit of

the battery is completed through the galvanometer, and

a resistance R, just of sufficient amount to give a second

good measurable deflection of the galvanometer needle.

If a, (3 be these deflections corrected so as to be propor-

tional to the mean current (generally the actually

observed deflections may be taken if they are small).

we have

nEC = ma

E

where m is a constant.

Hence we have

The commutator may be easily arranged so as to

charge the condenser alternately positively and nega-
VOL I. G G
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Method by lively. If C be the mean of the two capacities which

Charge

6
*ne condenser has, according as one or the other coating

and Dis- is made the uninsulated coating, we have, putting n for

arge *

the number of reversals per second, %nE'C for the whole

quantity of electricity which flows through the galvano-

meter in a second, that is, the mean current. Hence

if a and /3 have the same meanings as before, we

have

These values of the current, it is to be remarked, are

obtained on the assumption that the times of charge-

are sufficiently long to allow the condenser to be fully

charged to potential E, and the time of discharge also

long enough to allow the condenser .to be completely

discharged. The results of experiments made with

different time-intervals have justified this assumption
for small condensers even for time intervals so small

as rorou of a second.

The methods of comparing capacities which depend
more or less on electromagnetic principles will be

described in Vol. II.
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SECTION II.

MEASUREMENTS OF SPECIFIC INDUCTIVE
CAPACITY.

ALL measurements of Specific Inductive Capacity
involve in practice a comparison of the capacity of a

condenser with air as the dielectric with that of the

same condenser with the whole or part of the space

between the plates occupied by the substance of which

the specific inductive capacity is to be found. For

practical purposes the specific inductive capacity of air

(which is nearly the same at all ordinarily attainable

temperatures and pressures) at and under standard

atmospheric pressure (760 rnm. of mercury) is usually

taken as unity, and it will be convenient at present to

follow this custom.

According to the Electro Magnetic Theory of Light Relation of

(see Vol. II.), the specific inductive capacity of a &n*to
dielectric should be equal to the square of the index *"dex

.

of

, Refraction,
ot retraction

fjLM of the medium for light waves of in-

finite length.* This index is usually calculated from the

measured values of the index for known wave lengths

by the formula
/z,w = A + .Z?/X

2
,
where \ is the wave

length. It is however to be noted that this is a formula

*
Strictly /i

2
^ = K x magnetic permeability, or magnetic inductive

capacity, of the medium. But there is no transparent dielectric for

which the magnetic permeability differs much from that for air, which

is here taken as unity (see Vol. II.).

G G 2
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of extrapolation, and that the value which it gives may
very frequently be seriously in error. The values of

fjL^
thus calculated are given below in some cases for

comparison; in others the value of p, for the line D
is given.

Caven- The first measurements of this kind were made by

pSiments"
Cavendish,* by a method the same in principle as that

described above, p. 432. He found for glass a mean

value of about 8*22, for shellac 4*47, and for wax 4'04.

These values later experiments have shown to be too

great, no doubt in great measure from the effects of

electric absorption.

Faraday's Faraday's experiments were made by the method and

Expen- apparatus sketched at pp. 433 and 419 above. Two
merits. rr r -r

condensers of the form shown at p. 419, and as nearly

equal as possible, were constructed. The inner surface

of each had a diameter of 2'33 inches, and the outer

shell of each an internal diameter of 3'57 inches. To

test the equality of the condensers the following process

was employed. The condensers were set at some little

distance apart, so that the inductive influence of one on

the other might be neglected, and in positions such that

they were as nearly as possible similarly placed with

respect to all external conductors, including the observer.

The external coatings were then connected once for all

to the earth. The interior coating A of one condenser

was then charged, while that of the other, ,
remained

uncharged. The potential of A was then tested by

bringing a small carrier ball into contact with the knob,

and observing the force produced at a given distance on
*

Elect. Res. p. 144, et seq.
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the suspended ball of a torsion balance. To observe Verifica-

the rate of loss of charge the observations were repeated Equality
after a short interval, and the result showed only a of Two

slight dissipation. The charge of A was then shared densers.

with B by bringing A and B symmetrically into contact

by their knobs. The potentials of B and A thus pro-

duced were then tested by the carrier ball as before, the

charge from B being taken by the ball at the instant of

contact with A. The following are two sets of results.

The numbers are degrees of torsion of the glass thread

of the balance and may be taken as proportional to

the charges.

I.

Centres of Balls in Balance

160 apart.

A B

254

250

Charge divided.

122

124

Both discharged.

1

2

II.

Centres of Balls in Balance

150 apart.

A B
152

148

Charge divided.

70

78

Both discharged.

Thus, taking the experiment I., the charge divisible

between A and B may be taken as 249. As B was

found immediately after discharge with 122 it may be

taken as having received that amount at least. The
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Verifica- other may be taken as having retained 124. These

Equity
numbers do not differ much from 124'5, the half of the

of Two
disposable charge. Again taking experiment II., the

densers. disposable charge on B may be taken as 143, and the

amount of this given to A is 70, and the amount

retained 73. These numbers are again nearly equal to

half the disposable charge 71 '5, and the discrepancy is

in the opposite direction. Hence the capacities of A
and B may be -regarded as very nearly equal.

To make sure that the instrument would plainly show

changes of capacity, Faraday put a metallic lining into

the lower hemisphere of one of the instruments so as

bring down the distance between the internal ball and

the outer coating to '435 inch. A comparison of the

capacities of the condensers made by the same process

as before gave 1*08/1 as the ratio in which the capacity

of the condenser had been increased. The true ratio

was more nearly l'2/l. But the result showed that a

real alteration of capacity of the condenser could be

unmistakably recognized in spite of the unavoidable

errors of experiment.
Determi- Having thus satisfied himself of the sensibility of his -

sVInd apparatus, Faraday introduced a thick hemispherical

Cap. of cup of shellac into the lower hemisphere of one of the

equal condensers, and compared the capacities in the

manner described above, by first charging one and then

sharing the charge with the other and observing the

reduced potential immediately after. Each of the

apparatus was made in turn the condenser to be first

charged. The following are the results of such an

experiment :
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H- Detenni-

A (Shellac). B.(Air). A (Shellac). B (Air).

Cap. of

304 215 Shellac -

297 204

Charge divided. Charge divided.

113 118

121 118

Both discharged. Both discharged.

7

Calling C' the capacity of the shellac condenser, G
that of the air condenser, V the potential before and

V the potential after the sharing of the charge, we
have by (4) above

.

Hence from experiment I. we get

290 - 113-5

11S-5
- C = I'oo C nearly,

and from experiment II.

The much smaller result in the second case is due to

dissipation and absorption in the shellac condensers

between the instant at which the reading 204 was

obtained and that of the division of the charges.

Faraday estimated the corrected result as nearly
1-47 C.
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Determi- From four experiments made by this method Faraday

Sp^Indf
obtained a mean result of 1/5 C for the capacity of the

Cap. of shellac condenser. Now plainly, if we regard the

direction of the lines of force in the space between the

coatings as everywhere radial, that is, neglect the

curving down towards the shellac of lines starting

from the lower part of the upper hemisphere of the

inner ball, we have denoting by Ki\iQ specific inductive

capacity of shellac relatively to air

G>

or

Sp. Ind. In the same way Faraday found for flint glass

Glass, &c. K ~
1'76> for sulphur K = 2'24, and for spermaceti

that K was between 1/3 and 1*6. For oil of turpentine

and naphtha he obtained results which indicated a

higher specific inductive capacity than that of air,

though here the results were rendered uncertain by
the influence of conduction.

A long series of experiments was also made by

Faraday on different gases, and it was found that so far

as the means of measurement went all had the same

specific inductive capacity, and that this was inde-

pendent of temperature and pressure.

For further information as to Faraday's experiments

the reader is referred to the original memoirs.*

*
Exp. Res. Series XI. p. 371, et seq.
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The specific inductive capacity of paraffin was deter- Gibson

mined by Messrs. Gibson and Barclay* in 1870, using Barclay's

the platymeter and sliding condenser described above. Expoi-

The paraffin condenser compared is shown in Fig. 98. Paraffin.

aa is a cylindrical brass vessel 15*5 centimetres deep,

and 8-61 centimetres in diameter. At the bottom of

FIG.

this cylinder is a layer of paraffin 1 centimetre thick.

On this layer rests coaxial with the outer cylinder, a

brass tube II, 4'3 centimetres long, 7*2 centimetres in

internal diameter, and '115 centimetres thick. Inside

Ib and coaxial with it is a cylinder cc, 13'1 centimetres

*
Phil. Trans. 1871, p. 573.
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Gibson long and 6'1 centimetres in external diameter. The

Barclay's space between aa and cs was filled up with paraffin,

Expert- and from the imbedded tube II an electrode dd of fine
merits on . 11,1.1 , i

Paraffin, wire was led to the outside.

The condenser thus formed was placed in an outer

vessel containing water of which the temperature was

given by a thermometer. A second thermometer fixed

in a paraffin plug ff, resting on cc, gave the temperature
of the interior. The paraffin plug gg inserted at the

level of the top of bb, together with ff, prevented the

passage of heat between the interior of II and the air

above the condenser.

The outer vessel aa, and the tube cc were connected

with the earth, and the inner tube bb to one side of the

platymeter, and balance obtained against the sliding

condenser as described above, p. 429. Taking the

capacity of the sliding condenser as 1384 times that

for each scale division, which it now was in consequence
of a small addition which had been made to its value

at zero, the mean of a large number of experiments

gave for the value of that of the paraffin condenser

1684 times the same unit, or an absolute capacity of

69 '5 5 2 C.G.S. electrostatic units. These experiments,
which were made at different temperatures, showed no

alteration of specific inductive capacity with change of

Sp. Ind. temperature. The capacity of the same condenser with

Parainn.
"

t^ie paraffin between the cylindrical plates removed was

found in the same way to be 35'394 C.G.S. units, but

this was subject to a correction for the cake of paraffin

which was left at the bottom to support bb and cc. The
final result was that for paraffin K 1*977-
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Some very important determinations of specific

inductive capacities have been made by Boltzmann.*

In his first series of experiments he determined the

value of K for ebonite, paraffin, sulphur, and rosin. 1- Method

The method was a modification of that of Cavendish denser.

referred to above. A parallel-plate air condenser, the

plates of which were supported on insulated stems

carried by sliding pieces movable along a graduated
horizontal bar, and so could be placed at different

measurable distances apart, had one plate connected

to earth while the other plate was charged by means of

a battery. Different battery-powers of from 6 to 18

Daniell's cells were used in the experiments. After the

condenser had been thus charged, the charge was

shared with the insulated quadrants (formerly at po-

tential zero) of a Thomson's electrometer, the capacity

of which had been increased by means of a small

air condenser.

The potential after the charge was thus shared, and

while the condenser was still connected, was observed.

A direct application of the battery to the electrometer

gave in the same way the previous potential of the

condenser.

The addition of the small condenser to the electro-

meter rendered the united capacities of the electrometer

and small condenser nearly the same for all deflections,

leaving only an increase of capacity of about 1/5 per
cent, for each 100 divisions of deflection from zero.

This was to some extent eliminated by a double set of

observations, first as just described, then by connecting
* Wien. Ber. 66, 67 (1872, 3.)
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Boltz- the condenser for the sharing of the charge, and the

battery when applied direct, for so short a time that

ments on the charging was over before the needle had appreci-
Solids: __

-, A i ,1 f xv-
l. Method ably moved. As however the error from this source

by Con- could hardly be greater than the inevitable inaccura-

cies in a determination of this kind, we shall here

neglect it.

If c be the capacity, assumed constant, of the electro-

meter and added condenser, C
1

that of the sliding

condenser, V^ the potential before, and V\ the potential

after the charge was shared, d
l
the distance between

the plates, supposed so close that the effect of the edges

may be neglected, we have by (4) above

where m is a constant.

In order to make the results depend not on the

absolute distance between the plates, but on the much
more accurately measurable difference of two distances*

a similar set of observations was made, still with air

only between the coatings, but with another distance

d
2

. Calling the capacity (72 ,
the potentials F2 ,

V2 in

this case, we have

ri '2 r %
171 /i /?\c> =e-

rr~
=
^

A disc of the substance, the value of K for which

was to be found, somewhat larger than the plates of

the condenser, was placed in a parallel position between

them, so that the induction between the plates took
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place everywhere across the disc. The same process Boltz-

was followed, and gave potentials F3 ,
F'

3
for a distance

and a thickness of disc e. Hence if C* be the ments on
_ Solids :

capacity of the condenser l. Method

by Con-

m denser.

Putting G!
= l/\v G2

= l/\2 , GS = 1/X3 ,
we get from

equations (15) and (16) m =
(d^

- ^
2)/(^i

~~
^2) an(^ nence

from (17) X3
= (\ - X2) (rfs

- e + ejIC)l(d^
- d. Hence

remembering that X^ - c?
2)/(X 1

- X
2)
= mX

x
= d

lt we

have finally

. . (18)

+e

which involves besides e only differences of distances,

and the ratio (X3 X
a)/(Xx X2), which can be cal-

culated without any knowledge of G from the observa-

tions of potential, and for these of course the properly
corrected deflections may be taken.

Boltzmann found that no sensible difference in the

values ofK for ebonite, paraffin, sulphur, and rosin, was

produced in the values of K by varying the time of

charging or the amount of the charging battery. He
also in one set of experiments tried the effect of exclud-

ing air from between the discs and the coatings of the

condenser, by laying the discs on a mercury surface, and

pouring a thin coating of mercury on a portion of the

upper surface surrounded by an edging of paper.
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Sp. Ind.

Cap. of

&c.

The results are given in the following table, in which

Ebonite,
tne m^in columns I., II., III. give the results of experi-

ments made with different distances between the plates.

The first of the two sub-columns in each case gives the

result for air between the disc and armatures, the second

the result for mercury armatures.
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Experiments were made for electrifications of the large
2. Method

ball of different durations, (a) for a constant electrifica-
Suspended

tion of considerable duration, (&) for a comparatively
Bal1 -

short electrification, (c) for a rapidly rlternating positive

and negative electrification. The electrification
(ft) was

obtained by making the charging and discharging

contacts by the pendulum of a metronome, the electri-

fication (c) by means of a vibrating tuning fork, one

FIG. 99,

prong of which connected B alternately to each of two

Leyden jars oppositely charged. By the result of p.

129 above, if we put K^ =
1, and write K for K^ and

r denote the ratio of the force on the dielectric sphere
to that on the conducting sphere, we have

K-\
_

JT-f 1
~

T>
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or

K l-r (19)

For a sulphur ball, as will Be seen from the table

below, the force was practically the same for an alter-

nating electrification of about ^^ sec. duration as for

a long-continued electrification. Hence in this short

interval the polarization of the dielectric was fully

set up.

Sp. Ind. The following are some of the results obtained, with

Ebonite,
*ne duration of electrification noted. For reference the

&c - mean value obtained with the condenser is added.
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directions. For the greatest mean and least axes he Sp. Ind.

found the following values :

K
Greatest Axis.

4-773

Mean Axis.

3-970

Least Axis.

3-811

Experiments have been made by this method under

Boltzmann's direction by Messrs. Romich and Nowak.*

Results were obtained for (a) permanent electrification,

and (/3) for electrification reversed 64 times per minute.

The values of K are given in the following table :

different

directions

in

Crystals.
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which the substance formed the dielectric, and prac-

tically independent of the duration of charge. K for

the specimens used was 6'64.* So long as the con-

denser was kept thoroughly dry, the mica was found to

insulate well and give constant results/)*

Ayrton By freezing distilled water in a shallow copper vessel

p^ji in which was supported on three insulating feet a

Expert horizontal plate of copper in contact with the water

""ice.

011

surface, Professors Ayrton and Perry J made a condenser

with ice as the dielectric. They then determined the

capacity of this condenser and found from its dimensions

the specific inductive capacity of ice. At 13'5 C.

the value of K thus obtained was 22*168. It is of

course to be remembered that the insulating power of

ice is comparatively slight. Professors Ayrton and

Perry found 2240 x 106 ohms for its specific resistance

at-12'4C.
Gordon's An extended series of experiments on solids has been

mentsTy
made by Mr. J. E. H. Gordon, using a form of induc-

Five-Plate tion balance the idea of which is due to Sir William

Thomson and Prof. Clerk-Maxwell. It is represented

diagrammatically in Fig. 100. A, B, C, D, E are five

parallel coaxial discs separated by intervals about an

inch wide, of which the three A, C, E are six inches

in diameter and the two B, D four inches in diameter.

A and E are connected by a wire, the middle plate

* The value of K for mica is given as 5 in Jenkin's Electricity and

Magnetism, but it is not stated on what authority,

t Beiblatter, vol. xii. No. 1. 1888.

J Phil. Mag. 1878, p. 43.

Phil. Trans. 1879, p. 417.
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E is connected to the needle of a quadrant electro- Gordon's

meter, the plates B, D to the electrodes of the pairs ^ntel'v
of quadrants. It is evident that, if a difference of Five-Plate

potentials between C and A, E be established, it is
Balance.

Electrometer

FIG. 100.

possible so to place A, B that the needle will not be

affected, and it is also evident that when this position
has been attained, the equilibrium will subsist what-

ever be the difference of potentials. The position of

the plate A was adjustable by a micrometer screw, and

H H 2
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Gordon's equilibrium was attained by this means. It is to be

noted that the effects of the edges of the plates are

Five-Plate
neglected.

Balance.
The method of proceeding was therefore simply as

follows. Having obtained equilibrium with air only

between the plates, the experimenter introduced a plate

P of the dielectric to be experimented on, and measured

by means of S the distance through which A had to be

displaced in order to restore equilibrium. This distance

gave the thickness of a plate of air, equivalent to the

plate P of the dielectric. The ratio of this thickness

to the thickness of P is the specific inductive capacity

of the material.

In the experiments the plates A, B, and C were

connected to the terminals of an induction coil, the

primary circuit of which was broken as many as 12,000

times a second by an interrupter arranged for the

purpose. Thus the potential was rendered alternately

positive and negative 12,000 times a second and all

effects of absorption were obviated. It is to be noticed

that here, as in some other experiments detailed above,

the metallic plates were not in contact with the

dielectric plate, and thus any passing over of electricity

to the dielectric itself was avoided. The following are

some of the results obtained :

K. K.

Ebonite . . 2^84 Glass, Double-extra Dense Flint 3'164

Gutta Percha 2'462 Extra Dense Flint . . , 3'054

Sulphur . . 2'58 Light Flint ...... 3-013

Shellac . . . 2'74 Hard Crown ...... 3'108

Paraffin. . , 1'99 Common . 3'243
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Mr. Gordon found also by this method an apparent Gordon's

slow change in the specific inductive capacity of glass m^s^y
with lapse of time, a result which is to a certain ex- Five-Plate

... . Balance,
tent corroborated by some preliminary experiments by
Mr. T. Gray on the specific inductive capacity of glass

soon after it had been heated to a high temperature ;

*

but in view of the inaccuracy caused by the assumption

that the plates of the balance may be taken as infinitely

great, this slow change cannot be held to be proved. It

seems probable that any slow change of specific inductive

capacity, such as might correspond to the slow mole-

cular change which goes on in glass which has been

maintained for a long time at a nearly constant low

temperature, and produces alteration of the zero point

of a thermometer, would be of so small amount as to be

imperceptible by any method of measurement yet

devised.

The values of K for glass obtained by Mr. Gordon Hopkin-
i -I i -i i

son s

are not in agreement with some previously obtained by Earlier

Dr. John Hopkinson,f who experimented according to ^^Ts
the method of comparison of capacities described above,

p. 432. The capacity of a guard-ring condenser was

compared with that of a sliding condenser (the identical

instrument used in Gibson and Barclay's experiments

described above) (1) when air only was the dielectric,

(2) when a plate of glass was introduced between the

plates. The guard-ring condenser is shown in Fig. 101,

half in section half in elevation, k is the protected disc

15 centimetres in diameter with a gap 1 millimetre in

breadth between it and the guard-ring, e e the opposite
*

Phil. Mag. Oct. 1880. t Trans. R.S. 1878, p. 17.
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Guard-
plate, li the guard-ring bearing a brass cylindrical box

denser, (not shown in the drawing) which forms a shield

for the back of the protected disc. The guard-ring
is insulated on a stiff frame of iron formed by two

triangular pieces of iron a b, c d connected by three

wrought-iron stays. The insulators are three ebonite

legs g g, which are screwed to the tops of the stays.

The attracting disc is earned on a screwed stem of

1/25 inch step, and can be raised or lowered without

FIG. 101.

NOTE. The protecting cylindrical box on the guard-ring is here omitted.

rotation by a nut / divided as a micrometer. Fig. 102

is a plan of the instrument with the brass backing
removed. It shows the protected disc and its supports,

which are two bars II, II of vulcanite attached to the

back of the disc and resting on the upper surface of

the guard-ring.

This instrument served also to measure the thickness

of the glass plates used in the experiments. The screw

/ was turned until the brass plates were in contact, and
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the micrometer reading taken
;
then the glass plate was Guard.

11 i
1>m ^o

placed above e e, which was screwed up until the plate denser.

came into contact with h, k, h. Slips of tissue paper

were interposed between the ebonite legs g g and the

plate Ji h, and the contact was judged by these slips

becoming loose. A reading of the screw micrometer

was taken for each slip, and the mean of the three

102.

taken as the reading of contact. A correction was

determined for the effect of bending of the plates and

compression of the slips before their release.

A special switch supported above the guard-ring

condenser enabled the connections to be made in the

required order. A battery, in some cases of 48 in

others of 72 small Daniell's cells, had its middle point

connected to earth, one of its poles to h k h, and the
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Guard- other to the inner coating of the sliding condenser, while

"denser"' the outer coating and the plate e e were connected to

the electrometer case. Thus the inner plates of the

two condensers were charged to equal and opposite

potentials. Then one pair of quadrants of a Thomson's

electrometer, both pairs of quadrants of which were

connected to earth, were insulated, the guard-ring was

connected to earth, and the protected plate and the

insulated plate of the sliding condenser connected

together and to the insulated quadrants of the electro-

meter. The direction of the electrometer deflection, if

any, at the instant of the combination of the charges,

was observed. If no deflection took place the guard-

ring condenser and the sliding condenser had equal

capacities, and the latter was adjusted until this was

the case.

The following are mean results of two or more

experiments for each substance :



HOPKINSOK'S LATER EXPERIMENTS. 473

Gordon.* The result seems to leave no doubt that the Hopkin-

five-plate-balance method with the sizes of plates and Criticism

distances between them, used in Gordon's experiments, of

mi r 11 i
Five-Plate

cannot give accurate results. Ihe following conclusions Balance

among others were arrived at :
Method.

1. That the specific inductive capacity of glass is

the same for TIfaj second, ssoira second, or J second

discharge.

2. That it is independent of the potential to which

the condenser is charged.

3. That the five-plate-balance is unreliable with the

sizes of plates and distances apart used by Mr. Gordon.

(A plate of brass between A and B, with an air-space of

from eight to thirty-two millimetres, gave specific in-

ductive capacity less than unity, instead of infinity.

Different distances of the plates gave different values

for glass.)

Hopkinson at the same time extended his former Hopkin-

results, and applied his method of experimenting to
lat

s

^
n
Ex

the investigation of the specific inductive capacity of periments.

liquids. A flask of flint glass, with thin walls and

a long thick neck, was filled up to the junction of the

neck with strong sulphuric acid. A wire passing down

through the neck connected the acid with a metal piece

A (Fig. 103), supported on an insulating stand of ebonite.

On this metal piece rested the horizontal arm of a

kind of bell-crank (or Z-shaped piece of metal pivoted
at the angle). The flask was first charged by means of

a battery and the potential measured by a quadrant
*

Electrostatic Capacity of Glass (II. ) and of Liquids, Phil. Trans.

vol. 172 (1881), p. 372.
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Hopkin- electrometer which was then detached and discharged.

late^Ex- Then a previously deflected metallic pendulum, D,

periments. connected to earth through its supports, was re-

leased, and striking the vertical arm of the lever,

connected the flask for an instant to earth and dis-

charged it. The electrometer was then applied to

FIG. 103.

detect any residual charge. The leakage method de-

scribed above, p. 403, was used to measure the duration

of discharge. A paraffin condenser of known capacity

had its plates connected for the time of discharge to be

measured, first by a resistance of 256 ohms, then by
a resistance of 512 ohms, and the remaining potential

in each case was observed. These operations obviously
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gave data for the calculation of the time interval t by Hopkin-

(66) of Chap. VI.* With a duration of discharge of fe?i*
about -o^Vir second, less than 3 per cent, of the original periments.

charge given by a battery of 20 elements remained.

Longer and shorter times of discharge gave similar

results. The practical result of all the experiments

was that determinations of specific inductive capacity

by observations of discharge may be taken as correct

for glass if the period of discharge be anything between

JSTTUVTS sec. and sec.

The method adopted for determining the specific

inductive capacity of glass plates was practically the

same as that already described at p. 432. The guard

ring and protected disc were first connected to one pole

of a well insulated battery of 1,000 chloride of silver

cells, the other pole of which was connected to the in-

sulated plate of a cylindrical sliding condenser. Thus

the two condensers were charged to equal and opposite

potentials. By means of a special commutator changes

of connections similar to those described above were

made so as to combine the charges of the condensers,

with the addition that the electrometer quadrants con-

nected to the condensers after combination were

immediately after insulated to avoid effects of residual

charge. The capacity of the sliding condenser was

adjusted till no electrometer deflection was produced.

The glass plate was then placed between the plates

of the guard-ring condenser and the operations repeated

until equilibrium was again obtained. The two results

* This mode of measuring a small interval of time is due to the

late Mr. R. Sabine (Phil. Mag. 1876, 1st half year, p. 337).
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Hopkin- gave the ratio of the capacities, and from the distance

late^Ex- between the plates of the condenser and the thickness

periments. Of the glass plate the value ofK was found.

The capacity of the glass flask described above was

determined in a similar way by aid of the sliding con-

denser, with a charging battery varying from 10 to

1,800 chloride of silver cells, with only a little over

\ per cent, of alteration.

The values of K are given in the following table with

the thicknesses of the plates, and for comparison the

earlier results obtained by the same experimenter.

Hopkin -

son's re-

sults.

Sp. Ind.

Cap. of

Glass, &c.

Substance.
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the liquid formed the dielectric, and the other coating

was given by a cylinder suspended from an ebonite plate

above, and immersed in the liquid. The latter plate

was charged and the other connected to earth, and the

capacity compared with that of the oppositely charged

sliding condenser. The capacity of the same apparatus

with air as the dielectric had previously been obtained

in the same way, and the results gave at once the

value of K for the liquid. The following table gives

some of the results. The column headed
yu,

2^ contains

for the purpose of comparison the square of the

index of refraction of the liquid for light of infinite

wave length. This was calculated from the formula

yitoo
= A + J?/X

2 from observations of the index of

refraction which were made on each of the substances

for the Fraunhofer rays C, D, F, G, of the spectrum.

477

Sp. Ind.

Liouids

Hopkin-

Name of Liquid.
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is to be expected, as from the composition of the sub-

stances it is probable that the results included effects of

electrolytic action.

Silcw's Results with which Hopkinson's agree very well had

mints!" been previously obtained for turpentine, benzene, and
First petroleum by Silow.* Two series of experiments were

Method. , , ,
made. In the first a very ingenious and simple method

was employed. A. kind of quadrant electrometer was

constructed by pasting on the inside of a cylindrical

glass vessel, 10 centimetres deep and 15 centimetres in

diameter, four symmetrically placed vertical strips of

tinfoil each 10 centimetres broad, and joining the

opposite pieces together by strips across the bottom.

Within was hung a platinum needle of the shape of an

inverted T, in which the vertical pieces at the ends of

the horizontal cross-piece were semi-cylinders of plati-

num. The needle was left uncharged, and one of the

pairs of strips was connected to earth and the other

charged to a convenient potential. The deflections of

the needle for the same difference of potential (1) with

the vessel filled with air, (2) with the liquid under

experiment, were observed, and it \sas assumed that

the angles of deflection were proportional to the specific

inductive capacities in the two cases. This would have

been strictly true of the angles through which a torsion

head at the top of the suspension thread would have

had to be turned if the needle had been brought back

in both cases to a position of equilibrium after

deflection.

*
Pogg. Ann. 156 (1875), p. 389, and Wiedexnann, Die Lchrc von der

Elcktricitat, Bd. ii. p. 45.
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For two kinds of turpentine, I., II., and for petroleum

he obtained :
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Silow's Different battery powers applied gave the same

sTcond
7 values for K. The following are the mean values of

Method, x for the substances mentioned, with the values of /x
2 ^

for comparison.

Quincke's

Experi-
ments.

Measure-
ment of

Tension

along
Lines of

Force.

Substance.
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was suspended from one end of the beam of a balance, Measure-

and was connected to earth. The lower plate was

charged by means of a battery of Leyden jars, the

outer coatings of which were to earth. The potential Force.

was observed in arbitrary units by means of a Thomson's

standard electrometer (see p. 281 above). The attraction

of the upper plate towards the lower was then measured

by weights put on the other scale of the balance. The

mean pull per unit of area was therefore obtained.

Now from what has been proved above (pp. Ill, 136)

it follows that the force f, per unit of area on any part

of the upper plate not near the edge is 27rcr
2
/K, and

we have a = -KF^ = - KVI*ird if V be the differ-

ence of potentials, d the distance between the plates.

Hence

The weighing therefore gave, taking the mean pull

as nearly enough equal to /, directly the tension.

By comparison of results for two different media Deduction

using the same value of V for both cases, the ratio g p< ina.

of the values of K could be at once obtained. Thus CaP-

if fv /2 ,
be the tensions, and the corresponding specific

inductive capacities determined in this manner be

denoted by Kfv Kfv we have

Kh _ f\ /oo\
JT ~

7 ......
I- JKh fa

The pressure at right angles to the lines of force was Measure-
, . . . mi T P ,-, nients of

found in an ingenious manner. The upper disc 01 toe pressure

apparatus just described was removed and replaced by j*
s

f

VOL. I. II Force.
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Measure- a plate of the same diameter with a short vertical tube

Pressure at *ts centre, by means of which communication could

across ke obtained with the space between the plates. Attached
Lines of .

Force, to this vertical tube was an india-rubber bag which

could be cut off by means of a stopcock. A branch

tube communicated with an ordinary open U mano-

meter containing bisulphide of carbon. Enough of air

was blown by the rubber bag into the space between

the plates to form a flat bubble of from 2 to 5 centi-

metres in horizontal diameter, bounded by the plates

above and below. The stopcock was closed and the

pressure was read off on the manometer. The lower

plate was now charged to the same potential as before

while the upper plate was connected to earth. The

increase of pressure was read off from the manometer,
and gave the difference of pressures in the air and the

liquid due to the electrification.

Deduction If h be the difference of heights of the liquid

SpInd, produced by the electrification, and p the density of

CaP- the liquid, we have, denoting the value ofK determined

in this way by Kp ,
and the acceleration due to gravity

by g
~K~ 1 V^

ifK be taken = 1 for air.

Using the value of / given in (21) for the same

medium, this gives

, /+ l .. . . , , (24)

The following are some of the results obtained.,
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Quincke's
Results

corrected

for Con-
nections.

The values of K obtained by tension and pressure

here seem uniformly greater than those obtained by the

condenser method, which must be regarded of course as

the true values. But they agree very well with one

another, and go far to prove the equality of the pressure

and tension.

It was pointed out by Dr. Hopkinson that *
perhaps

the capacity of the key and connecting wires might be

appreciable, and that if so the values of K given for

the condenser method in the above table would be

increased by the correction. This was found by
Professor Quincke to be the case, and the following

corrected results obtained by him are given by him

in a note to Dr. Hopkinson's paper.
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n-Dr. Hopkinson has more recently
* made experiments Hopki

on the specific inductive capacity of a number of oils

and other liquids. The method adopted was a modifi- tion of

cation of the five-plate balance method described above. Balance

The arrangement of apparatus is shown in Fig. 104. Metnod -

Two air condensers E, F, of determinate and nearly

equal capacity, and two adjustable sliding condensers /,

FIG. 104.

experimental investigation. Valuable results as to the state of strain

in transparent, solid, and liquid media have however been furnished by
the experiments of Kerr and others on Double Refraction produced by
electrification. The experiments of Quincke on Change of Volume

produced in dielectrics by the same cause are also of great importance
in the same connection. These are however easurements we cannot

here enter into.
*

Proc. R. S. Oct. 1887.
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Hopkin- J, were joined as shown like the four branches of a

ModTfica-
Wheatstone bridge. The inner coatings of E, I were

tion of
joined to one pair of quadrants of an electrometer, and

c^ those of F
t
J to the other pair of quadrants. To the

Method.
inner coating of J could be attached the inner plate of

a liquid condenser containing the substance to be ex-

perimented on. The outer coatings of E, F were con-

nected to the case of the electrometer and to one

terminal of an induction coil
;
the outer coatings of /,

J were connected to the needle of the electrometer and

to the other terminal of the induction coil.

In order that there might be no deflection of the

electrometer needle it was necessary that the capacities

of E and / should be in the same ratio as those of F and

J respectively. An adjustment of one or both of the

sliding condensers was made until this relation was

fulfilled in each of four cases, (1) when no fluid con-

denser was introduced, (2) when the condenser without

the interior plate, but fitted with a "dummy" to repre-

sent the necessary supports or connexions outside the

liquid, was connected to J, (3) when the complete
. condenser charged with air was added to J, (4) when

the complete condenser charged with liquid was con-

nected to J. Assuming for simplicity the sliding con-

denser 1 to remain unaltered, and x, y, z, z
l
to be the

respective readings of J in the four cases, we must have

Capacity of condenser with liquid _ _ x z
l (x y}

Capacity of same condenser with air
~

x z(x y}

= y~^^
. (257)

y - z
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The following is an abstract of the results obtained : Hopkin-
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Applica- capacity of solids. The connections shown in Fig. 105

Method to
were ^rs* made, that is the guard-ring and protected

Solids, disc both connected to the inner coating of J. The

arrangement was then adjusted to balance, then the

guard-ring remaining connected to J, the protected disc

was transferred to 1 and balance again obtained. The
difference of the readings of the sliding condenser

FIG. 105.

gave on an arbitrary scale the capacity of the guard -

ring condenser for the given distance of the plates

apart. These operations were then repeated with a

plate of the substance for which K was to be found
Dlaced between the plates of the guard-ring condenser.

Only three substances were experimented on, with
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the following results. The previously obtained values Applica-

(p. 476 above) are given for the first two for comparison. ^^ to

Solids.
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Negreano's index of refraction

Experi-
ments on

Hydro-
Carbons.

was also determined for the D
case

It was found that the value of K increases as the

composition of the substance becomes more compli-

cated, and that the value of (K V)j(K + 2)/o where p

is the density is approximately constant. The following

is a synopsis of the results :
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nected to one terminal of a Helmholtz induction coil, Cohn and

the other pair of quadrants, the needle and the case
Experi-

were connected to earth and to the other terminal of ments in

the coil. Denoting by S
lt

S2 the (corrected) deflections

on the ordinary and special electrometers respectively

when both are filled with air, 8'
15

8'
2
the corresponding

deflections when the special electrometer contains the

liquid, we get easily by (20) above

Liquids.

(26)

The following results were obtained :
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Result, colza oil give practically the same result whatever the

method employed. For that substance however the

result stated above holds, that is the pressure method

gives the highest value, the electrical balance the

lowest, and the condenser method a mean value
;
and

this anomaly was found to hold good for different kinds

of colza. That it could not be due to electrolytic action

was clear from the fact that the products of decom-

position at the condenser plates could not alter the

pressure at the surface of the bubble.

Prof. Quincke
* also measured the index of refraction

of pure ether for ultra-red rays by passing them through
the medium and receiving them upon a thermopile.

He found that for pure ether K = 4'3, and that for

ultra red rays its index of refraction is less than 2.

The substance seems therefore not to conform to

Maxwell's relation.

Sp. Ind. Determinations of the specific inductive capacity of

Gases gases have been made by Boltzmannf and by Professors

Boltz- Ayrton and Perry.J Boltzmann's method was as follows.

Experi-
A condenser consisting of two horizontal circular plates

ments. was SUpp0rted within a closed metallic vessel, through
the walls of which passed wires to make connection

with the plates, and which could be connected with an

air-pump or a gas generating apparatus. Two metallic

plates were placed above and two below the condenser

to preserve it at a uniform temperature. The vessel

was exhausted, then one plate of the condenser A was

* Wied. Ann. 32. No. 12. 1887.

t Wien. Ber. 69 (1874) ; Pogg. Ann. 15 (1875).

J Trans. Asiatic Society of Japan (1877).
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charged by being connected to one terminal of a battery Sp. Ind.

of 300 Daniell's cells, while the other plate B and the Q^J
1

'

other terminal of the battery were connected to earth. Boltz-

B was then disconnected from earth and connected to
Experi-

the insulated electrode of an electrometer which had ments -

been previously brought to zero potential. The electro-

meter showed no deflection, proving that there was no

leakage. The charge on A therefore remaining con-

stant, it was found in accordance with theory that the

admission of air altered only the specific inductive

capacity between the plates, and therefore the potential

of A, but not the potential of B which remained zero.

After the admission of air the potential of A was

restored to its original value, and the change of potential

of B read off on the electrometer. The number of cells

was then increased by one, and the increased potential

of B again read off. The ratio of the specific inductive

capacities could now be calculated.

If F
x ,
F

2
be the potentials of A before and after the

admission of air, and K
lt K% the corresponding specific

inductive capacities, we have F"
2/ F, = K^Ky Hence

by the restoration of the potential to V
L
the potential

of B was increased by an amount proportional to

F! F9 ,
that is by an amount m(l -

K-^jK^) where m is

a constant. By the increase of the number of cells

from n to n -f 1 the increase of the potential of B was

therefore m V^(n + l)//t. Hence calling these changes
as measured by the electrometer 8, B', we have

8/8'
= n(l

- KJKJ (n + 1), or

2
=

., ?
8

'

^K, . . . (27)2 no + lo
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Sp. Ind.

Cap. of

Gases.

Boltz-

mann's

Experi-
ments.

It was found by Boltzmann that the alteration of

capacity was very nearly in simple proportion to the

alteration of pressure of the air, and that the effect of

alteration of temperature was only that corresponding
to the consequent alteration of pressure. Hence if we

denote by K the specific inductive capacity of air

under pressure equal to that due to p millimetres of

mercury under standard circumstances, suppose that

for absolute vacuum to be unity, and assume the pro-

portionality to hold for all pressures, we may write

where 1 + k is the specific inductive capacity of air at

standard atmospheric pressure.

By (27) and (28) putting pv p2
for the pressures

corresponding to Kv K^ we get

+ (n + 1)8
(29)

Boltzmann found similar results to hold for other

gases than air, and gave the following values for K at

standard atmospheric pressure. The value of JK is

given also for comparison with the index of refraction.

The Value
of K. Gas.
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In Ayrton and Perry's method the capacities of two Ayrton

condensers were compared with different gases at perry's

different pressures between the plates of one of them, Experi-

while the other had continually air at ordinary tem-

perature and pressure for its dielectric. The latter

condenser consisted of a square horizontal uninsulated

plate of tin-foil of 1815 square centimetres area,

cemented to the upper surface of a plate of hard wood

which rested on the horizontal top of a block of stone,

and an insulated upper plate of the same size supported
on ebonite levelling screws, the lower ends of which

rested on the stone. The other condenser was contained

within an air-tight rectangular vessel of sheet brass,

and consisted of eleven parallel plane plates, each 324

square centimetres in area, kept at equal distances of

three millimetres apart in racks of ebonite. The first,

third, &c., and last plates, reckoning from one side, were

connected to the case, the other plates were insulated

and connected to a platinum wire passing out through
a glass tube 35 J centimetres long to the outside of the

case. This glass tube, which had been chemically
cleaned and covered with paraffin, to prevent leakage
over the surface, was very carefully cemented into a

brass socket attached to the metallic case, and was

nowhere in contact with the platinum wire except at

the outer end, where it was drawn to a point and

hermetically sealed. Cement contained in a metal cap

surrounding the junction of the tube and socket pre-

vented leakage there, and a second cap filled with

cement surrounded the point of the tube, and guarded
the point from being broken by motion of the wire.
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Ayrton By means of another tube the case could be filled

Perry's
with the gas to be experimented on or connected to

Experi- a Sprengel or other pump by which the required

degree of exhaustion was produced. This tube was

made of special form to prevent mercury from the

Sprengel pump from passing by any accident into

the condenser case.

The method of making a determination was as

follows. The insulated plates of the condenser were

charged to equal and opposite potentials in the follow-

ing manner : The battery of 87 Daniell's cells had its

poles joined by a resistance of 10,000 ohrns, and by
means of a reversing key one terminal a of this coil

was connected to the insulated plate of one condenser,

while the other terminal b was connected to earth
;

then b was connected by the reversing key to the in-

sulated plate of the other condenser and a to earth.

The battery was then removed and the charged

plates connected together, and with the insulated elec-

trode of a quadrant electrometer of which the other

electrode and case were to earth, and the reading taken.

If the potential of each condenser was numerically

V, the capacity of the constant air condenser C^ and

the capacity of the other C
2 ,

the charge left after the

two condensers were connected was V(C^ C
2), sup-

posing the constant condenser to have been positively

charged. The corrected deflection a shown by the

electrometer was therefore mV(C^ C2]l(Cl + (72) where
m is a constant.

To eliminate m and V the terminals of the battery
were kept joined by the resistance of 10,000 ohms, and
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merits.

one terminal was connected to earth, while a point on the Ayrton

resistance was connected to the insulated quadrants of
Perry's

the electrometer now detached from the condensers. ExPen-

The difference of potentials of the battery between

the extremities of the resistance was 2F, and if the

resistance intercepted between the terminals of the

electrometer be denoted by R, the difference of

potentials shown by the corrected deflection of the

electrometer was 2F72/10000. We have therefore

/3
= 2m F^/10000. Hence

a 10000 fi
- C2" ~~ 10000

l.
(30)

This enabled the ratio C
z/Cl

of the capacities to be

calculated. Another experiment made with C
2 changed

by alteration of the medium, gave at once the ratio of

the two values of C
2 ,
that is of the specific inductive

capacities in the two cases.

The following table gives the mean results for many
experiments in different gases at standard pressure :

taking the value ofK for air as unity.

Dielectric.
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Ayrton It was observed that when air was allowed to mix

Perry's
w^^ *ne carbonic acid the value of K more and more

Experi- nearly approached unity.

Experiments on the specific inductive capacity of a

high sprengel vacuum have been undertaken by a

Committee of the British Association consisting of

Professors Ayrton and Perry, Prof. O. J. Lodge, and

Mr. J. E. H. Gordon. A preliminary report has been

presented
*

containing a plan of experimenting and

some results which seem to show that at a pressure of

about 1/10
6
of an atmosphere the specific inductive

capacity is '6 or '8 per cent, less than that for ordinary

air. The committee have not yet concluded their

labours.

Effects of The results of some recent experiments made by

Tempe

e

ra-

f Mr - Cassie in the Cavendish Laboratory, on the effect

ture. of rise of temperature in increasing the specific in-

ductive capacity of solid dielectrics, are quoted by
Prof. J. J. Thomson in his work entitled Applications of

Dynamics to Physics and Chemistry, p. 102. The co-

efficient of increase of specific inductive capacity per

degree centigrade, that is, the value of \jK. dKjdO, is,

for 6 = 30, -002 for glass, '0004 for mica, and '0007 for

ebonite. From this Prof. J. J. Thomson has shown that

if the electric displacement be f, there must at 30 be

*002 x 30 x 27r/
2
/JT dynamical units of heat supplied

to unit of volume of glass to preserve its temperature
constant when it is electrified. The corresponding

quantities of heat for mica and ebonite are respectively

*
Brit. Assoc. Hep. 1880.
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0004 x 30 x 27r/
2
/#, '0007 x 30 x ^irf^jK. But the Effects of

electrical work done in charging is (p. 133 above) in
Tempera*

each case ^Trf^/K. Hence in the case of glass the heat ture -

thus absorbed during charging is about two-thirds of

the work done in charging.

NOTE. An account of the determinations of specific inductive capa-

city made by Schiller by the method of elcetrical oscillations will be

found in Volume II.

K K 2





APPENDIX.

NOTE.

Recommendations of the Paris Congress and the British Association

as to Practical Electrical Units.

At the meeting of the Electrical Congress held in Paris in

1884, it was decided to adopt for the present, as practical unit of

resistance, a resistance equal to that of a uniform column of

mercury one square millimetre in section, 106 centimetres in

length, and throughout at the temperature C. The mercury
column thus specified expressed approximately and in round
numbers the value of the ohm according to the latest and most
accurate experiments. It was resolved to give this unit the
name Legal Ohm.
The Congress also arrived at certain conclusions regarding the

practical units of current, electromotive force, quantity of

electricity, and electrostatic capacity, as follows :

(1) That the unit of current should be called the Ampere, and
be defined as T̂ of a C.G.S. electromagnetic unit of current.

(2) That the Volt or practical unit of electromotive force, or
difference of potentials, should be defined as the electromotive
force required to maintain a current of one ampere through a

resistance of one ohm.

(3) That the unit quantity of electricity should be called the

Coulomb, and be defined as equal to the quantity of electricity
transferred by a current of one ampere in one second.

(4) That the Farad or practical unit of capacity should be the

capacity of a conductor which is charged to a potential of one
volt by one coulomb of electricity.
The British Association at its meeting in 1886 agreed that the

Committee on Electrical Standards should recommend to Her

Majesty's Government :

(1)
" To adopt for a term of ten years the Legal Ohm of the

Paris Congress as a legalized standard sufficiently
near to the absolute Ohm for commercial purposes.
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(2)
" That at the end of the ten years' period the Legal

Ohm should be defined to a closer approximation to

the absolute Ohm.

(3)
" That the resolutions of the Paris Congress with respect

to the Ampere, the Volt, the Coulomb, and the

Farad, be adopted.

(4)
" That the Kesistance Standards belonging to the Com-

mittee of the British Association on Electrical

Standards, now deposited at the Cavendish Labora-

tory at Cambridge, be accepted as the English
Legal Standards conformable to the accepted de-

finition of the Paris Congress."
A full account of the electromagnetic system of units and of

the derivation of the various practical units will be given in

Volume II., but as the ampere, volt, &c. have been referred to

above, p. 415, the following sketch may be found here useful.

This system of units is based on a definition of unit magnetic
pole, or (which is the same thing) unit quantity of magnetism,
precisely similar to that given on page 3 above for unit quantity
of electricity. Unit magnetic pole is that pole which placed (in

air) at unit distance from an equal pole of the same kind is

repelled with unit force. When the fundamental units are the

centimetre, the gramme, and the second, the unit distance and
the unit force of this definition are respectively one centimetre
and one dyne. Now by the discovery of Oersted, as explained
by the theory of Ampere, a current of electricity produces mag-
netic force at every point of the surrounding space. The inten-

sity of this field at any point is measured by the force which a

unit magnetic pole would experience if placed at that point.
Unit current is then that current which flowing in a thin circular

conductor produces a magnetic field of 2irr units intensity, where
r is the radius of the circle into which the conductor is bent, and
TT is the ratio of the circumference of a circle to its diameter.
When r is one centimetre and the intensity of the field 2?r dynes,
the current is one C.G.S. electromagnetic unit in strength.
The definitions of the volt, &c. follow from that of unit current

as stated above in the recommendations of the Paris Congress.
The Microfarad (referred to at p. 406 above) is one-millionth of
the Farad, and is a more convenient unit than the latter, which is

so large as to give somewhat small fractional numerics for the

capacities of ordinary condensers.



APPENDIX. 503

TABLE I.

CROSS-SECTION OF ROUND WIRES, WITH RESISTANCE, CONDUCTIVITY,
AND WEIGHT OF HARD-DRAWN PURE COPPER WIRES, ACCORDING
TO THE NEW STANDARD WIRE GAUGE LEGALISED BY ORDER IN

COUNCIL, AUGUST 23, 1883.

Temperature 15 Cent.

1
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TABLE I. (continued.)

CROSS-SECTION OP BOUND WIRES, WITH EESISTANCE, CONDUCTIVITY,
AND WEIGHT OF HARD-DRAWN PURE COPPER WIRES, ACCORDING
TO THE NEW STANDARD WIRE GAUGE LEGALISED BY ORDER IN

COUNCIL, AUGUST 23, 1883.

Temperature 15 Cent.

>
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CROSS-SECTION OP ROUND WIRES, WITH RESISTANCE, CONDUCTIVITY, AND
WEIGHT OF PURE COPPER WIRES, ACCORDING TO THE BIRMINGHAM
WIRE GAUGE. (See Note to Table I.)

Temperature 15 Cent.

B. W. G.



506 APPENDIX.

TABLE III.

CONDUCTIVITIES OF PURE METALS AT t C.*

Conductivity at = 1.

Metal.
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SPECIFIC RESISTANCES IN LEGAL OHMS OF WIRES OF DIFFERENT
METALS AND ALLOYS. 1
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METRIC SYSTEM OF WEIGHTS AND MEASURES. (FROM MESSRS.
DE LA RUE AND Co.'s DIARIES).
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TABLE VI. (continued.}

METRIC SYSTEM OF WEIGHTS AND MEASURES*.
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TABLE VII.

For reduction of Period of Oscillation observed for finite

amplitude to Period for infinitely small amplitude (see p. 223

above). If T be the observed period and 1 Jc the reducing

factor, so that TcT is to be subtracted, the values of k are as

follows :

Amplitude.
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TABLE IX.

UNITS OF ACTIVITY OR RATE OF WORKING.

erg per second ..... 110- horse-po at

1 horse-power ...... 33000 foot-pounds per minute.

,, at London . . . 7'46 X 109
ergs per second.

1 force-de-cheval at Paris . . 7'36 X 109 ergs per second.

1 Watt ........ 107
ergs per second.
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Absolute units, meaning of, 181

Gauss's system of, 181

C. G. S. system of, 4yl85 et seq.

Absorption, electric, 425

Acceleration, defined, 195

dimensional forinula/>f, 196

Activity or rate of working, 198
in voltaic circuit, 146
units of, 199 ; also Table IX.
dimensional formula of, 199

Air pressure on surface of a soap bubble,
electric diminution of, 36

Amplitude of oscillation, measurement
of, 227

Angular deflections, measurement of. 206
observation of, by ordinary index
and scale, 206

observation of, by projection
method, 211

observation of, by telescope method,
215

Attraction (and repulsion), electric, 2

of sphere on external particle, 13

of spherical shell on internal par-
ticle, 14

AYRTON AND PERRY, specific inductive

capacity of ice, 466
of gases, 495

BEETZ, measurement of resistances of

electrolytes, 409
Bifilar suspension, general theory of, 243

symmetrical, 244
effect of torsion in, 246

flexural rigidity in, 246

change of temperature in,
250

comparison of, with unifilar, 249
determination of constant of, 250

BOLTZMANN, specific inductive capacity
of solid dielectrics, 459 et seq.

of gases, 492

VOL. I.

British Association Committee on Elec-
trical Standards, recommenda-
tions of, as to system of units, 181 ;

see also Note in Appendix

Calibration of a wire, method of Mat-
thiesseu and Hockin, 342

Carey Foster's method, 347
T. Gray's methods, 347353

of a tube, 385

Capacity, see Electrostatic capacity
CASSIE. effect of change of temperature

on specific inductive capacity, 498

CAVENDISH, experiment proving charge
on conductor wholly superficial,

argument as to law of electric force,
18

method of comparing capacities, 432
determinations of specific inductive

capacity, 452
Centimetre -gramme -second system of

units, 4, 185 et seq.

Change-ratio of Tinits, 180
Characteristic equations of potential,

13, 112
at electrified surface. 28, 112

Circular disc, capacity of, 63

CLERK - MAXWELL, theory of electric

field as seat of electric energy, 34
method of exploring electric field

due to charged conductor, 45

theory of stress in dielectrics, 133
electric displacement, 133
electric elasticity, 135

vibration needle, 239
Coefficients of potential, 39

capacity, 42

induction, 43

COHN, E., AND L. ARONS, measurement
of specific inductive capacities,
490

L L
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Condenser, theory of different forms,

53, 61

standard, 418

capacity of a, methods of measur-

ing, 418 et seq.

vacuum-, with interposed layer of

another dielectric, 130

formed with layers of different di-

electrics
;
132

Conducting sphere, in uniform field,

126
force upon in variable field, 128

Conductivity (or Conductance), electric,

see Electric conductivity
thermal, 103

Conductors, theory of a system of, 39

theorems regarding a system of

linear, 157

Congress of Electricians, Paris, 4 ; see

also Note in Appendix
Conjugate conductors, 159

Conservation of energy, 199

"Couches de Glissement," 123

COULOMB, experiments on electric at-

traction and repulsion, 2

torsion-balance, 254
law of torsion, 257

Couples, measurement of, in unifilar

torsion suspension, 231

in bifilar suspension, 243

direct determination of, 250

Curb-signalling in cables, 175

Current, electric, see Electric current

Cylindric condenser, 55

sliding, 61

DE SAUTY, method of comparing capa-
cities, 440

Dielectric sphere, in uniform field, pro-
blem of, 122

force in variable field upon, 128

Dielectrics, problem of two separated
by a plane surface, 115

problem of two separated by a

plane layer of a third, 117

Differential equation of lines of force, 7

galvanometer, 374
measurement of resistances by, 375

Dimensional formulas, 182

of derived units, 190205
Dimensions of physical quantities, 182

Displacement, electric, 133

Distribution of electricity, density of

a, 7'

on surface, replacing an internal

distribution, 29

on conductor made coincident with

equipotential surface, 30

on an ellipsoidal conductor, 47

induced on insulated spherical con-

ductor by external point-charge,
81

Elastic fatigue, 241

Elasticity, electric, 135

torsional, law of, 231, 256
Electric absorption, 425

conductivity (or conductance),
defined, 151

of multiple arc, 152
dimensional formula of, in

electrostatic system of

units, 204

illustration of, as a velocity,
205

specific, defined, 162
measurement of, 382

current, 138

hydrokinetic analogue of,

139
time rate of working in, 141

condition for maximum, 148
in network of linear con-

ductors, 153161
in non- linear conductors,

162
dimensional formula of, 204

practical unit of, see Note
in Appendix

density, 7

displacement, 133

energy, 30

of any system of con-

, ductors, 31

of any system whatever,
33, 34

regarded as having its seat
in the electric field, 34

field, 6
force at a point, 6, 8

at surface of a conductor, 1

lines of, 116

image, defined, 77
in spherical conducting sur-

face, 79
of point-charge in con-

ducting plane, 84

induction over a surface, 10

potential, 8

resistance, 140
unit of, 141
of multiple arc, 152
dimensional formula of, in

electrostatic system of

units, 204

specific, defined, 380
measurement of, 380

superposition, 25

surface density, 7

volume density, 7

Electricity, unit quantity of, 3

Electrification, true and apparent at

surface separating two media,
113

Electrolytes, measurement of resistance

of, 407
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Electrometer, theory of symmetrical,

delinition of an, 252
absolute. ->-

Sir \V. Thomson's, <',:> -J74

Sir W. Thomson's guard-ring, 262

replenisher for, -J71

portable, .74

long range, 281
divided rin-, '-'^

quadrant, i>::

classes of, 253
Electromotive force, detined, 142

total, of a circuit, 144
of voltaic cell, 145

practical unit of, see Note in

Appendix
Electrostatic capacity, 4t>

of spherical conductor,
47

of an ellipsoidal con-
ductor. 47

svstem of units. 202

voltmeter, Sir W. Thomson's, 301

capacities, comparison of, 4LS
Electrostatics, direct problem of, 71

inverse problems in, 72

Ellipsoid, distribution of electricity

upon, IS

Ellipsoids, Maclaurin's theorem of the
attractions of, 51

Equation, of line of force, 7

Laplace's, 10

Poisson's, 16

of energy in electrostatics, 33

proved by Green's theorem, 67

Equipotentiiil surface, detined, 16
external to an ellipsoidal conductor,
form of, 51

distribution ever replacing internal

distribution, 29

Exploration of electric field, Maxwell's

method, 46

Energy, potential, of electrified system,
30, 3134

exhaustion of, in fonning
sphere from nebula, 34

of dielectric sphere in uni-
form field, 128

kinetic and potential, 199
conservation of, 199
dimensional formula of, 200

EWING and MACGREGOR, measurement
of resistances of electrolytes, 410

Exploration of an electric field, 45

FARADAY, electrified cube, 21

ice-pail experiment, 22

spherical condenser, 418
determinations of specific inductive

capacity, 452

Fatigue, elastic, 241

Five-plate balance. Gordon's
ments will .

Hopkinsoifs criticism of method
of, 47:!

Flnxural rigidity, defined, 247 Note
Flow of electricity, \M

steady flow in linear conductors,'

l:;7 -101
in non-linear conductors, ]''!

hydrokinetic analo-ue ol

thermal analogue of, 1U9
electrostatic UUttogtu of, in

three dimensions, 163
between two electrodes in an

infinite medium, 164
vaiiablc flow in cables. 106 178

Force, kinetic unit of, 3, 196

electric, 6
line of, defined, 7

potential, between a point-charge
and a charged spherical con-

ductor, 82
on a dielectric sphere in a uniform

field, 12S

on a conducting sphere in a uniform

field, 128
measure of, 196
dimensional formula of, 197

FOSTKR, G. CAREY, method of cali-

brating a wire, 347

comparing resistances, 353
Fundamental units, 183

Galvanometer, 306
Thomson's reflecting, 308

dead-beat, 308

process of setting up a, 309

adjustment of, for sensibility. 310

GAUSS, theorem of average potential
over spherical surface containing
no charge, 15

reciprocal relation of two states of
same system, 37

unit of force, 197
GIBSON and BARCLAY, specific inductive

capacity of paraffin, 467

GORDON, J. E. H., determinations of

specific inductive capacity, 466

GRAY, THOMAS, most sensitive arrange-
ment of Wheatstone's bridge, 331

calibration of wires, 347 353
method for comparison of low

resistances, 371

apparent variation of specific in-

ductive capacity with time, 469

GRAY, T. and A., measurement of re-

sistance of glass, 397

GREEN, theorem of electric induction, 11

theorem of reciprocal potentials, 42

general theorem, 62

problem of, 71

Guard-ring condenser, 58
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Heat, theory of steady flow of, 103

HEAVISIDE, O., most sensitive arrange-
ment of Wheatstone's bridge, 331

Homoeoid, defined, 47

elliptic, 47
attraction of at an internal point,

47

HOPKINSON, specific inductive capacity
of glass and paraffin, 463, 4b9

of liquids, 477, 485
criticism of five-plate balance, 473

Hydrokinetic analogue of electric cur-

rent, 139

Index ofrefraction,relation of, to specific
inductive capacity, 451

Induced charge, of interior surface of

conductor, 21

distribution, on sphere tinder in-

fluence of external point-charge,
77
on plane conducting surface under

influence of point-charge, 84
on two parallel plane surfaces
under influence of point-charge
between them, 86

on two planes cutting at right

angles under influence of point-
charge, 89

Induction, electric, 10
over a surface, 10
Green's theorem of, 11

within closed conductor, 21

electric machines depending on, 23

Inverse problems. 73

Inversion, geometrical, 91

sphere of, 91

electrical, 93
of an equilibrium distribution, 94
of uniform spherical distribution, 95

of induced distribution in two
parallel infinite planes, 97

problems soluble by, 101

Joule, or unit of work in practical elec-

tricity, 198

KLEMENCIE. measurement of specific in-

ductive capacity of mica, 465

Kilogramme, defined, 186

KIRCHHOFF, theorems of, regarding
steady flow of electricity in linear

conductors, 152
slide-wire bridge, 338

KOHLBAUSCH, elastische Nachwirkung,
427

LAPLACE, equation of potential in free

space, 10

Length, units of, 183

LEWIS, D. M., method of measuring
resistance of slide-wire, 354

Line of force, defined, 7
differential equation of, 7
refraction of, 114
different cases of, 125, 127

Logarithmic decrement defined, 228
determination of, 229

MACLATJRIN'S theorem of the attractions
of ellipsoids, 51

MANCE, measurement of battery resist-

ance, 415

Mass, units of, 185
MATTHIESSEN and HOCKIN, calibration

of a wire, 342

comparison of low resistances, 364

Mercury, measurement of specific resis-

tance of, 389

Metre, defined, 183
Metric system of weights and measures,

Table VI., 508

Mica, specific inductive capacity of, 465

Momentum, defined, 196
dimensional' formula of, 196
time-rate of change of, 196

NEGREANO, specific inductive capacity
of hydrocarbons, 489

Network of conductors, theorems re-

garding, 156

Numeric, defined, 179

OERSTED, discovery of action of current
on a magnet, 305

OHM, law of, 141

application to heterogeneous cir-

cuits, 141

Ohm, or practical unit of resistance, 315
realization of mercury standard, 3S4

Oscillations, measurement of, 220

equation of motion for, 221
solution of equation of motion for,

221

theory of unresisted oscillations, 222
forces varying as sine of displace-
ment angle, 222

period of for finite range, 223

PAALZOW, measurement of resistance
of electrolytes, 409

Periods of oscillation, observation of,

223
method of telescope and mirror, 224
determined by long series of vibra-

tions, 228
determined by successive series of

vibrations, 229
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Physical measurements, general, 206

I'laty meter, Thomson's. 428

POGGENDORFF, telescope method for

observing angular deflecti>7is, iM 4

POISSON, characteristic equation of

potential, 13

Potential, at a point defined, 8

Laplace's equation of, 10
1'oisson's equation of, 13

Maximum or minimum, in free

space proved impossible, 12, 13

characteristic equation of, 13, 28, 112
within uniform spherical shell, 14

sphere, 14

average over spherical surface con-

taining no charge, 15
surface of zero, 1(>

constant within hollow conductor,
17

at an external point produced by
charged ellipsoidal conductor, 47

distribution of, due to given surface
distribution of electricity proved

unique, 69
distribution of proved unique for

given charges, 71
Potential energy, ofan Electrified system,

30

exhaustion, of in forming uniform

sphere from nebula, 35

mutual, of two electrified systems,
37

lost in electric discharge, equiva-
lent of, 137

in general, defined, 199
Pound defined, 165

QUINCKE, G., specific inductive capacity
of liquids, 480, 491

RAYLEIGH, LORD, and MRS. SIDGWICK,
measurement of the specific resis-

tance of mercury, 389

Reciprocal potentials, Green's theorem
of, 41

relations between two states
of a system of conductors, 39

between coefficients of a system of

conductors, 40, 43
in two conductors of a linear system,
between electro-motive force and
current, 159

motive force and current between
potentials and currents, 159

Refraction of lines of force, 114

Resistance, electric (see Electric resis-

tance)
Resistance coils, winding of, 311

construction of, 311

arrangement of in resistance box,
316

arrangement of in resistance slide,
322

Resistances, comparison of by Wheat-
st.. lie's bridge, :cj'. etseq.

methods of comparing two nearly
equal, 353, 357

comparison of by differential galva-
nometer, 374

comparison of low, 358 et sea

high. 395
of electrolytes, measurement of, 407
of a battery, measurement of, 412
of pure copper wire, Tables I., II.,
503505

of copper at different tempera-
tures, Tables III., IV., 506

of metals and alloys, Table V., 507
Retardation of signals in cables, 170

Rheostat, 328
ROMICH AND NOWAK, measurement of

specific inductive capacities, 465

Scales, choice of for measurement of

angular deflections, 212

SIEMENS, DR. WERNER, comparison of

capacities, 448

SIEMENS, SIR WILLIAM, comparison of

capacities. 445, 446
Siemens' unit of resistance, 392
Silk-fibre suspensions, 241

SILOW, specific inductive capacity of

liquids, 478
Slide wire bridge, KirchhofTs, 339

method of finding resistance of wire

of, 354

Specific inductive capacity, thermal
analogue of, 110
how taken account ofin electrostatic

theory, 111 et seq.
measurement of, 451 et seq

conductivity or specific conduct-

ance, 162

gravity, defined, 193

resistance, measurement of, 380

Spherical condenser, 53
Standard units of measurement, 183

et seq.

area, dimensional formula of, 192

volume, dimensional formula of, 192

density, defined, 192

Steady current defined, 138
Submarine or subterrene cable, problem

of, 166, 168

leakage across surface of, 167
differential equation of potential

for, 167
solutions for, 168, 169, 170178

Surface density of an electrical distribu-

tion. 7

dimensional formula of, 202

TAIT, P. G. measurement of low resis-

tances, 371
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Temperature, effect of on resistance of

wires, Tables III., IV., V., 506, 507
on specific inductive capacity, 498

Tension, at an electrified surface, 35
Thermal analogue, of electrostatic

theory, 102 et seq.
of electric conduction, 139

conductivity, defined, 103

THOMSON, J. J., on thermal effects of

charging a condenser, 498

THOMSON, SIR WILLIAM
electric images, 77, 86, et seq.

analogy between theory of heat con-
duction and theory of electrosta -

tics, 102

pyro-electricity, 113
lines of force in different cases, 125

-127
theory of variable flow in cables, 168

et seq.

curb-signalling, 175
transmission of electrical waves

along a wire, 178
form of vibrator for torsional oscil-

lations, 234
absolute electrometer, 265

quadrant electrometer, 282

portable electrometer, 275

replenisher, 271
electrostatic voltmeter, 275

reflecting galvanometer, 308
dead beat galvanometer, 309
resistance slide, 322
resistance box, 324

bridge with secondary conductors
for low resistances, 359

graded galvanometers, 367
measurement of the resistance of a

galvanometer, 416
absolute and sliding condensers, 420,

423
methods of comparing capacities,

428, 435
five - plate balance method for

specific inductive capacity, 466

platymeter, 428

Time, unit of, 188
Torsional couples, measurement of,

230 et seq.

rigidity, 231 et seq.

Tube of force, 27
Units and dimensions, 179
Units adopted in practical electricity,

see Note in Appendix

Velocity, defined, 193
dimensional formula of, 194

Vibration needle, Maxwell's, 239
Vibrator for torsional oscillations, 233
Voltaic cell, 144

electromotive force of, 145

circuit, distribution of potential in,
146

activity in, 146

battery, electromotive force and
current in circuit of, 147

arrangement of in series, 147

arrangement of multiple arc,
147

arrangement for maximum cur-

rent, 148

Watt, or unit of activity in practical
electricity, 199

"
Weight," ambiguity of meaning of, 186

WHEATSTONE'S bridge, 329
most sensitive arrangement

of, 331

arrangement of keys in, 334
effect of self induction in, 336
mode of operating in, 337
Kirchhoff's form of, 339

method of measuring electro-

lytic resistance, 410

WIKDEMANN, measurement of resist-

ances of electrolytes, 410

Work, defined. 197
units of, 198 ; also Table VIII., 510
dimensional formula of, 198

Yard, defined, 183

Zero-reading in oscillations, determina-
tion of, 224

observation of transit of, 226
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